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TOAN HOQC VA PIA CHI IP

NGUYEN HOANG VU

Dia chi IP 12 mét khdi niém trong tin hoc
ma chung ta hay dugc nghe nhic dén nhung
khong phii ai ciing biét mot cich chi tiée vé
nd. Trong bai viét ny, ching ta hiy ciing
Pi tim hiéu xem todn hoc ¢6 vai trd thé nio
trong cdc tinh todn lién quan dén dia chi IP.

1. TCP/IP — nén ting cia mang mdy tinh

Vio nim 1969, theo d& xuit ctia mot s nha
nghién cdu, chinh phi My di tdi trg cho
viéc xdy dung mot hé thdng mang c6 thé két
ndi nhieu trung tim nghién ctru khoa hoc
trong nudc sif dung cdc cdng nghé méi vé
ci phin cting lin phin mém. Mang tén goi
ARPANET, n6 bit diu duge vin hanh vio
ngly 29 thing 10 nim 1969.

Hinb \. Déi ngii ciia cong ty BBN dd xdy dung
ARPANET, ¢ thong mang tién thin cho si¢ ra
dot cia Internet.

Tin nhin diu tién dugc gli qua mang
ARPANET ¢6 ndi dung chi gbm 2 ky tu:

“lo”. Nguoi gui lic d6 muén goé tir “login”
nhung do hé thong bi sip nén chi cé 2 ky
ty trén duge glti. Phii mot tiéng sau, né
méi hoat dong binh thudng va chuyén née
phin con lai. Tuy khéi ddu c6 phin truc tric,
ARPANET vin phét trién nhanh chdng. Véi
téc d6 56 kbit/s, né dinh diu mot budc ti€n
16n trong viéc truyen thong tin va din dan
duge md rong kée ndi téi thém nhiéu trung
tim nghién cttu & My ciing nhu bén ngoai.
Théng qua hé thdng mang mdi nay, cic don
vi tham gia ¢4 thé trao déi cdc tai liéu nghién
citu méi nhit mét cich wirc thoi khéng cin
mit thoi gian in vin bin rdi chuyén qua buu
dién.

Véi s8 lugng ngudi dung ting lén, NCP, hé
thdng giao thdc truyén tii chia ARPANET,
bit diu cin dugc thay thé bing mdr giao thic
tot hon. Robert Kahn va Vinton Cerf, hai
trong s cdc tdc gid cia NCP, di tién hanh
xdy dung mdt giao thifc méi dé truyén théng
tin gita cdc tram trong ARPAN ET.

NEET

-
-
-
-
 —
—
-
- —
— e——a
—
- -—
-— ceew

Vint Cerf (trii) va Robert Kahn (phi).

Ha N
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Mot ngay thing 6 nim 1973, Cerf ngbitrong
sinh mdt khich san tai San Francisco khi
dang tham dy mét hoi thio. Ong va Kahn di
[im viéc v6i nhau hon ba thing vé viéc xiy
dung giao thitc mdi, dic biét 1 vin dé truyén
goi tin gitta cic mang khdc nhau. Hé théng
ARPANET sit dung cng nghé chuyén géi
tin thay vi céng nghé chuyén mach nhu
dudng truyén dién thoai. Bing thong dugc
tin dung tdt hon nhung viéc chuyén thong
tin di dugc chia thanh céc géi nhoé qua mang
lai phic tap hon nhigu.

Cerf bit diu vé 1én mit sau mét tim phong
bi nhitng y tudng ma hai ngudi di thio Juin.
Cic ddm miy (N}, N2, N3) biéu tugng cho
ba mang phuc vu chuyén géi: ARPANET,
radio vi vé tinh. Cdc hinh vudng biéu dién
céc mdy tinh ndi vio cdc mang dé (ky hiéu H
- Host). Ban thin cdc mang c6 sin 13 khong
thé sira d6i dugc vi chiing ciing khéng biée
minh nim trong mét mang Internet. Cerf
bit diu thém vio cic mdy tinh khdc: cdc
gateway (ky hiéu G). Cic mdy tinh nay cé
thdng tin v& cic mang trong hé théng.

Nhin vio biéu do, Cerf nay sinh ra mét y
twdng dé gidi quyét vin dé. Ong miéu ta gidi
phép cta Kahn vi minh giéng v6i mdt bd
cdc buu thiép vi phong bi. Géi tin dugc g
di cing gidng nhu mdt buu thiép duogc 1ong
trong phong bi. Buu thiép sé chifa tin nhin
va dia chi cin dén cudi cing con dia chi trén
phong bi s& Ia dia chi ctia noi dén trong mang
ndi b hojc dia chi cia mdt gateway din dén
mang ti€p theo trén dudng di dén dia chi
cudi.

Khi mét tin nhin di dén gateway tiép theo,
gateway niy s€ md phong bi va kiém tra dia
chi trén buru thiép. Néu dia chi noi dén thugc
mang mi gateway chiu trich nhiém, né s&
dua thong tin dén noi cin bing mét phong bi
phit hgp trong mang ndi b, cdn néu khong,
théng tin s& nim trong mdt phong b gui dén
mdt gateway khic trén dudng di. Qud trinh
ndy lip lai cho dén khi tin nhin dén dia chi

TAP 8 — SO 10 THANG 10/2024 “’ l

cudi cuing. Diy cling la ¥ ttdng co bin vé
cich hoat dong cia mang Internet cho dén
ngay nay.

Hinh 2. Hinh vé nbdp vé TCP/IP d kbdch san
duwgc Vinton Cerf vé lai sau nay.

Giao thitc méi dugc Cerf via Kahn dit tén 2
TCP (Transmission Control Protocol - Giao
thitc ki€m sodt truyén tii). TCP dugc hoin
thién trong giai doan 1973 — 1974. Sau d¢,
né dugc tich thanh hai phin trong phién bin
4. Phin xif Iy truyén géi tin vin dugc giit
nguyén tén goi TCP, con phin dinh tuyén
chiu trich nhiém xic dinh dudng di cta géi
tin dugc dit tén 1 IP (Internet Protocol -
Giao thifc Internet). Giao thic IP phién bin
4 ndy con dugc viée tic 3 IPv4 (v viée tit
ti version). Giao thiic TCP/IP nhanh chéng
dugc chuin héa trong ARPANET ciing nhu
cic mang mdy tinh khic vi & thinh co
s0 cho qud trinh vin hinh cta cic mang
mdy tinh cho dén ngly nay. Khi néi dén
mang Internet hién tai, ngudi ta hay nhic dén
Tim Berners-Lee v6i y tudng vé mang World
Wide Web va giao thic HTTP, tuy nhién
nhitng d6ng gép cia Kahn vi Cerf lién quan
dén TCP/IP ciing I nén ting thiét yéu cta
h¢ thdng mang mi chiing ta dang st dung.

Internet va Web

Internet va Web I hai thujt ngit hay dugc
ding lin 1¢n. Tuy nhién, v& mic ki thuic,
Internet dugc dung chi hé théng mang
t0dn ciu két ndi cdc mang khic nhau lai
thinh mét cdn Web (tirc World Wide Web)



https://www.facebook.com/letrungkienmath             https://sites.google.com/site/letrungkienmath


L ——— S T

VA CUDC SONG

TOAN HOC

W tip hop cdc théng tin duge truy cip
qua Internet duéi dang céc trang Web va
hoat dong & phia trén Internet. Ngoai Web,
mang Internet cdn hd trg cdc giao thic
khéng lién quan dén Web, phuc vuviée g
email hay truy cip file. Trong anh dui, ta
c6 thé thiy sy phin biét niy qua 4o phong
m3 Tim Berners-Lee (bén trdi) va Vinton
Cerf (bén phii) mic trong mot héi thio
nim 2014,

Hinh 2. Mt trucde ciia Tim Berners-Lee: Tor
kbdng phit minh ra Internet. Mt tracdc ciia

Cerf: Toi khong phdt minh ra Web. Mat san

cia Tim Berners-Lee: Toi phat minh ra Web.

Mt sau cia Cerf: Toi phat minh ra Internet.

e

2. Hé o s6 nhi phin va IPv4

Trong giao thiic IP, dé phin biét cic thiét
bi trong mgt mang (mang Internet hojc cic
mang nhé hon) véi nhau, m&i mdt thiét bi sé
dugc gin mot dia chi IP. Dia chi IP ¢é thé 1
riéng biét cho thiétbi (IP tinh) hoic dugc cip
phit méi tf nhiing dia chi IP mi nhi cung
cip Internet cdn trdng vio thi diém két ndi
(IPddng). V& co ban, mdi mot dia chiIP dugc

m sﬂe/letrun

Iuru trong mdy tinh duéi dang mét chudi nhj
phan 32 bit. M&i bit sé nhin gid tri 0 hodc 1,
Dja chi IP dugc chia lim 4 phin bing nhau,
mdi phin \ing véi mot byte (tirc 8 bit). Khj
hién thi dja chi IP, mdy tinh sé chuyén gi4 trj
clia méi byte tif h¢ co s6 nhi phin vé hé thip
phin vi dung d4u chim dé ngin cich. Vi dy,
dia chi ¢6 dang bit:

11000000 10101000 00000101 10011010

s¢ dugc hién thi [ 192.168.5.154. Ching
han, véibyte diutiéntacé: 1-27 +1-2° 4 0
210.2440.2240.224-0-21 +0-20 =
192. Ban doc c6 thé ty kiém tra cdc byte con
lai. Do mdi byte chi c6 8 bit nén gid tri trong
hé thip phin clia méi byte chi c6 thé thugc
khoang tlr 0 dén 255.

*ﬁ

Trong thyc té, ta thudng truy cip cdc trang | |
web bing tén mién cé dang ky wy, vi du |
abc123.com. Tén mién ndy sé dugc tra clru |
qua mdt hé thdng mdy chti quin ly tén |
mién (DNS - Domain Name System) dé
cho ra dja chi IP rwong ng gitp ti€n hanh
truyén tii thong tin.

Trong giao thic IP, phin diu cua dia chi IP
s |2 dia chi mang. Cic thiét bi diu cudi ur
cing mdt t8 chic sé ¢6 phin dia chi mang
giéng nhau vi dugc phin biét bing cic bit
con lai. Vao giai doan giao thirc IP méi ra doi,
chi ¢6 mdi minh byte diu tién dugc sir dung
dé chia dia chi mang, tdc 1a toan bé mang
Internet chi ¢6 256 dia chi mang, m&i mang
két ndi dén 16 triéu thiét bi. Lic d6 ngudi ta
coi nhu viy la di du cho nhu ciu ctia ca thé
gi6i. Tuy nhién, chi mét thai gian ngin sau,
do nhu ciu cin phai ¢6 nhiéu dia chi mang
hon, mdt gidi phip tam thoi dugc tién hanh
I3 ta0 ra cic 16p (dlass) dia chi mang:

e Lop A sit dung byte diu tién cho dia chi
mang, va bitdau tién ludn 13 0. Sit dung 7 bit
cdn lai tacé 128 dia chi mang khic nhau, méi
dia chi mang dip ing dugc 16 triéu thi€e bi
(ting v6i 3 byte cudi).

7[ TAP 8 - SO 10 THANG 10/2022
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e Ldp B sir dung 2 byte (tdc 16 bit) diu tién
cho dia chi mang, v 2 bit diu tién luén [a 10
(dé thuin tién cho viéc phin biée vé6i A). Sir
dung 14 bit cdn lai tacé han 16 nghin dia chi
mang, v&i hon 65000 thiét bj cho méi dia chi
mang (ng vdi 2 byte cudi).

e L4p C sit dung 3 byte (tidc 24 bit) dau tién
cho dia chi mang va 3 bit du lu6n 12 110. St
dung 21 bit con lai ta c6 hon 2 triéu dia chi
mang, v&i 256 thiét bi cho mbi dja chi mang
ting véi byte cudi cling (trong thyc té con s8
ndy |2 254, ta sé giai thich & phia sau).

Lép D va 16p E cting dugc dinh nghia nhung
khong st dung dai tra.

Dé cho d& doc, cic dia chi IP theo cich niy sé
dugc thém s8 bit cho dia chi mang vio ding
sauddu“/”,vidu 126.10.11.12/8 1A mét dia
chi thudc 16p A.

Giii phdp chia l6p cting khéng tri hodn viéc
thiéu hut dia chi mang dugcliu. Do s8 lugng
thiét bi cia mét dia chi mang16p C qud thip,
cdc t§ chic ¢g trung thudng chon sir dung
dia chi mang I6p B du khéng dung hét s6
lugng thiét bi cua I6p ndy. Dén diu nhiing
nim 90, khi mang Internet dugc thuong
mai héa, s8 lugng dia chi mang 16p B gin
can trong khi I6p C lai thira rdt nhitu. Giii
phdp triét d€ hon dugc dua ra 1 khéng c8
dinh s6 lugng bit clia phin dja chi mang
nita. Phuong phép ndy duge ditténla CIDR
(Classless Internet Domain Routing).

Trong CIDR, s6 bit sit dung cho dia chi
mang s& dugc viét sau ddu “/”, twong tg nhu
v6i trudng hop ctia dia chi IP dang I6p, vi du
192.168.5.154/26. D& tim dia chi mang, ta
cin t20 mot subnet mask dya trén s6 bit ndy.
Subnet mask cfing c6 32 bit. Nhitng bit ting
v6i phin dja chi mang ¢4 gid tri bing 1 con tdt
ci nhitng bit con lai phia sau s& nhén gid tri
bing 0. Dja chi mang s& dwgc tinh bing cich
stt dung todn tit logic AND cho titng cip bit
twong ng ctia dia chi IP vA subnet mask.
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Todn tif logic AND I phép toén giita hai bit
nhi phin ¢6 céng thitc nhu sau:

0OANDO =0
OANDI =0
1ANDO=0
1AND I =1

Véi dia chi IP 192.168.5/154 /26 & trén, ta
sé tinh nhu sau:

Dang Dang

nhi phin thip phin
D!I‘P‘h' mfl%ﬁ"%ﬂ%? 192.168.5.154
E:i;:‘g‘i m'_'lm? 1921685128 |

Théng thuong khi quin tri mang, ngudi ta
ciing c6 thé nhip subner mask duéi dang
thip phin nhu & trén. Nhitng byte nio dugc
st dung ca 8 bit sé c6 gid tri thip phan 4 255.
Véi byte chi st dung mét phin, cin chuyén
d6i tir dang nhi phin v& dang thip phin, vi
du:1-27+1-26=192.

Mot bii todn khi thd vi 1 dm khoing cic
dia chi IP c6 cting mée dia chi mang. Nhu
ta di thdy, it ci cdc bit phia sau cta dia chi
mang s& bing 0. Lit tit ¢ cdc bit ndy ngugc
lai thanh 1, ta dugc mdt dia chi dic biée, goi
1 dia chi broadcast. Dia chi niy dugc dung
dé€ gui géi tin dén tit ci cdc thiée bi thudc
cung dia chi mang niy. Pia chi IP cia mét
thiéc bi sit dung dia chi mang wén s& c6 gid
tri (nhi phin hojc thip phin)16n hon cha dia
chi mang nhung nhé hon dia chi broadcast.
Vidy, véi dia chi mang 192.168.5.128/26 &
trén, ta tinh dia chi broadcast nhu sau:

Dang
nhi phin
Subnet | 11111110.11011111.
mask 11111111.11000000
DPiachi | 11000000.10101000.

Dang
thip phin

255.255.255.192

mang | 00000101.10000000 | 921685128
Diachi | 11000000.10101000.
broadeast | 0000010L.10111111 | 1921683191



https://www.facebook.com/letrungkienmath             https://sites.google.com/site/letrungkienmath


e

TOAN HOC VA CUOC SONG

Cic thiée bi st dung dia chi mang ndy sé
cé thé duge gin dia chi IP trong khoing
tr 192.168.5.129 dén 192.168.5.190. Mot
ditu ding chi y 1 dang thip phin ctia byte
cudi cia moe dia chi IP o6 thé bing 0, vidu
192.168.5.0/22. Ddng thdi, byte cudi cia
dia chi broadcast cing khong nhit thiét phai
I3 255, vi du 192.168.5.191/26. Nhiing
ngd nhin trén thudng xiy ra do moi ngudi
quen véi trudng hop céc byte dugc sit dung
tron ven cho dia chi mang nhu trong dang
phén lép.

Véi 2 dia chi IP dugc cho, dé tim mét dia
chi mang chung cho chiing, ta cin di vt bén
trdi va chi dirng khi cic bit ctia hai dia chi bit
diu khic nhau. Khi biét vi tri ny, ta ¢6 thé
xdy dung mdt subnet mask niong (ng va tim
dugc dia chi mang (cho tdtci cdc bit bén phai
bing 0) vi dia chi broadcast (cho it ci cic
bit bén phii bing 1). Vi du nhu trudng hgp
dudi:

Dang Dang

nhj phin thip phin
Dﬁ:;hl ;llm-_‘l(ﬁ%?%? 192.168.201.245
Df;;hn llllm-.ll%:’l%' 192.168.209.153
S:T;r llllll%m 255.255.224.0
?éznc;ﬁ 'l']mm 192.168.192.0
b%:dcct‘st ll:m‘l‘:'l(:‘]ﬁ(: 192.168.223.255

G diy 19 bic diu tién clia hai dia chi I
gidng nhau v 1 dm dugc dia chi mang 2
192.168.192.0/19.

Ddng thoi khi quin trj cic thiét bj trong cling
mdt mang, ngudi ta ciing cé thé thay déi s6
bit ¢6 gid trj 1 trong subnet mask dé chia
mang ndy thanh nhidu mang con khic nhau.
Chiing ta s¢ khong di siu vé mit chi tiét cia
k thujt ndy.

3. Hé cd s6 16 va IPv6

Tong s6 dia chilP ma IPv4 h§ trg134,3 ty. S8
lugng niy 13 phdt hop véi giai doan Internet

bit diu duge thuong mai héa vio diu nhan g
nim 1990. Tuy nhién, nhu ciu st dung ctia
thé ky 21 bit diu ting vot véi sy phé bién
cta c¢ thiét bi ¢4 nhin két ndi mang nhu
dién thogi thong minh, ddng hd théng minh,
. Viéc gid thanh chip dién tir ré di v bing
théng Internet ting lén cling tao c¢o hdi cho
nhiu dang thiét bj khdc nhau tham gia két
ndi Internet tlf cdc dd dién gia dung nhu
lanh hay mdy pha ci phé dén nhitng cim bién
va mdy méc trong sin xuit cdng nghiép, giao
thong vin tdi vi y t€. Dé ting s8 lugng dia chi,
ngudi ta bit diu chuyén sang sir dung dia chi
dang IPv6.

Mot dia chi IPv6 dugc viét sit dung hé co
s6 16. N6 gdm 32 chix s6 thudc hé co sd
ndy. Céc chit s8 dugc chia lam 8 nhém, méi
nhém4 chi¥s8 cich nhau bing ddu “:”. Vidu:
2001 : 0db8 : 0000 : 0000 : 0000 : 7abe :
0680 : 9668. D€ cho gon, ngudi ta qui uéc
c6 thé thay 0000 : 0000 bing :: (viéc nay chi
dugc phép thyc hién tai nhitu nhit mée vi
trf trong dia chi) va cdc s6 0 diu tién cia mée
nhém c6 thé bo di. Ching han dia chi vira
néu cé thé viétgon thinh 2001 : db8 :: Tabe :
680 : 9668. Trong thuc té, mdi chi s6 hé co
s8 16 s& dugc luu bing 4 bit trong hé nhi
phin nén khiluwu trong b nhé mdy tinh, mét
dia chi IPv6 s& chiém 128 bit trong bd nhé.
64 bit diu cua dia chi IPv6 dugc dung dé
dinh tuyén mang cdn 64 bit con lai gitip nhian
dién giao dién cta thiét bi.

Trong khi hé thip phin sit dung cic ch@
s0 it 0 dén 9 thi hé co s8 16 sit dung cic
chit 6 0,1,2,...,9,a,b,c,d,e, f. Trong
dé céc chisd tir @ dén f nhén gid ori vir 10
dén 15 trong hé thip phin. D€ tinh todn
v6i hé cd 56 ndy, thay vi lay thira cia 10, ta
st dung lity thira clia 16. Vi dy aibs trong
hécos6 16 ingvsil0-163 +1-162+11-
16" +5-16" = 41397 trong hé thap phan.

Mot dia chi khic cling st dung hé co s8 16
la dia chi MAC (Media Access Control). Dia
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chi ndy c6 12 bit va dugc gin mét cich duy
nhdt lic san xudt cho mbi phin clng c6 két
ndi mang, vi dy 00 — 00 — 5E — 00— 53 —
FF. Mot thiée bi dién tit mi ta sit dung 6
thé cé nhidu dia chi MAC. Vi du mét laptop
c6 thé ¢6 hai dia chi MAC, mét qua két néi
mang c8ng Ethernet va mét qua két néi Wifi,
bai hai cdch két ndi ndy sit dung hai thiét
bi phin ciing bén trong khic nhau. Dia chi
MAC ¢ thé dugc diing dé phin biée cdc thiét
bi trong cling mét mang dia phuong. Trong
mét s6 phién bin cta IPv6, dia chi MAC
cling dugc stt dung dé thiée 14p 64 bit phia
sau cua dia chi IP.

IPv6 bit diu dugc phidt trién tit nim 1998
vi dén nim 2017 méi duoc chuin héa. IPv6
gidp gidi quyét vin dé thi€u hur dia chi IP
trén mang Internet dong thoi ¢6 mot s6 lgi
ich khdc, tuy nhién do IPv6 khéng tuong
thich véi IPv4 nén thong thudng ca hai loai
dia chi IP ndy sé dugc dung song song. Cic
phtc tap v& ky thuit khi chuyén déi cting
nhu chi phi thiét bi cao hon lam qud trinh
phé cip IPv6 dién ra chim chap. Thdng ké
cudi nim 2023 cho thiy mdi c6 khoing hon
1/3 luu lugng Internet trén thé gidi sit dung
IPv6 vi sé con phai mit rit nhiu nim cho
dén khi IPv4 hoin toan bi thay thé trén mang
Internet.

Tai sao khong cé IPv5?

Mot phién ban IP thir nghiém tiing dugc
mét s cong ty nhu Apple, neXT vi Sun phit
trién st dung mi phién ban 13 5 mét cich
khéng chinh thitc. Giao thic ndy chu yéu
gidi quyét vin de lién quan dén truyen tai im
thanh vi hinh inh. D€ trinh giy nhim lin,
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phién ban chinh thdc sau IPv4 dugc dit tén
1a IPv6.

4. Loi kée

Phuong dién todn hoc ctia dia chi IP [a mée
chti dé khd thi vi c6 thé duge sit dung khi day
va hoc vé cdc hé cd s8. Tic gia hy vong ring
bai viét c6 thé giap lam phong phd hon cho
viéc giing day vé cha dé niy. Pi ciing sé tiép
tuc gidi thiéu dén ban doc nhiéu dng dung
thi vi khic ctia todn hoc lién quan dén cong
nghé thong tin trong cc 56 tiép theo.

Di: da tuéi cao, Vint Cerf (sinh ndm 1943) vin
tiép tuc cdc nghién ciu lién guan dén Interner.
Hién éng dang lam cho Google.

Tai liéu tham khio

[1] Blank, Andrew G. TCP/IP Foundations.
Sybex, 2004.

[2] Fall, Kevin R, and W. Richard Stevens.
TCP/P Illustrated, Volume 1. Addison-
Wesley, 8 Nov. 2011. Hafner, Katie, and
Matthew Lyon. Where Wizards Stay up Late
the Origins of the Internet. New York Simon
& Schuster Paperbacks, 2006.
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KHAM PHA THE GIOI Bi AN
CUA ME CUNG’

NGUYEN THUY VIET ANH'

Ghi chii ciia ngudi dich: “Labyrinth” vk “maze” khi dich sang tiéng Viér déu cd nghia la “mé

P

cung”. Miic dit cd hai ti “maze” va “labyrinth” déu mé td cdc con duimg phuic tap va kbd biéu,
nbung thic ra chiing lai kbdc nhau. “Maze”li ti¢ diing dé chi mé cung cd nhiéu si phdn nhdnb
(da budng), phiic tap, gy ling tiing trong viéc chon dudng di va budng di. Trong khi “labyrinth”
diing déchi nhing mé cung chi cd mot duwing d va hudng di, tiéc la chi cd mét con duiing duy nhit,
kbéng phin nhinb va dén dén trung tam. (Theo hitps:/fwww.diffen.com/difference/Labyrinth_

vs Maze).

1. Céc nghién ciiu vé mé cung va khio ¢d
hoc

Theo thin thoai Hy Lap, ngudi thg thi cng
lanh nghé Daedalus di tao ra mé cung. Muc
dich ctia cong trinh kién triic dic biét nay I
dé giam cim Minotaur, con trai ctia Pasiphagé
- v¢ cia Vua Minos (dio Crete). Huyén
thoai v& mé cung Crete di 1a chi dé cia
nhitng suy dodn vi nghién ctu khio ¢6 hoc,
lich sir v nhin chiing hoc trong mdt thdi
gian dii - gidng nhu cic hinh anh tryc quan
v& cic cdng trinh kién trdc mé cung khong
chi lién quan dén cic nha sit hoc nghé thuit
ma cdn lién quan dén ci cdc nha todn hoc.

Karl Kerényi (1897 — 1973), hoc gia ton gido
ndi tiéng thé giéi da nhidu lin quay lai nghién
ctiu thin thogi vé mé cung va dién gidi chiing
nhu 1 biéu tugng vin héa va 1 cdu triic hinh
hoc cu thé, Ngay tir khi bt diu nghién ciru

mé cung, Kerényi di giéi thiéu mé cung tr
ba khfa canh chinh c6 lién quan chir ché véi
nhau:

1) Mé cung nhu mét cng trinh than thoai;
2) Mé cung nhu 12 mét con dudng xodn oc
ma cdc v cong cia mdt nghi € cu thé di theo;
va

3) Mé cung nhu mét cdu tric dugc biéu thi
bing mot dudng xodn dc.

Trong loat bii ti€u luin nim 1941 cita
minh [1], 6ng di tém tit cic khdi niém quan
trong nhdt cla cdc nghién céu truée dé va
dua ra mét s6 quan sit va so sinh doc dio,
nhitng ditu ndy vin dugc trich din rong rii
vi tham khio trong cdc nghién ciru vé mé
cung.

Véi sy so sinh v& thin thoai va phin tich
hinh thdi truyén thdng mé cung Babylon,
Indonesia, Polynesia, Uc, Normand, La M3,

Vvich dich tir mét 56 tai lié.
2Q:u'ng T
8
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Scandinavia, Phin Lan, Anh, Ddc, thdi
Trung ¢6 va Hy Lap, 6ng di chdng minh sy
hién dién chung ctia cdc cdu tric mé cung va
tiét 16 sy thic ddy nghé thude va kién tric
ding sau viéc tao ra ching déi véi cdc nghi Ié
va diéu nhiy t6n gido khi nhitng ngudi tham
gia di chuyén theo cdc duding xoin 6¢ va thuc
hién cdc ¢t chi va cdc dong tdc khiéu va theo
hinh uén khdc. Nim 1963, Kerényi di danh
mot bii luin dai v& diéu nhiy din gian Hy
Lap [2] va chi ra cich cdc chuyén déng cta
diéu nhiy mé cung 8 dai dugc chuyén déi
thanh cic thinh phin chinh cta syrros, mét
diéu nhiy vin dugc biéu dién & Hy Lap cho
dén ngly nay. Va trong cudn sich cudi ciing
ctia minh dugc viét vio nim 1969 [3], noi
6ng khim phd ngudn gdc Crete ctia gido phii
Dionysos, 6ng di thio luin siu sic vé cic mo
hinh gidng nhu mé cung vi quanh co clia
Knossos trong diéu nhiy, nghé thuit va kién
trac ([3], 89 — 128).

Kerényi trich din Socrates tir tic phim
Euthydemus cta Plato. O d6 Socrates nhic
t6i mé cung vd mé ta n6é nhu mét hinh ma
dic di€m dé nhin biét nhit 1A mét dudng
quanh co hoic dudng xoin 8¢ lip di lip lai
vo tin: “Sau d6, c6 vé nhu dang roi vio mét
mé cung; chiing t6i nghi ring ching tdi da
dén dich, nhung con dudng ctia chiing t6i lai
cong va ching t6i thiy minh nhu thé quay
trd lai diém xuit phdt, va cling xa noi ma
chiing t6i dang tim kiém lac dau” ([3],92 —
93). Theo 16i ké ctia Socrates, “mé cung Ia
mot con dudng khé hiéu, khé di theo mi
khong cé sgi chi, nhung mién la ngudi ta
khong bi nudt chitng & diém gita, thi chic
chin né s& din urd lai diém xudt phdt, bit
chip nhiing khic quanh co”. D€ giii thich
su phit trién vi cdc bién thé cha cdu tric,
Kerényi di thu hit sy chd y dén mét bic
bich hoa & ting trét cia cung dién Knossos
([3], 94), né cb hoa ti€t quanh co phic tap
khéng chi chay theo mét huéng md con
khéng cé 18i vao hoic 16 ra cho toan b hé
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théng. Dya trén bitc bich hoa niy, Kerényi
mé ta ciu trdc mé cung “1a mét sdng tic khéo
léo cla cdc vdng xodn 8¢ hoic quanh co v
tin (tly thudc vio viéc ban vé trdn hay géc
canh) trén mét bé mit duge phin dinh. Két
qua 12 mét bic tranh ¢6 dién vé ddm ruéc
ndy, ban diu din theo cic vong tron dong
tim vi c4c khiic cua bdt ngd dén khdc cua
quyét dinh & trung tim, noi ngudi ta budc
phii xoay quanh truc ctia chinh minh dé tiép
tuc vong trdn” ([3], 96). “Cic khic cua bt
ngd” vi “vdng cua quyét dinh & trung tim”
cia mé cung ciing chiu trich nhiém cho y
nghia twgng trung ctia chiing. Kerényi coi mé
cung |2 hinh dnh mé ti vé Hades, vé dia nguc,
va dién gidi cdc cdu tric ndy nhu nhiing ky
hiéu twong thuic thé hién mdi lién hé hién
sinh giita su sdng va cdi chét, gitta sy ling
quén ngudi chét va su trd lai cia cude séng
vinh hing.

1.1 Tém bia mé cung tir thoi Ludng Ha

Tam bia mé cung tic thoi Ludng Ha MS 31904,
Hinh danb do Joran Friberg cung cip.

Joran Friberg, nhd toin hoc ngudi Thuy
Dién, gan diy di cong bd tim bia MS 3194
tlt b suu tip Schoyen. Ngudi ta khong biét
chinh xdc tim bia ndy dugc viét ¢ diu va
khi ndo, nhung theo Friberg, n6 ¢ thé c6
nién dai o thdi ky Babylon ¢d dai, khoing
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nim 1800 trudc Cong nguyén. Tam bia bi
hu hong gin mét diu, ¢6 kich thude khoing
10 x 11 em.

1.2 “Mécung Crete”trén mét tdm bia tic Pylos

Mé cung trén mét tim bia ¢ cung dién ciia Via
Nestor ¢ Pylos.

Thiét ké cia mé cung cé nién dai ldu doi nhit
dugc tm thdy & mit sau cia mét tim bing
tinh toin trong déng dé ndt ctia cung dién
Vua Nestor & Pylos, trén b bién phia tdy cia
Hy Lap. Tim bia (7 x 5,7 cm) dugc nung khi
cung dién bj chdy vao nim 1200 trudc Cong
nguyén. Thiét k€ trén tim bia nly thudng
dugc goila Mé cung Crete. N6 xudt hi¢n trén
cic dong titn diic & Knossos trén dio Crete
vio thé ky thit 5 truéc Cong nguyén va sau
dé, vi dai dién cho mé cung huyen thoai noi
Vua Minos giam giit Minotaur.

1.3 Mé cung kbham La Mé ¢ Coimbra

= -.

5}% \;

2 ':-J :'Ar"-‘"_ 5 A t’:

M¢é cung kham, 1,50 x 1,40 m, nsza diu thé ky
thit ba, tai Coimbra, BS Dao Nba. Anb ciia Jeff
Saward, nguon: bttps:/fwww.labyrinthos.net/
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Tr¢ em va kbdch du lich trii nghiém mé cung ¢
nha thy Chartres. Nguon:
https:/fcommons.wikimedia.org/wiki/File:
Labyrinth_at_Chartres_Cathedral JPG

Mic du cé méi lién hé ngoai dao véi

Minotaur (ching ta biét ring & Chartres cé

mot tim bing ddng thau & gita d& cap r6

ring dén méi lién hé nly), cic mé cung trén

sin di dugc lip dit trong mdt s6 nha thy

Gothic & Chartres, Reims vd Amiens (Phép).
Nhang mé cung niay du 16n, thudng réng

10m, d€ ngudi ta c6 thé di doc theo con

dudng tir 16i vio dén trung tdim. Trong mé

cung tho ndy, chi c6 mé cung cia nha thd &

Chartres vin cdn tdn tai; nhitng mé cung cta

cdc nha thd khdc di bi phd bo vao thé ky 18,
vi tré em vi khdch du lich dén diy lam phién

dén viéc thd cling.

2. Todn hoc cia mé cung

Ngudi diu tién nghién cu nghiém ric vé mé
cung trén mjt phing theo quan diém toin
hoc 1A Euler. Nhitng nghién cu niy di din
6ng dén viéc thuc hién mét s6 déng gép diu
tién cho cdc nginh hién nay dugc goi 1a ly
thuyét do thi va t6pd.

Mé cung thudng tréng rit 16n x0n, vi viy
ditu diu tién mi mdt nhi todn hoc cé thé
muén 1im d6 13 sip xép lai mé cung va
tritu tigng héa né thinh mée tip hgp cdc
niit (hojc dinh) dugc ndi véi nhau bing cic
duding (hoic canh). Dgi twgng nay dugc goi
12db thi trong todn hoc thuin wdy.
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2.1 Ly thuyét db thy

Néu mot mé cung c6 thé dugc biéu dién
bing mot dd thi khong c6 vong l3p (tirc
12 khéng c6 chu trinh), thl né dugc goi la
mé cung hoin hio. Néu nhu thém yéu ciu
khéng ¢6 canh ndo ndi mét dinh vi chinh
né (tirc canh khuyén) thi dd thj duge goi la
cdy. Mot vi du phd bién ctia db thi nhu viy la
ciy pha hé.

Hinh 1: Mgt mé cung boan hdo (bén trdi) va do
thi v6 budng phi chu trinh lién thong vdi 41 dinb
(bén phas).

Hinh 1 cho thiy mét vi du vé mdt mé cung
hoin hio cing v6i két qua khi bo qua it ci
cdc chi tiét nghé thuit va chi vé cic canh v
dinh. Dinh diu tién 012 diém bit diu va dinh
cudi ciing 40 12 diém két thdc. C6 thé thiy
ring mé cung niy lA mot cdy vi khong cé vong
lip vi khéng c6 canh khuyén.

Hinh 2: Mgt mé cung kbéng hoan bdo (trdi) va
dd thi ciia nd (phds). Ddy kbéng phai la mét cdy
vi nd chita cde chu trinb.

Hinh 2 cho thdy mdt vi du v& mé cung khéng
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hoan hio dugc biéu dién bing db thi chia
chu trinh.

2.2 Mé cung Hamilton.

Mt loai mé cung dic biée hip din déi véi
cdc nha Iy thuyée do thi dugc goi 1 mé cung
Hamilton [1]. Trong mé cung Hamilton, ton
tai mot duding di qua méi dinh mée lin ngoai
trir dinh bt dau va dinh két thic, titc Ia mée
dudng di qua méi dinh didng mér lin réi
quay trd lai dinh bit ddu. Mét duong di nhu
viy dugc goi [ chu trinh Hamilton. Con
dudng di Hamilton l2 mét duong di di qua
mdi dinh mét [in ma khéng can phii quay
lai diém bit diu. Hamilton ban diu di xem
xét vin d& tim chu trinh Hamilton trong do
thi khéi mudi hai mic (dugc goi la ciu dé
Hamilton hoic trd choi icosian).

Bii todn Hamilton tdng qudt 1 tim xem mét
dd thi cho trude c6 dudng di Hamilton hay
chu trinh Hamilton khéng. Véi mée 56 loai
dd thi, c6 thé st dung thuit toin mdy tinh
dé gidi bai todn niy trong mér khoing thoi
gian hop ly. Vi du, c6 thé chiing minh ring
dd thi phing 4 két ndi (do thi cé nhiéu hon 4
dinh vin lién théng khi loai bo khéng qui 4
dinh) ludn chip nhén chu trinh Hamilton va
ton tai thuit todn dé tim chu trinh Hamilton
trong thdi gian tuyén tinh véi khéng gian luu
tr tuyén tinh [2].

(0O—1)

PELED:

rpenacn O

Hinh 3: Mé cung Hamdlton (bén trii) va khéng
phdi mé cung Hamilton (bén phat).

Hinh 3 (bén trdi), trinh bay mét vi du vé mé
cung Hamilton. Diy 12 mé cung Hamilton
vi néu chiing ta bit diu & dinh 2, s&é ¢ mét
dudng di qua méi dinh mét lin va quay tré
lai dinh 2. Trong Hinh 3 (bén phii) 1d mét mé
cung khong phii mé cung Hamilton. Nguoi
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ta ¢6 thé kiém tra ring d8i véi dd thi ndy,
khéng thé bit diu va két thic § cing mét
dinh trong khi chi di qua moi dinh khic mét
lin.

2.3 Hanb trinh ciia quédn mé (hay con goi la
bai todn “md di tuln’)

Nhiing ngudi choi ¢ vua ¢6 thé thiy sy
twong ddng gitta mé cung Hamilton va bai
todn di chuyén quin mi, trong dé ngudi choi
thuc hién mét chudi cic nurée di véi quin mi
s20 cho mé&i 6 trén bin o dugce di qua mét
[in. Mét hanh trinh cia quin mi khép kin 13
mot dudng di két thic tai 6 vudng bit diu
va mét hinh trinh cia quin mi m& 1A mét
dudng di két thiic tai mét 6 vudng khéc. Diy
ré rang la nhing truding hop dic biét cia chu
trinh Hamilton va dudng di Hamilton, trong
dé dd thi ctia tit ca cdc nude di cb thé cé cha
quin mi trén ban c& dugc goi 1a dd thi cua
quin mai.

Ron Weickart, network-graphics.com

Hinh 4: D thi ciia qudn ma khéng cho qudn ma
di tuin.

Trong Hinh 4 12 db thi c1a quin mi cho mét
ban cd vua 4 x 4. Db thi niy khong phii la
mét dd thi Hamilton, vi viy ngudi ta khong
thé di qua mdi 6 vudng mér lin bing quin
mi vi két thic & diém bic d3u. Mot su thit
thi vi 13 hanh trinh ciia quin mi khéng tdn
tai trén mot ban ¢d vua 4 X 4 hoic nhd hon,
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nhung nd tdn tai trén mot bin c vua 8 x 8
thdng thudng [3].

2.4 Bdy cdy chu ciia Konigsberg

Euler ban diu di cin nhic mdt vién canh

tuong tu khi dng gidi quyét bai todn Biy ciy

ciu & Konigsberg theo chitu huéng khdng

dugc khi quan. Vin d@ trong trudng hgp nay
12 li¢u ai d6 c6 thé di bd qua thanh ph& va
di qua ci by ciy ciu mi khéng bao gid phai
di qua cing mét ciy ciu hai lin hay khéng.
Euler d4 chitng minh ring dieu nay 1a khéng
thé bing cich chuyén d6i biy ciy ciu thanh
mot dd thi (cdc cdy ciu i cic canh va cdc khéi
ditla cdc dinh) vilwu y ring dé di chuyén qua
mdicanh chimétlin, sé canh k& v6i mbi dinh
phii 1A mét s chin. Tuy nhién, ca b8n dinh
trong bai todn deu c6 s6 lugng canh ke 13 1¢
vi Vi chi ¢6 hai dinh ¢6 thé 1a diém bit diu va
diém két thic, nén khéng c6 giai phdp nio.
Db thi twong ng dugc hién thi trong Hinh

J.

/0
o
‘...~Na e S

Hinh 5: D6 thi Bdy cdy cau ¢ Konigsberg.

Khi tich bii todn thainh mét dd thi (gidng
nhu di Iim véi mé cung) vi loai bé cdc dic
tinh hinh hoc khéng lién quan nhu d6 dai
hoic d6 cong cua ciu, Euler di ¢c6 nhing
dong thdi diu tién hudng dén chu dé ma
hién nay chiing ta goi l4 t6p6. Phii nhé ring
¥ tudng ldy mot mé cung hoic mdt chudi
nhiing ciy ciu va c6 dong né lai thinh théng
tin cin thiét la mét sy dot phd vio thai diém
dé, vi chii d& tdpd nhu ching ta biée khi d6
chua ton tai.

Bai viét ndy dugc trich dich it cic cbng trinh
duéi diy.
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LOI GIAIL PAP AN

Pi tim chiéc vdng quy

Ta c6 hai d6i tugng ludn néi thit. Tagoi dé 1a
cdc d6i tugng Chin thit (trén hinh vé dugc
ky hiéu bdi chit cdi C).

Cé hai d6i tugng ludn néi déi. Ta goi d6 1a
cdc d8i tugng Lira ddi (trén hinh vé duoc ky
hiéu boi chi cdi L).

Ngoii ra c6 hai d6i tugng lic néi ddi, lic néi
thit. Ta goi d6 14 cic ddi tugng Binh thudng
(trén hinh vé dugc ky hiéu bdi chi¥ cdi B).
T diéu kién d& bi, suy ra ta ¢6 cich sip xép
cic ddi tugng ngdi quanh bin tron nhu sau:

Do hai déi tugng Chin thit ngdi canh nhau,
ta cing phii cé hai cdu trd 16i lién tiép gidng

TAP 8 — SO 10 THANG 10/2024 TC

nhau. Tuy nhién trong ghi chép cia Lé Kinh
khéng thdy hai ciu trd [6i nhu viy. Vi viy, cic
ddi twong Chin thit hoic la déi twong tha
nhit vi thd sdu, hoic [ ddi twgng thit nim
va thd sdu.

Nhung do luén c¢6 mét déi rurgng Lira doi
ngdi ddi dién véi méi déi ttgng Chin thir,
nén dé6i tugng thi nim khéng thé Ia Chin
thit (do déi tuwgng thit hai tra i gidng héc
anh ta). Nhu viy déi tugng thi nhit vi thi
sdu 13 Chin thit. Diéu d6 c6 nghia li chiéc
vong ving di dugc gidu trong hang déng.
D6 vui

Tir gid thiée 1 suy ra vin dong vién (VDV)
mang 4o s8 1 khong vé dich diu tén. Gia
thiét 2 néi ring VDV mang do s6 4 khéng
vé dich diu tién. Cudi cung, v gid thiét 3
ta thiy ring VDV mang 4o s3 3 khéng thé
vé dich diu tién. Do d6 VDV v dich diu
tién 12 VDV mang do s3 2. Gia thiét 3 cho ta
biét VDV mang d0 58 3 v& dich thit hai. VDV
mang 4o s8 1 khong thé vé dich thit 3 vi khi
d6é VDV mang 4o 58 4 v& dich thit 4 (erdi gia
thiée 1). Do dé VDV mang 4o 5§ 1 v& dich
thir 4, VDV mang do 58 4 v& dich thd 3.

Viy thit ty v& dich ciabdn VDV lot vio vong
chung két: VDV s§2 - VDV s8 3 — VDV s8
4-VDVsé 1.

13



“BAI TOAN 36 SIQUAN” CUA EULER

NGUYEN THANH GIANG

Khi hoc todn & bic hoc Tiéu hoc cic ban di
dugc lim quen véi bai tip vé dign s8 vio cic
6 clia hinh vuéng sao cho téng cic s trong
cic 6 & moi dong, moi cot va trén hai dudng
chéo Ia mot s8 S khong dbi. Ching han hinh
vudng bic 3 (v6i 3 X 3 6 vuéng), trong dé
§=15(Hinh1).

2194

171513

1118
Hinh 1.

Ngui ta da bit vé hinh vuéng niy tir lau va
dit cho n6 cdi tén 12 ma phuong béc 3. O the
ky XV, c6 noi nguoi ta vé mét ma phuaong
treo trong nha hojc deo & nguc vi nghi ring
ma quy, bénh tit déu sg ma phuong! Trong
Vién bio ting lich sit Viét Nam 6 chiée
chée gobm men do nhiing ngudi thg gém Bit
Tring ché ra trén d6 ¢6 bing vudng thé hién
cic s6 bing cc chim tron. Didu ky diéu ctia
bingsd niyla:cics61,2,3,...,8,9 dugcsip
xép thinh ma phuong bic ba.

Cé mér loai hinh vudng khic gin gai véi
ma phuong 12 hinh vuéng latin. Hinh vuéng
latin bic n c6 n X n 6 (n dong, n cdt), mbi 6
viét mot s6 tif 1 dén n, sa0 cho & mdi dong,
mdi cdt deu c6 du ci n 58, mbi s6 xudt hién

ding mét lin. Hinh 2 vi hinh 3 la hai hinh
vudng latin bic 4 ( Mbi dong, mébi ct cé da
b6n s6 tir 1 dén 4). Hinh 3 cing la mét ma
phuong. Hai hinh vudng latin nay cé tinh
chit dic biét d6 1a: Néu chdng hinh vuéng
ny 1én hinh vudng kia thi § m&i 6 ta c6 mot
cip s6 (sip tht ty) vi tdt cd cdc cip s6 d6 deu
khic nhau (Hinh 4). Hai hinh vuéng latin
nhu viy goi 1A hai hinh vuéng latin tricc giao.

12| 3|4

7 1|14 |3

314|112

gt 31 2.11
Hinh 2.

1]2]3 |4

3|4 | 112

4131211

7.5 R G 08 6 R
Hinh 3.

Bii todn tim cic hinh vuéng latin truc giao
dugc nha todn hoc Euler dit ra diu tién, duéi

! Phé Hi¢u tracing Truiing THPT Chuyén Hung Yen.
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dang bai todn: “Cd 36 si quan vdi 6 cdp bdc
kbdc nhau va thuge 6 binh ching kbdc nhau
(mébi binb chiing cd 6 si quan vdi diing 6 cdp
bdc khdc nhan). Hay xép cdc si quan dé thanh
6 hang, sao cho ¢ bt ky hang ngang hay hang
doc nao ciing cd cdc si quan thuge dii cdc cdp
bdc va dii cdc binh ching.”

(1,1)](2,2)(3,3)|(4,4)

(2,3)((1,4)|(4,1)|(3,2)

(3,4)((4,3)((1,2)((2,1)

(4,2)((3,1){(2,4)|(1,3)

Hinh 4.

Diy chinh 12 bii toin tim cic hinh vuéng
latin tryc giao. Euler khong giii dugc bai
toin niy. Ong khéng dm dugc cip hinh
vudng latin truc giao bic 6. Nhung 6ng di
chitng minh dugc ring bii todn c6 1oi giai
v6i moi n 1é va véi n chin 1 bdi ctia 4. Lic
biy gid dng du dodn bai todn khong cé 1vi
gidi véi n c6 dang 4k + 2. Nim 1901 nguoi
ta chitng minh dugc bii todn khong cé 16i
gidi véi n = 6, twong ng véi k = 1, nghia
12 bai todn 36 s quan cta Euler khong giai
dugc. Pén nim 1959, nhé mdy tinh dién ti,
ngudi ta tim dugc cdc hinh vudng latin tryc
giao véi n = 10, roi n = 14,18,22, vi sau
d6 di chitng minh duge ring tdn tai nhiing
cip hinh vuéng latin tryc giao véi moi n khic
6. Ly thuyét v& hinh vuéng latin tryc giao
c6 nhiéu ng dung trong thdng ké, Iy thuyét
thong tin, ...

Cidp bic quin ham ctia sT quan trong Quin
d6i nhin din Viét Nam hién nay dugc quy
dinh tai Ludt ST quan Quin déi nhin Viét
Nam. Theo Di¢u 10, Digu 11 Luit S1 quan
Quin ddi nhin din Viét Nam, cip bic quin
ham ctia sT quan gdm 3 cip, 12 bic:

Cip tuéng cé bdn bic: Dai tuéng; Thugng
tudng, Do déc Hai quin; Trung tuéng, Phé

TAP 8 - 56 10 THANG 10/2024 J I .

dé déc Hai quin; Thiéu tudng, Chudn Do
déc Hii quin.

Cip td c6 bén bic: Dai ti; Thugng ti;
Trung t4; Thiéu t4.

Cip ty c6é bén bic: Dai Gy; Thugng dy;
Trung Gy; Thiéu Gy.

Hinh 4 cho ta 18i giai cia bai toin Euler
trong truding hop ¢6 16 si quan v6i 4 cdp bic
khic nhau thudc 4 binh ching khdc nhau.
Ching han cic s quan ¢6 4 cdp bic: Trung
t4; Thiéu t4; Dai ty; Thuong dy; Cic siquan
thudc 4 binh chang: Phio binh, Théng tin,
Céng binh, Dic cong. Ta gin cho méi bic
si quan mét s& tir | dén 4, méi binh ching
moét 58 ciing tit 1 dén 4: Trung ti— 1, Thi¢u
ti—2, Dai dy—3, Thugng Gy—4 vi Phio
binh—1, Théng tin—2, Céng binh—3, Dic
cdng—4. Hinh 4 cho m¢t16i gidi cia bai toin
Euler, vé6i (1, 1) Ia Trung ti phdo binh, (2,3)
14 Thiéu td cong binh, (4,2) 1 Thuong uy
théng tin,... Hinh 5 va Hinh 6 Ia hai cich xép
khic.

@.1)(3.2)4.3)/(1.4)

(3,4)((2,3)(1,2){(4,1)

(1,3)|(4,4) (2, D)|(3,2)

4,2)|(1,1)|(3,9)](2.3)

(1,1)](2,4)|(3,2)|(4,3)

(4,2)[(3,3)((2,1)](1,4)

(3,4)((4,D[(1,3){(2,2)

(2,3)/(1,2)[(4,4)[(3,1)
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Cudi cing mdi ban doc hiy tim nhing hinh (
vudng latin tryc giao dé gidi quy€t bai todn 51112/3 1 |
sau nhé: 1 2 3 4 5
Trong dot dich COVID ¢6 25 si quan quéin déi
dwoe ditu déng tiv 5 binh ching Phdo binh, 4151112]3
Ting thiét gidp, Cong binh, Théng tin, Héa 3lals| 1] 2

“ hoc; mbi binh ching 5 si quan vdi S cdp bdc
kbdc nhau Dai td, Thuong td, Dai wy, Trung 213141511
wty, Thitu sy d€thanh 5 t6 cbng tdcdén S ving
cd dich chi buy cdc chién sy tham gia cong tdc Hinb 8.

phong chéng dich. Méi 16 cbng tdc phai cd di
ngudi cia 5 binh ching khdc nhau véi 5 cip Ta gin cho méi bic sT quan mét s tr 1 dén
bdc khdc nbau. Trong méi t6 cong tdc nguoi cd 5, m&i binh ching mét s8 cting tir 1 dén 5:
cdp bic cao nhét cd vai tro chi buy trwong. Hiy ~ Dai ti—1, Thugng ti—2, Pai Gy—3, Trung
ldp 5 16 cong tdc phong chong dich? ty—4, Thi€u uj—5 va Pho binh—1, Ting
thiét gi4p —2, Cong binh—3, Théng tin—4,

Ep o Ho4 hoc —5. Ta ¢6 cich lip céc TS cong téc
Hinh 7va Hinh 8 R hai hinh vuénglatintryc ~ lacdc thinh vién ciia 5 cdt hogc 5 hang trong
giaobic 5 Hinh 9 sau diy:

(1,5)(2,1)|(3,2)|(4,3)|(5,4)

(3,1)[(4,2)((5,3)|(1,4)|(2,5)

(5,4)(1,5)((2,1)|(3,2)|(4,3)

(2,3)|(3,4)((4,5)|(5,1)|(1,2)

4{51112]3 (4,2)(5,3)(1,4)(2»5)(3,m

Hinh 1. Hinbh9.
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PI1 TiM CHIEC VONG QUY

TOAN CUA BI

GIA DUONG

S Canh sét bio cdo lai v4i Xuin Phong di
bit dugc 6 d6i tugng tham gia vu trom chiéc
vong vang quy gid ciia mét nit dién vién dién
anh néi tiéng. Cling véi thanh tra L& Kinh
luén tin tuy vdi cong viéc nghién cltu tiiliéu
vu dn, thim ti Xuin Phong nhanh chéngtéi
ngay phong tam giam gip thim vin cdc ddi
tugng. Tai phong thim vin, 6 déi twong lo
sg ngdi run riy xung quanh mét chiéc ban
tron. Lé Kinh ri tai Xuin Phong nhu moi lin:
“Anh biét khdng, trong s8 cic déi tuong niy,
chi ¢6 ding hai ddi twong ludn néi thit, va
ho dang ngbi canh nhau & diy. Ngoii ra co
hai d6i twong luén néi déi, vi ho ciing dang
ngdi canh nhau. Hai déi tugng con lai thi lac
néi thit, ldc néi déi, va ho khéng ngdi canh
nhau”.

Xuin Phong di vdng quanh ban vi [in lugt

e

TAP 8 — 56 10 THANG 10/2024 ' J l ;

héi cdc déi tgng noi chiing cdt gidu chiéc
vong ving. L Kinh khin triong ghi chép lai
cdc ciu tra [8i sau ddy cha cic d6i tugng

e Déi tugng thi nhit néi ring ching gifu
chiéc vong trong mét hang dong.

o Ddi tugng thit hai néi ring chling di quing
chiéc vong xudng ddy hé.

o Déi tong thi ba néi chiing di gidu trong
mot ldu dai [ong l3y.

e Déi tgng thitf tu néi ching di gifu chiéc
vong trong mét khu ritng huyén bi.

o Déi tugng thit nim lai Fin nita néi la chiing
di quing chiéc vong xudng diy ho.

Viy thuyc su cic d6i twgng di gidu chiée vong
ving & diu? Cic em hiy giai thich chi dét
ciu tri [&i cho thanh tra Lé Kinh vi thim o
Xuin Phong nhé.

Y
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CAC BAI TOAN
CHO HOC SINH NHO TUOI

1. Trén cinh ddng xanh ¢6 12 chi bd dang
chim rii gim ¢5, bén canh 1a nhing muc
ddng chin by cliu ngoan ngodn. $8 cdc chi
cttu nhidu hon téng 8 tai ctia cdc chi b,
nhung lai fthon t8ng s8 chin clia chiing. Hoi
6 bao nhiéu chi ciru, biét ring chiing nhitu
gip 12 lin s muc ddng?

2. Hoa di t6i truding hing ngly bing xe buyr.
Theolich trinh, cit 15 phiit lai c6 mét chuyén
xe buyt khéi hinh tir bén xe téi trudng.

Hoa luén di tif nhi t6i bén xe véi s6 phit bo
ra 13 khéng thay d8i. Néu Hoa ra khéi nha

18

lc 6420 thi sé tdi trudng lic 6457, cdn néu
ra khdi nhi lac 6421 thi sé bi mudn hoc. Gid
hoc ludn bit diu vao lic 7700. Hoi ban Hoa
s& di mudn bao nhiéu phit, néu nhu ra khoi
nha vio lic 64232

3. Néu viét thém vdo bén phii tudi ctia bg
mot chit s8 bing tudi ctia con trai, ta s€ nhin
dugc mot s cb ba chi s8. Con néu viét thém
vao bén trdi tudi cia me mot chiv s6 bing tudi
cta con gdi, ta lai nhin dugc ding s8 cé ba
chit s8 d6. Téng s6 tudi ctia b8 va con trai 12
39, con téng 6 tudi ctia tudi me va con gii
12 30. Em hiy xdc dinh tudi cia méi ngudi
trong gia dinh.

4. Trong 16p hoc 6 cdc ban Anh, Bic, Céng,
Diing, Diép vi Giang ngdi sau ba chi€c ban
hoc, mbi ban dugc thiét ké gdbm hai ché
ngdi, ké thanh 3 hang lién tiép tif trén xudng
du6i, mdi hing mot ban. Ngoai cic ban dé ra
khéng 6 ban hoc sinh nio khic & trong 16p.
Biét ring:
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o Diép thuding xuyén lam mit tip trung ban
hoc sinh ngdi trudc ciu ta;

e Bic nhin vio gdy cta Giang;

o Anh vi Diing la ban thin ctia nhau vi luén
ngdi cing mot ban;

Thiy gido khong cho phép Céng vi Giang
ngdi cling mdt ban.

Hoi c¢6 nhiing ban nio ngdi & ban thit hai?
5. Vinh vi Viét s6ng & trén hai dinh ni lién
ke nhau va thudng di t6i nhi nhau choi.

Hai ban di lén nui véivin téc 3 km/h, con khi
di xudng ndi véi vin tdc 6 km/h, vi khéng c6
doan dudng nio nim ngang. Vinh thdy ring

minh di tdi nha Viét mit 2 gir 30 phit con
lc di vé m4t 3 gi¢s 30 phie. Hoi quing duding
néi nha hai ban dii bao nhiéu km?

6. Ba néi c6 ba ngudi chdu trai. Néu chiu
nio hoc hée16p | thi ba ting chdu dé 1 cudn
sdch, néu hoc hét 16p 2 thi ting 2 cudn sich,
néu hoc hét 16p 3 thi ting 3 cudn sich vu...
Ba ch4u trai cling xép ngay ngin nhitng cudn
sich dugc ting trong sudt cic nim qua trén
gid sich. Hién gi& trén gid ding ¢6 23 cudn
sich. Biét ring c6 mot chdu trai I6n tuéi hon
hai chdu con lai it nhdt 2 tuéi. Hoi chdu trai
dé gidy di hoc hét 16p miy?

LOI GIAI CAC BAI TOAN
CHO HQC SINH NHO TUOI
(S6 6 nim 2024)

1. Ba Hoa ¢6 5 r6 dung chanh, méi 16 6 s8
luong chanh bing nhau. Bi di bin dugc 36
qué ti méi r6, vi thé tit ca s6 chanh con lai
chua bin cia ba Hoa bing diing s chanh
dung trong hai r8 lic ban diu. Hoi lic diu
ba Hoa c6 bao nhiéu qui chanh trong mdi
8?

Liigidi. B Hoa dibin dugc tdng cdng 36 x
5 = 180 qui chanh. Diy ciing li s8 chanh
dung dugc trong 2 rd vio lic ban dau. Vi viy,
ldc diu ba Hoa ¢6 180 : 2 = 90 qua chanh

TAP 8 — SO 10 THANG 10/2024 'J l :

trong m&i ré.
Dip s6:90.
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2. Cb gido phdt mot s§ séch gido khoa cho
hocsinh trong16p. Mt nitas6 hoc sinh duge
c6 phét cho méi ban mdt cudn sich gido
khoa. Mt phin tut s8 hoc sinh dugc ¢6 phét
2 cudn cho méi ban, cdn mot phin tu'sd hoc
sinh cdn lai m&i ban dugc nhén 4 cudn. Co
gido lai mudn din 1én mdi cudn sich gido
khoa mi céc em hoc sinh dugc nhan 1 chiéc
sticker hinh logo ctia nha trudng. Héi trong
16p <4 tit ci bao nhiéu hoc sinh néu ¢b gido
cin phii din ding 24 chiéc sticker?

Lot gidi. Vi mot phin rr s8 hoc sinh duge
nhin4 cudn vd mébiban, nén s8 sticker cin dé
din bing diing s6 hoc sinh cfia ¢ 16p. Hon
nita, do mdt nira s6 hoc sinh dugc nhin 1
cudn vd mbi ban, nén s6 sticker cin dé dén
bing mdt nifa s6 hoc sinh cta ci 16p. Cudi
cung, mdt phin tr s8 hoc sinh con lai dugc
nhin 2 cuén v& mdi ban, nén ciing cin s3
sticker bing diing moét nifa s6 hoc sinh clia
ci 16p. Viy s8 sticker cin diing gip hai [an 58
hoc sinh trong 18p, tifc 14 ¢6 tét cd 12 ban hoc
sinh.
Ddp si: 12,
3. Haiban An va Bich cing tham gia mét tro
choi. An s€ dua ra mét s6 ciu hoi danh cho
Bich. Néu Bich tra 10i ding mt ciu hoi ndo
d6 thi An lai dua cho Bich 7 chiéc keo. Con
néu Bich tra 1di sai mot ciu hoi nio d6, thi
Bich phai dua An 3 chiéc keo. Saukhi An dua
ra 50 ciu héi, thi 8 keo clia mbi ban bing
ding s6 keo ma méi ban di c6 lic bl diu
trd chai. Hoi Bich d tra 13 sai bao nhiéu ciu
hoi?

20

Lo giai. Gia st Bich trd 16i diing a cdu hoi,
cd nghia 14 Bich di tra 1oi sai 50 — a cau hoi.
Nhu vdy trong qué trinh choi Bich d2 nhdn
dugc 7a chiéc keo v duva cho An 3(50 — a)
chiéc keo. Do tdng sd keo ctia méi ban sau khi
két thic trd choi khong thay d8i nén 7a =
3(50 — a). Giai phuong trinh ta nhin dugc
a= 15

Trd lovs: Bich da trd los sai 35 cdu bos.

4. Dic dang diing trén mét bic clia cau
thang vi chgt nhin thy ring s6 bic thang
& phia trén cu ta bing diing s6 bic thang &
phia duéi ciu ta. Dic lai ti€p tuc di 7 bac 1én
trén v di 15 bic xubng duéi. Két qua 1a Pirc
ding & bic thang thit 8 (tinh tit dudi 1én).
Hai ciu thang d6 cé bao nhiéu bic?

Liigidi. Do cudicing Didc ditng 3 bic thang
thd 8, nén trude d6 Diirc di ding 6 bic chw
8+ 15 = 23. Bé dén dugc bic thi 23, Pic
di phii di lén 7 bic, c6 nghfa |3 ldc diu Pic
ddng § bic thit 23 - 7 = 16, Nhu viy bic
thang thi 16 nim & chinh gitta ciu thang.
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Suy ra bic thang c6 tong cong (16— 1) x 2+
1 =31 bic.
Ddpso:31.

5. S4u ban hoc sinh An, Bic, Chi, Diing,
Di¢p, Giang xép thianh vong tron trong mot
budi tip vin nghé. Biét ring

o Di¢p ditng canh Chi vi vé phfa tay phii ciia
Chi;

o Ding ditng vé& phfa déi dién véi Giang;

e Giang ditng canh Diép;

e An vi Diing khéng muén diing canh nhau.
Hoi ban nio ding canh Bic?

Lo gidi. Tit khing dinh thif nhét vi thif ba
suy ra Chi, Diép vi Giang ding li¢n nhau
theo thit ty ngugc chitu kim dong hd. Do
trong vong trdn ¢6 diing 6 ngudi, nén Diing
ding dai dién véi Giang, tirc 1 bén tay trii
ctia Chi. Ta chi cdn ¢6 An vi Bic. Do Anva
Diing khéng diing canh nhau, nén Bic phai
ding canh Diing ve phia tay trdi, cdn & bén
trdi cta Bic phai 2 An. Ta nhin dwoc cich
xép sau:

TAP 8 - S 10 THANG 10/2024 ’J l ’
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Trd lori: Bén canh Bdc la An va Diing.

6. Cé 3 chiéc hop réng xép thinh hiang ngang
vi dugc ddn nhin 12 A, B, C (theo thd ty tit
trdi qua phai). Bé Tit bo lin lugrt tifng chiéc
keo vio cic hop theo thit tu: A, B, C, B, A, B,
C, B, A, ...Tit sé ditng lai néu hép B c6 ding
13 chiéc keo. Héi trong hai hop A va C, hép
nao sé ¢6 nhiu keo hon? Em hiy giii thich
lip ludn ctia minh.

Lyi gidi. Ta chia nho viéc dit keo cua Tit
thinh titng cip nhu sau:

o Tit dit keo vio hdp A, B, méi hép mée
chiéc;

e Tit dit keo vio hép C, B, médi hép mét
chiéc;

e Tit dit keo vio hop A, B, mdi hép mée
chiéc;

e Tit dit keo vio hép C, B, mbi hép mét
chiéc;

C& mbi mdt cip hinh dong nhu vy déu c6
két thdc 1a Tit s& dic 1 chiéc keo vio hop B.
Suy ra cé ding 13 cip hianh déng s& dugc
thyc hién. Di¢u niy cé nghia trong hdp A c6
7 chiée keo, con trong hdp C c6 6 chiée keo
(do 13 1258 1¢).

Tvd loi: Hop A cd nhiu bon.
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5 MATHS X ENGLISH ==
EIGHT WAYS TO PROVE - Part II

NGHIA DOAN!

This article is the second part of the series
on explore different ways to prove the same

geometric problem.

"

Example (IMO 2014), Let P and Q be on
segment BC of an acute triangle ABC such
that ZPAB = ZBCA,ZCAQ = ZABC.
Let M and N be points on lines AP and
AQ, respectively, such that P and Q are
midpoints of AM and AN, respectively.
Prove that the intersection S of BM and
CN is on the circumcircle of AABC.

A converse of Pascal’s Theorem.

Lee P = A1A2A344A546 be 2
hexagon, C; = AjA; N A4As,C, =
ArAz N AsAe, Gz = A3Ag N AgAy. If
Cy.C2,C3 are colinear and Ay, Ay, A3, Ag,
Ajs lie on a circle then Ag also lies on the
same circle.

5 proof based on Pascal’s Theorem.

Let Q denote the curcumcircle of ABC. Let
points L = QNAN, K = QN AM. Since
ZLBC = /IAC = ZCBA and ZKCB =
Z/KAB = /BCA, thus X = BLNCK is the
image of A by the reflection over the line BC.

Since Q and P are midpoints of AN and AM ,
so X must be on NM. Now apply Converse
of Pascal’s theorem to P = ALBSCK, then
since N =ALNSC, X = LBNCK, and
M = BSN KA are collinear we imply that
ALBSCK iscyclic. Therefore Sis on the circle
(ABC).

6" proof based on the Law of Sines.

First ZPAB = /BCA = /C, ZCAQ —
/ABC = /B. Thus APBA ~ AQAC ~
AABC.

By the Law of Sines for AQCN, and note
that ZQNC = ZAQC — x = ZA —x,

_Q_N _sinZQCN sinx
QC sinZONC ~ sin(ZA—x)’
QA AB
=0A == = =
ON = QA, 0C = AC
AB_QA ON  sinx

AC QC~0C sim(za—xm M

Similarly for APBM,

AC _ siny
AB~ sin(ZA—y)’ ()

10ttawa, Canada.
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From (1) and(2),and note thatsinasinf =
3 (cos(a—B) —cos(a+p)),

AB AC sinx siny
T AC AB sin(ZA—x) sin(ZA—y)
= sin(£A — x)sin(ZA —y) = sinxsiny
= cos (y —x) —cos (x+y—2ZA)
=cos(x—y)—cos(x+Yy)
= cos(2ZA— (x+y)) =cos(x+y) (3)

Since x < ZA,y < ZA, it follows from (3)
that either24A — (x+y) =x+yor2/ZA —
(x+y) = —(x+y). The latter case implies
ZA = 0, contradiction. The former case
implies x +y = ZA, thus ZBSC = 180° —
ZA.

Therefore ABSC is cyclic and S is on the circle
(ABC).

7% proof based on Analytical Geometry.

By choosing a suitable coordinate system, we
can assume that the points A,B,C,P have
coordinates: A(2,0), B(—2b,0), C(2¢,0),
P(2p,0) where 0 < b < p < ¢. Let A,
B, C be the measures of the ZA, 4B, £C,

respectively;

TAP 8 - SO 10 THANG 10/2024 ’J l :

B(-15,0) C(2e.0)

A Qf
& |/

-

/
V S\, 4

N M

cotB = % = Dhootll =¢,

OA
cotA =cot(180° —B—C) = —cot(B+C)
_1=bc
" b+c
PO 1—bc

10 = COotA = p =cot ZAPB = T

(0. o )

P, Q are midpoints of AM, AN

4(1 —be) ) (—4(1 L)
M(—-——-,—Z 0] e o
2 e Rt % 1

-2-0
4(1—bc)
b+c
. The equation of line BM is

Theslope of line BM is =

= (-2p)
b+c

b —bc+2

b+c
B —bc+2
b+c 2b(b* — be +2)
P —bct2 | B—bc+2

Let D be the circumcentre of (ABC). Dy =

2+ (~2b |
LB+ Gy = ) )~ ¢~ b Line

ACis y = —%x + 2. The perpendicular

y—0= x+2b.

=y=-
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bisector of AC has the slope ¢ and is through
(¢,1). Thus, its equation of isy = cx 4 (1 -
¢?). Therefore Dy = c(c = b) + (1 = ¢?) =
1 — be. Furtheremore, the circumradius of
(ABC) is:
o AB-BC-CA
~ 4[ABC)
C2WTHB (204 2b) 2V T+ 42
4-3(2)((2c+2b))

=\/(l+bz)(l+¢:2).

Thus, the equation of the circumcircle
(ABC)is [x— (c=b)]* + [y — (1= be))* =
(1+5%)(1+ ). It is easy to verify that
the intersection of BM with (ABC) is the
same as the intersection of CN with (ABC),
which is point § with coordinates symmetric
inregardstoband c,

S ,{c=b)(2-bc) (c+b)?
T (c=b)r+4 " T(c—b)>+4

=8§=BMNCN € (ABC)

gk proof based on Complex Numbers.

Let X(a,b), a point on the complex plane,
represent the complex number (still denoted
by X) X = a + ib. In short, we write X,
and interpret it as both complex number
and a point on the complex plane (of course
depending on what context).

24

Now, AABC ~ APBA, ABC is anti-
clockwise, while PBA is clockwise, thus they
have different orientations, therefore

AP <A

B—P“(B—A) (1)
Similarly

C~Q_(C—A)

A-Q \B-A (2)

But P and Q are midpoints of AM and AN,
respectively, thus

M-P=—(A—P)
3
{ N-Q=-(A-0) s
From (1), (2),and (3)
M-pP C-0Q
F—% =N—6’ thus AMPB ~ ACQON. .

From here it is easy to see that /BSC + LA =
180°, thus BMNCN € (ABC).

Vocabulary
Hexagon (dt): luc gidc
Cyclic hexagon (dt): luc gidc ndi ti€p
Intersection point (dt): giao diém
Circumcircle (dt): duding tron ngoai ti€p
Circumradius (dt): bin kinh dudng tron
ngoai tiép
Circumcentre (dt): tim dudng tron ngoai
tiép
Similarity (tt): ddng dang
Collinear points: cdng tuyén
Homothety (dt): phép vi g
perpendicular (tt): vudng géc
perpendicular bisector: dudng trung tryc
Slope of a line: hé 56 géc hoic d§ déc
Orientation (dr): dinh huéng
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| » M&i bai todn d& xuit (k¢m theo 15i giai) cin dugc néu r6 1 bai séng tdc hay bai suru tim.

* Bai giii cho méi bai todn cin dugc trinh by trong mét file riéng hodc mér 1 gidy riéng.

* Ngudi d& xudt bai todn hojc gii bi gidi cho cdc bai todn trong muc “Théch thitc ky nay”
cin ghi 5 ho, dém, tén vi noi lim viéc/hoc tip, s8 dién thoai lién hé. Néu 13 hoc sinh
(hoic sinh vién) cin ghi r5 12 hoc sinh 16p miy (hoic sinh vién nim thit my).

* Cic bai toin trong muc Théch thic ky nay hudng téi cic doc gia 1a hoc sinh phé thong;
dugc phan chia thinh cic mic d6 B, A, va dugc sip xép theo d6 khé ting din, theo ddnh
gid chi quan ciia Ban bién tip. Céc bii toin mic d6 B khong doi hoi céc kién thite vuot
qué chuong trinh mén Todn cdp THCS; cic bai toin mite d A khong doi héi cic kién
thitc vugt qué chuong trinh mén Todn cip THPT.

» Cich thifc giri bai todn de xudt hojc 1i giii: gii file thu dugc bing cich scan, inh chup
(r6 nér) cira bin viét tay, hojc dugc soan thio bing cdc phin mém Latex, Word t6i bbt@

pi.edu.vn hoic giti qua dudng buru dién ti Toa soan (xem dia chi tai bia 2).
» Han gii 18i gidi cho cdc bai toin P841-P850: tru6c ngay 15/11/2024.

THACH THUC KY NAY

P841. (Mirc B) Hoi, ¢ bao nhiéu sé6 N ¢6
dang 1a2b3c4d5, trong d6

1<a<b<c<d
14 cdc chi s6, sao cho N chia hét cho 33.
Trin Binh, Ha Noi

P842. (Mic B) Tim tdt ci cic s nguyén
dwong a,b,n sao cho

a+n _b+n+2
al b
Duy Minh, Ha Noi

P843. (Mic B) Tim tit ci cic sd thuc m ¢é
tinh chit: véi x,y 12 hai s8 thuc bir ky thod
minx® —xy—y* = 1, thidx® +xy+y* > m.

Nguyén Dinb Vi, Bdc Ninh
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P844. (Mdc B) Goi J 1A tim dudng tron
bang tiép trong géc A clia tam gidc ABC. Xét
mot diém K di dong trén canh BC,saocho K
khong trung véi chin dudng phin gidc trong
ctia géc A. Ldy diém L sao cho JL song song
v6i BC va AL song song véiJK. Chiing minh
ring dudng thing KL luén di qua mét di€ém
¢6 dinh.

Nguyén Ding Khoa, Ha Nét
P845, (Mtc B) Cho a,b,c 1a céc s thuc
520 cho phuong trinh ax* + bx +¢ = 0 6
nghiém thyc. Chirng minh ring ft nhit mét
trong cic bit ding thitc sau 12 bit ding thirc
ding:
5a>4(b+c), 5b>4(c+a), S5c>4(a+b).

Nguyén Vin Bin, Dién Bién
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P846. (Mic B) Cho s6 nguyén duong n.

Tim s6 nguyén duong k nho nhitsao cho ton
tai mot cdch dién s6 vio cdc 6 clia mot bing 6
vudng kfch thuéce 3 x k (bing gdm 3 hang va
k cot), thod min ddng thdi cdc didu kién sau:
- Mé6i 6 dugc dign mot s6 nguyén khéng dm;
— Téng tdt ci cic s6 dugc dign trong cling
mét cot bing n;

- &'mdi hing, méis8 0,1,...,ndugc dién fe

nhit mét lan.
Luu Tién Dric, Ha Npi

P847. (Mic A) Cho x,y,z la cic s8 thuc
duong. Chitng minh ring

Yz
O+ )T
X
TN G0+
Xy
+(x+y)\/mz—+—y) >x+y+z.

Nguyén Viét Hing, Ha Ngi (st)

P848. (Mirc A) Tim tdt ci cip ham s6 (£, )
véi f,g : Rt = RY thda min:

flxy+f(x) =xf(y) +8(x)

P849. (Mt A) Cho tam gisc ABC, (J) Ia
duding tron bang tiép trong géc A. Goi D la
tiép diém cta (J) va BC. Goi @ 12 dudng
tron duding kinh JD. @ cit dudng trdn ngoai
tiép tam gidc ABC tai hai diém M, N. Gia sit
tiép tuyén tai M v tiép tuyén tai N clia @ cie
nhau tai P. Ching minh ringba diém A, P,D
thing hing,

Dé thi chon dgi tuyén Todn
DHSP Ha Noi 2024

P850. (Muc A) Cho cic s6 nguyén duong
n,x,y. Ching minh ring

n+x L) n—xi
[xj-l-;-byj - ,.};;, (1+ [ ¥ J)

a,beN*
v&i moi x,y > 0. ged(a,b)=1
Tran Nhdt Quang, Tp. Hb Chi Minh Nguyén Tudn Anh, Dong Thip
GIAI BAI KY TRUGC

P811. (Mdc B) Trén bing c6 23 s6 nguyén

duonglién tiép. Ban Pix6a di mdt s, vi nhin

thy, téng cic s8 con lai bing 2024. Hai ban

Pi dd x6a di s6 nao?

L gidi. Gid sir 23 s6 nguyén duong lién tiép

cdtrén binglan,n+1,...,n+22,véin A

mdt s8 nguyén duong,

Goi S 12 tng clia 23 s8 néu trén; ta b

S=23n+(1+2++22)

=23n+253. (1

Tiép theo, cd thé gidi bai todn theo bai cdch sau:

TAP 8 - SO 10 THANG 10/2024 ’, l :

o Cich 1 (ciia ban Vii Hoang Son, ldp 84,
truing THCS Vin Lang, Tp. Viét T, tink
Phii Tho).

Gii st n + a, véi @ 1a mot s6 wy nhién thude
tip hop {0; 1;...322}, 13 56 Pi di x6a.

Khi dé, theo (1) va gid thi¢t ctia bai ra, ta cé:
2024 =8§—(n+a) =22n+253—a.
Suy ra,a+ 1771 = 22n. (2)

T d6, vi 22n 12 mot s6 chin, chia hét cho
11, nén a + 1771 12 mét s8 chin, chia hét
cho 11, M 1771 1a s8 1é, chia hét cho 11,
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nén a 1 s3 18, chia hét cho 11. Thy ddy, do
a€ {0;1;...;22}, suy raa = 11, The gid tri
ndy ciaa vio(2), ta tim duge n = 81. Do dé

n+a=81411=92.

Viy, s8 Pi dixéala 92.
o Céch 2 (cia ban D6 Hoang Yen Phwcong, lop
1172, trwcong THPT chuyén Nguyén Quang
Diéu, tinh Déng Thap).
Theo gii thiét, 2024 12 tdng ctia 2022 s8 ndo
d6, trong 2023 58 néu trén. Vi thé

§—-(n+22)<2024<S-n. (2)
Tir (1) va (2), ta dugc:

22n+231 <2024 < 22n+ 253;

suy ra, 80,5 < n < 81,5. Tir diy, do la 56
nguyén duong, nén n = 81.
Vithé §=23-81+253 =2116.
Do d6, s6 Pi d x6a 13: 2116 — 2024 = 92.
Binh luin va Nhin xét
1. Haicich gidi trén diy thé€ hién hai cich tiép

cin tf nhién, khi dm 16i gidi cho bai di ra.

MGt ciu boi danh cho ban doc: Y tudng clia
hai cich ti€p cin d6 1 gi?

2. Trong s6 cic 10 gidi Tap chi d nhin dugc
tit ban doc, c6 hai 16i gidi sai, do ngudi giai
bai 44 mic mot trong cic 15i sau:

- Méi gidi dugc bai todn trong mét trudng
hop riéng, do ngudi gidi bai dufa ra;

- Thuc hién sai mdt s6 tinh todn.

Cung v6i hai 16i giai sai néu trén, con cé
mot 10 gidi khong hon chinh, do nguoi giai
bai chua chitng minh mét khing dinh quan
trong trong loi giai.

Nguyén Khic Minh

P812. (Mirc B) Tim cic s nguyén m, dé
m® +3m? +2m

1a mt s8 chinh phuong.

Loi gidi (dua theo cdch gidi ciia mét ban hoc

sinh cip THCS).

DitA =m?® +3m? +2m.

28

Theo bAi ra, ta cAn tim tdt cd cdc s8 nguyén mi,
sa0 cho A 1d mdt s8 chinh phuong.

Tacd:
A=m (m2 +3m+ 2)

=m(m+1)(m+2). (*)

T d6 suy ra, néu m € {-2;—1;0}, thi
A =0, 1A mt s6 chinh phuong.

Xévm ¢ {-2;-1;0}.

Khidd, m,m+1,m+21abasé nguyén khic
0 lién tiép. VA thé, ba s8 d6 12 ba s6 nguyén
cungdiu (dovéia,blihaisé nguyén trdi ddu
tﬁY)", Ia _bl 2 2)'

Do d6, néu m 13 s6 nguyén 4m thl m + 1,
m+2 ctingla cdc s6 nguyén im. Ké€c hop digu
ndy vdi (x), suy ra, A 1a mér s6 nguyén dm. Vi
thé, A khong 12 s6 chinh phuong.

Véi m 1a s8 nguyén duong, dom+ 1, m + 2
cting 12 cic s6 nguyén duong, va do

(m+1,m(m+2)) = (m+1,(m+ iY== 1)
=(m+1,1)=1,
nén tif (%) suy ra, A 12 s8 chinh phuong chi

khim(m+2) 1258 chinh phuong. Tuy nhién,
diéu ndy khéng thé ¢6, do

m? <m(m+2) < (m+1)2,
véimoim € N*.
Vi vdy, véi moi m € N*, A khéng I4 s8 chinh
phuong.
Viy, tdt ci cdc s6 nguyén m théa min yéu ciu
&hilim=-2,m=—=1vam=0.
Binh luin va Nhin xét
1. 0Ly gidi trén, tadi st dung két qua ritco
ban dudi diy, lién quan dén s6 chinh phuong
(két qui ndy d titng dugc dé cip  Muc Giai
bai ki trudc ctia Tap chi Pi, céc 56 truéie diy):
Két qui 1. Vi a,b la hai 56 nguyén duwong
nguyén t6 cing nhau, tich ab la 56’ chinh
phicong ki va chi kbi cd a va b déu la s6 chink
phuang.
Cé thé dé ding ching minh két qui trén,
bing cich sit dung phin tich chuin ctia mét
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s6 nguyén duong. V1 viy, vdi cic ban doc
chura biét két qua trén, cdc ban hiy ty chdng
minh két qua dé.

Két qua 1* dudi diy 12 mot khéi qudc hién
nhién ctia Két qua 1:

Két qua 1*. Cho n la s& nguyén tiy y lén
hon 1; va cho ay,az,...,a, la n s6 nguyén
dwang tiey y, déi mot nguyén té cing nhau.
Khi dd, tich a1ay...ay la s6 chinb phuong
khi va chi khi a; la s6 chinh phiwong, vdi moi
f=1.2....;0

Mot hé qui don gian cia Kétqua 1 lakétqua
sau:

Két qua 2. Tich ciia ba s6 nguyén kbdic 0 lién
1iép tiry § la mgt 56 khong chinb phiuong.

Két qui 2 I3 mét két qui quen thudc déi
v6i cic hoc sinh kh4, gioi Todn, dugc hoc
phin S8 hoc mét cich cin co, bii bin, & cip
THCS.

2. Ldi gidi trén ddy cho thdy, c6 thé coi bai di
ra |2 mot dang phét biéu khic ctia Két qua 2
néu trén.

3. Rit tiéc, trong s6 cic 10i gidi Tap chi dd
nhin dugc tir ban doc, cé bdn 13i gidi sai, do
ngudi gidi bi d mic mét trong cic 16 sau:
— Cic lap ludn trong 1&i gidi vira thifa, vira
thi€u, khdng c6 tinh két ndi logic dé din dén
cic khing dinh mang tinh then chét trong loi
giii;

- Quan ni¢m sai ring, 0 khong phii 1a s8
chinh phuong;

— Ngé nhdn ring, néu tich ab 12 s8 nguyén va
a 14 s nguyén, thi b cting Ia s3 nguyén;

— Ngd nhdn ring, néua, b, c i cic s6 nguyén
phin biét, ¢é uéc chung I6n nhit bing 1, thi
tich abc 12 s8 chinh phuong khi vi chi khi
tich d6 bing 0.
(a=1,b=3vic=27lamgtphin viducho
kbdng dinb vita néu trén.)

Luu Thi Thanh Ha

P813. (Mic B) C6 9 ban hoc sinh ding
thinh mét vong trdn. Cé gido mudn phdt

TAP 8 - SO 10 THANG 10/2024 (” l :
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cho méi ban mét 14 c&, miu xanh hoic miu
do, sao cho khong c6 hai ban lién tiép nio
cing cim c& do, va khéng c6 ba ban lién tiép
nio cung cim c& xanh. Héi ¢6 gido ¢6 bao
nhiéu cich phdt c¢ cho cic ban?

(Hai cdch phidt c duyc coi la kbdc nbau, néu
ton tai mét ban hoc sinh cdm & mau khic
nhawu & hai cdch dé.)

Loi giai (phong theo ¥ gidi cia ban Vo Hii
Yén, ldp 12H, truitng THPT chuyén Nguyén
Quang Diéu, tinh Diong Thdp).

Bit dau tif mét ban hoc sinh tlty ¥, an lugr
theo chiéu kim ddng ho, ky hiéu 9 ban hoc
sinh bdiAy,A;,...,Aq.

Ky hiéu méi ban hoc sinh ¢im ¢& xanh béi X,
vi mbi ban hoc sinh cim c& d6 bai D.

Tagoi mét nhém cic ban ditnglién tiép nhau
theo vong tron la mét “cum™; thit tyf ctia cic
ban trong mét cum dugc tinh theo chidu
quay cta kim dong ho.

D€ mé ta mét cum, ta sé liét ké lién tiép cic
ban thudc cum, lin luot tif ban diu tién dén
ban cudi cung. Ching han, dé mé ti cum
gdm cdc ban A3,Aj; ta viét A2A3, hay dé mé
ta cum gdm ba ban, ban diu tién cim ¢ do,
ban thit hai cim c& xanh, vi ban cudi ciing
cim cd do, ta viét DXD, ...

Hai cum dugc goi la réi nbau, néu khéng cé
hoc sinh nio thudc ddng thoi hai cum dé.
Dui diy, dé trinh phii dién dat dai dong, ta
goi médi cich phdt cd cta ¢b gido cho 9 ban
hoc sinh, dim bio thdéa min cic yéu ciu cia
de bai, 1a mét luyt phit co.

Nhin thiy, sau m¢t lugt phit ¢ tiy ¥ cia ¢6
gido, trén vong tron sé hinh thinh cic cym
DXX, hodc DX, d6i mét rdi nhau.

Do 9 vi 3 khdng chia hét cho 2, nén sau mée
lugt phdt cd tly ¥ clia ¢6 gido, chi c6 thé xiy
ra m¢t trong hai bd cyc sau:

- B4 cyc 1: Trén vOng tron c6 ba cym XX
ddi mot roi nhau;

- B8 cuc 2: Trén vong tron cé mét cum BXX
vi ba cum DX, déi mét rdi nhau.
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Nhu vy, dng véi mét cdch phdt ¢d clia ¢6
gido, ta s& cé mdt cdch phin chia 9 ban thinh
ba cum ddi mdt roi nhau, mi cum ¢d baban,
hoic thanh bdn cum ddi mét rdi nhau, gdm
mdt cum ba ban va ba cum hai ban. Ngugc
lai, @ng v6i mdi cich phén chia vira néu, ta s
6 mét cich phdt cd caa c6 gido.

Do dé, s6 cich phétcd ciia c6 gido chinh bing
s0 cich phin chia néi trén. (1
Nhin thiy, c6 ba cich phin chia 9 ban thinh
ba cum d6i mét rdi nhau, méi cum ¢6 ba ban;
dé la:

- Cich 1: A1A7A3, AsA5A¢, A7A5A0;

- Cich 2: AyA3A4, AsAgA7, AgAoAr;

- Cich 3: A3A4As, AgA743, AgA1As.

Tiép theo, d€ phin chia9 ban thinh bén cum
d6i mét roi nhau, gbm mét cum ba ban va ba
cum hai ban, ta thyc hién lién ti€p hai buéc
sau:

- Buéc 1: Tao ra mét cum ba ban;

- Buéc 2: Bit diu tir ban ditng ngay bén trdi
ban cudi ciing ctia cum ba ban néu trén, lin
lugt, theo chitu quay ctia kim ddng hd, taora
cic cum hai ban, d6i mét rdi nhau. (Ta quy
uGc tit ci cic ban déu ditng quay mit vio
tim cia vong tron.)

R6 rang, ing véi mét cich thyc hién budc
1, ta ¢6 ding mét cich thuc hién budc
2. Do viy, s6 cich thuc hién lién ti€p hai

buéc néu trén chinh bing s cich thuc hién

budc 1. (2)
Hién nhién, s cich thuc hién budc 1 chinh

bing s6 cich chon ban diu tién cia cum

ba ban. Vi thé, do ¢6 9 ban, vi ban nio

cing ¢6 thé dugc chon lam ban diu tién

cta cum ba ban, nén ¢6 9 cich thyc hién

budc 1. (3)
Tir(2) va(3) suy ra, c6 titca9 céch phin chia

9 ban thinh bén cum dbi mét rdi nhau, gdm

mét cum ba ban v ba cum hai ban.

Nhu vy, c6 titci 349 = 12 cich phin chia
9 ban thinh ba cum d6i mét rdi nhau, méi
cum cb ba ban, hoic thinh bdn cum déi mée
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roi nhau, gdm mt cym ba ban vd ba cum hai
ban.

Viviy, theo (1), c6 gido ¢6 tdt cd 12 cdch phdt
¢ cho 9 ban.

Binh luin vA Nhin xét

1. Bétao ditu kién thuin lgi cho viéc theo d6i
|01 gidi cia dong dio déi tugng ban doc, ddng
thdi nhim gitip cic ban hoc sinh THCS hinh
thanh, cing ¢8 tu duy “dém” v phuong
phép suy ludn trong viéc “dém”, Loi gidi trén
diy di dugc trinh by ti mi, chi tiét hon mdc
can thiét.

2. Trong s6 cdc ban di giti 1i gidi cho bai todn
téi Tap chf, c6 mét ban di gidi bai ra bing
cich liét ké tdt ci cdc cdch phét cdy clia ¢6 gido.
Do trong l6i gidi vifa néu, cic cich phdt co
duoc mé ti mot cich rit thiéu 16 ring, nén
16 giai d6 khong dugc coi 12 1di giai dang.

Nguyén Khic Minh
P814. (Mic B) Cho a,b,c 1A cic s6 thuc

duong, thoa min ab+bc +ca = 1. Chitng
minh ring

%( 2442 +1)
& 1 + 1
T(a+v@FD)" (b+vEEFI)
|

G o 52 Lk
(c+Ve2+1)
Lo gidi (duwa theo y gdi cia biu bét cdc lod gids
Tap chi di nhén duyec tic ban doc).
DE thiy, va? + 1 # ado d6
a?+1-a
a+Va¥+1 (\/a7+l+a) (\/a2+1 —a)

=val+1-a;

suy ra

1
(a+\/az—~{-l)2

= (V@+1-a)". (1)
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Doab+ bc+ca = 1,nén
Val+1=va+ab+bc+ca

=\/(a+b)(a+c).

W1 thé, véi luu ¥ a,b,c > 0, theo bit ding
thitc Cauchy - Schwarz vi bt ding thdc
trung binh cdng - trung binh nhén, ta cé:

at Vo< Vair1 g et ato

2
b+c
FRAE

suy ra

0 < Vbe < \/a2+l—a$l-7—;—c.
Do dé

be < (\/t??—a)2 < (bjc)z- )
Tu (1) va(2),suyra

1 3 (b+c)*

(a+va@rD) ~ 4

Bing cich hoin toin tuong ty, ta ciing
ching minh dugc:

bc <

(3)

b4 < 1 2£(c+a)2, @)
(b+VB7+1) 4
bl IR

(c—i— Ve + 1)2 o
Cong cic bit ding thic kép (3), (4), (5), vé
theo v&, vi st dung gia thi€tab+bc+ca= 1,
ta thu dugc bit ding thic kép cin ching
minh theo yéu ciu dé bai.

Binh luin vi Nhin xét

1. Bii di ra |3 mdt bai todn rdt co ban cia
phin Bit ding thic.

2. Tt ci cdc 1o gidi Tap chi nhin dugc tit ban
doc deu 12 1 giai ding.

V6 Quéc B4 Cin

P815. (Mtrc B) Cho hai dudng trdn (0y) va
(03) citnhau taiA, B. Qua B, ké mét duding

TAP 8 - SO 10 THANG 10/2024 " l:
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thing d bit ky, cie (Oy) va (02), tuong dng,
tai cic diém M va N (d khong tring v6i AB,
va M, N khic B). Duding thing, di qua A va
trung diém cta MN, cit dudng trdn ngoai
tiép tam gidc AMN tai diém thd hai X, khic
A. Chitng minh ring, khi d thay déi, nhung

ludn di qua B vikhéng tring véiAB, thi ';—((%
khong déi.

Loi giai (dwa theo Ddp dn do BBT Tap chi
cung cap).

Hinbh2.

Do (0y)va(02) citnhautaid, B,nén 0,0,
13 trung tryc cia AB. Do dé:

- Néu diém B nim giita hai diém M, N (xem
Hinh 1), thi

1
ZAMN = ZAMB = EAAOIB = ZA0,0;

1
ZANM = ZANB = EéAOzB = ZA0,0,.
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- Néu diém M nim gitta hai diém N, B (xem

Hinh 2), thi
ZAMN = 180° — ZAMB = %AAOIB
= ZAO|02;

ZANM = ZANB = %éAOzB = ZA0,0.

Hinh 3.

— Néu diém N nim giita hai diém B, M (xem
Hinh 3), thi

1
ZAMN = /AMB = —2-4A01B = ZA0,0;

ZANB = lLAOZB

ZANM = 180° — 3

= /A0,0;.

Vi vy, v6i moi vi tri ciia duding thing d, thoa
min yéu ciu dé bii, ta lubn co:

AAMN ~ AAO,0: (gg.);
suy ra 22 AOZ (1)
Y% AM T 40,

Goi I 1a giao diém ctia AX va MN; theo gid
thiét, I 12 trung diém ctia MN.
Vi AMXN la tif gidc ndi tiép, c6 hai dudng
chéo cit nhau tai /, nén
/XMI = ZXMN = /XAN = /NAI,
IMXI = IMXA = ZMNA = ZANI.

Suy ra, AXMI ~ ANAI (g.8);
XM M I
do dé, — VA = AT (2)

Bing cich hoin toin twong ty, ta clng
chiing minh dugc AXNI ~ AMAI; va do dé,
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NI (3)
T (2) va (3), véi luu ¥ 7 13 trung di€ém MN,
tacd
XM MA _ Mi Al
NA ‘XN Al Nl
XM AN
Sy 1, Ty = e

XM A02
Tu (1) va(4), tacéXN AO

Tuw dé,do A, 0y, 07 lacic dlem c6 dinh, suy

(4)

ratysd % la mét hing s6, khi dudng thing
d quay quanh diém B vakhéng truing v6i AB.
Ta ¢6 ditu phii chitng minh theo yéu cau d&
bai.
Binh luin v Nhéin xét
1. C6 thé ching minh tam giic AMN va
tam gidc AO; 0, dong dang cling huéng mot
cich ngin gon, nho sir dung géc dinh huéng.
Tuy nhién, nhim tao diéu kién thuin lgi cho
viéc theo déi ctia dong dio déi tugng ban
doc, & Ldi gidi trén, ching t6i khéng trinh
bay cdch chiing minh vifa néu.
2. Tit ci cic 1oi gidi Tap chi dd nhin dugc tir
ban doc deu 12 15i gidi ding.

Ha Via Anh

P816. (Mitc B) Cho m,n la cic s6 nguyén
dwong, sao cho n chia hét cho m. Ching
minh ring, véi mdi s6 nguyén a, ta cé:
((a,n),m).

((x,y) ky hiéu u6c chung 16n nhit ctia hai s&
nguyén x,y.)

Loi gidi (cia ban Nguyén Thanh Tudn,
lép 10, trwing THPT chuyén Nguyén Binb
Khiém, tinh Quang Nam).

Nhic lai ring, v6i x,y,z 1a ba s6 nguyén,
(x,7,2) ky hiéu uéc chung lén nhit cta ba
56 do.

Vim 2 s6 nguyén duang, vi n chia hét cho m,
nén (n,m) = m.

Do d6, véi mbi s8 nguyén a, ta cé:

((a,n),m) = (a,(n,m)) = (a,m).

(a!m) =

(a,n,m) =
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Ta c6 diéu phii chitng minh theo yéu ciu d@
bai.

Binh luin vA Nhin xét

1. O Lui giai trén, ta di sit dung (khéng
chitng minh) tinh cht rdt co bin v rdt don
giin dudi ddy cia wéc chung 16n nhit:

“Cho n la mét s6 nguyén tiy ¥, lon hon 2, va
cho ay,ay,. . .,an ld nsé nguyén tiy y. Khi do

(a1,82,-..,8n-2,an-1,an)
= (alaaz, ceeyp_2, (an-l,an)) i
Véi cdc ban doc chua biét tinh ch4t néu trén,
cic ban hdy tu chitng minh tinh chdt d6, xem
nhu mot bii tip vé nha.
(Goi y: St dung dinh nghfa uéc chung 16n
nhit clia cdc s6 nguyén.)
2. Tit caloi giai Tap chi di nhin dugc tir ban
doc deu 12 16i giai ding.

Nguyén Khic Minh

Loi Toa soan. Do so sudt ki thuit, trong dé
bai cia bii P817, diin d Muc Théch thircky
niy ctia Tap chi Pi, s6 6.2024 (trang 27), da
thitc P(x) = x> +ax? + bx— 1 dibi in nhim
thinh

P(x)=x+ax+bx—1.
Tap chi chin thanh cdo 15i cling tit ci ban
doc!
Bii P817, nhu di in nhim, 13 mét bii toin
gidi dugc, v khong tim thudng.
Tap chi di nhin dugc cdc 16i gidi ciia ban doc
cho bai P817 diin.
Cung véi d6, Tap chi ciing di nhin dugc cic
16i gidi ctia ban doc cho phuong 4n nguyén
ban cua bai P817.
Vinhitng diu néu trén, Ban bién tip Tap chi
quyét dinh:
— Cong bd 16i giai ctia ci hai bai todn, bai
P817 nhu d in vi bai P817 sau sita 16i in 4n
(P817*).
- Cong nhin cdc 1di gidi ctia ban doc cho bai
P817* 1a lvi gidi hop 1€

TAP 8 - 5O 10 THANG 10/2024 ‘] l;
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P817. (Mitc A) Tim tit ci cic s8 nguyén
duong d, sao cho tdn tai cdc sé nguyén a, b,
dé 1+ /d 12 nghiém ctia da thitc

P(x)=x +ax+bx—1.
Loi giai (csia nguii chidm bai).
Vi méi s8 nguyén déu c6 thé viée duédi dang
téng ctia hai s8 nguyén, nén bai di ra ¢ thé
dugc phit bi¢u duéi dang twong duong sau:
“Tim tt ca cdc s8 nguyén duong d, sao cho
tdn tai 8 nguyén m, dé 1+ v/d i nghiém ctia
da thic

P(x)=X4+mx—1."

Gia st d 14 s8 nguyén duong théa min yéu
ciu vifa néu trén.
Khi dé, sé cé sd nguyén m, sao cho

3

(1+ V@) +m(1+Vd)-1=0. (1)
Ta cé:

(1) & (d+m+3) Vd+3d+m=0. (2)
Do d 4 58 nguyén duong, nén Vd hoic 11 53
nguyén duong, hoic I 58 v6 ty.

Néu V/d 1 s6 nguyén duong, thi 1 + v/d
ciing I3 s8 nguyén duong. Vi thé, dom 13 s8
nguyén, nén tir (1) suyral + Vd A mét udc
duong ctia 1. Do d6, 1 +vd = 1; suy ra,
d = 0, 1 ditu v6 ly (vi d 14 s3 duong). Ditu
vo Iy ndy cho thiy, Vdlaséve ty.

Do V/d 1 58 vb t, vi m,d i cic s3 nguyén,
nén tif (2) suy ra

d+m+3=3d+m=0.

Din t6i, d = % 1a ditu vd ly (do d 14 s
nguyén). Ditu vd ly niy cho thiy, khéong c6
s8 nguyén duong d théa min yéu ciu de bai.
P817¢. (Mic A) Tim it ci cdc s8 nguyén
duong d, sao cho tOn tai cic s nguyén a, b,
dé1+vdha nghiém ctia da thic
P(x) =’ +ax +bx— 1.
L gidi (ciéa ngudi chdm bai),
e Gii st d 12 s8 nguyén duong théa min yéu
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ciu de bai.
Khi d, s& ¢6 cdc s8 nguyén a, b, sa0 cho

3 2
(14Vad) +a(1+V4)
+b(1+Vd)-1=0.
Ta cé:
(1) & (d+2a+b+3)Vd+(a+3)d
+a+b=0. (2%)
Dod 12 s8 nguyén duong, nén v/d hoic la s8
nguyén duong, hoic 12 56 vé ty.
Néu V/d 1a 58 nguyén duong, thi 1+ Vd
cling la s6 nguyén duong. Vi thé, do a,b 12
s nguyén, nén tif (1*) suy ra 1 +/d Ia mot
udc duong cua 1. Do dé, 1+ Vd=1 suy ra,
d =0, 1a dieu v6 Iy (vi d 12 s6 duong). Ditu
vé I nly cho thiy, vd 13 s8 vé 1.
Do Vd 1358 v ty, vaa, b,d la cic s6 nguyén,
nén oif (2*) suy ra
d+2a+b+3=(a+3)d+a+b=0.
Din t6i
(@a+2)d—a—3=0, hay
(a+2)d=a+3. (3*)
Tir (3*), hién nhién suy ra, a # —2 (vi néu
a = —2 thisé c6 0 = 1, 1a dieu vé Iy). Vi viy,
it (3*) taco:
a+3 1
=1 ;
a+2 * a+2
Tir d6, do d 1a s6 nguyén duong va a la
s0 nguyén, suy ra, a + 2 la uéc cia 1 va

(1%)

d=

al? #—1.Dodé,a+2 = l;suyra,d =2.
e Nguoc lai, véi d = 2, d& thiy, bd ba s6
d=2,a=-1,b= -3 théamin (2*); v2
do d6, bd ba s6 niy théa min (1*). Vi viy,
1+v21a nghiém cua da thic
P(x)=x>—x*-3x—1.

e Viy, d = 2 14 56 nguyén duong duy nhit
théa min yéu ciu dé bii.

Binh luin va Nhin xét

1. Trong cic 1i giai tén, ta di sit dung
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(khéng ching minh) két qua rit co bin va
quen biét sau:
“Véi n la& s6 nguyén dwong, \/n hodc la s¢
nguyén dwong, hodc la 6 vé ty.”
Véi cdc ban doc chua biée kée qua néu trén,
cdc ban hiy ty chitng minh két qui dé, xem
nhu m§t bli tip v& nha.
(Gt y: St dung phuong phdp phin chitng.)
2. Cic i gidi trén diy cho thdy, ca hai bai
todn, P817 vaP817*, deuli cdc bai tip 0 mitc
co bin, rit phit hgp cho viéc bdi dudng hoc
sinh khi, gi6i Todn cic 16p cudi cip THCS.
3. Tit ci cdc loi gidi Tap chi d4 nhin dugc
uir ban doc (cho bii P817, ciing nhu cho bai
P817*) deu la 13i giii dung. Tuy nhién, hiu
hét cic 10i gidi trong s6 niy déu dai dong,
cdng kénh, khd phic tap.

Nguyén Khic Minh

P818. (Mitc A) Cho cidc s8 thuc khéng 4m
a,b,c, thoa mian a*+b*+c% = 3. Chirng
minh ring
Va+b+Vb+c+veta>2va+b+c.
Lai gidi (dswa theo loi gidi ciia ban Vii Hoang
Son, ldp 84, truong THCS Vin Lang, Tp.
Viét Tri, tinh Phii Tho, va ban D6 Viét Hoang
Long, ldp 114, truong THPT chuyén Quang
Trung, tinh Binb Phiudc).

Via,b,c > 0,nén

a+b+c>0, (1)

(a+b)(b+c) >0, (2)

ab+bc+ca > 0. (3)
Tir(3),suyra

(a+b)(b+c)

=b?+ab+bc+ca > b’ 4)
T (2) va(4), véiluuy b > 0, suy ra

\/(a+b)(b+c) > b.

Bing cich hoin toin wong ty, ta cling
chting minh dugc:

V(b+c)(c+a)>cva \Kc+a) (a+b)>a.

ﬂ TAP 8 - SO 10 THANG 10/2024




Do dé
(Va+b+Vb+c+eva)
=2(a+b+c+/(atd) (b+o)
+\/(b+c) (c+a)+ \/(c+a) (a+b))
>2(a+b+c+b+c+a)

=4(a+b+c). (5)
Tu (1) va(5), suy ra

Va+b+vVb+c+ve+a>2Va+b+e.

Vi bidt ding thdc vira néu trén ding véi
moi a,b,c > 0, nén né ciing ding véi moi
a,b,c >0, thdamin a? + b2 +c% = 3.
Ta c6 ditu phii chitng minh theo yéu ciu d¢
bai.
Binh ludn via Nhin xét
1. Cho t6i thoi diém bin thio vio Nhi
in, Tap chi méi chi nhin duoc bén 13i gidi,
tir ban doc; mic du bai di ra A mét bai
todn rit cd ban, rit don giin, vi thudc loai
“khodi khiu” ctia tuyét dai da s8 cic ban hoc
sinh phd théng ham hoc Todn. Phii ching,
su hién dién cta gia thiét thira “tdng binh
phuong cta a,b,c bing 3” di lim cic ban
“bdi r6i”, trong qui trinh giai bai?
2. Néu bé qua 16i “chinh ti” & ddng cudi cha
mot s6 161 gidi, thi tit ca bén 10 gidi néu trén
deu 12 1&i gidi diing.

Nguyén Khic Minh

P819. (Mic A) Tim tdt ci cdc him s6 f :

N* — N* thoa min:

¢(m)+ f(n): f (§(m))+n,
v6i moi s6 nguyén duong m, n.
(¢(m) la 56 cic s8 nguyén duong khong vugt
qui m, v nguyén td cling nhau véi m.)
Loi giai (dwa theo y gidi ciia bdu bét cdc loi
gidi Tap chi da nbén dwgc tit ban doc).
e Gia st f: N* = N* [ mdt hiam s6 thoa
min yéu ciu de bai; nghia I3, ta c6:

¢(m)+f(m)if (9(m))+n, (1)
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véi moim,n € N*.
Xét s6 nguyén ¢ p tiry §.
Do¢(p)=p—1L,nénthém=pvin=1
vio (l)a ta dlch:
p=1+f(0)if(p-+1. ()
Do¢(l)=1,nénthém=1van=p—1|
vao (1), ta duoc:
flp—-1D)+1ip—14+f(1). (3)
Tit(2) va(3),suyra
flo-D)+1=p—1+f(1). (4

Dite= f(1)—1;do f(1) € N* nénclamée
hing s8 tu nhién.

Khi 6, tir (4) ta cé:
flp-1)=p-1+c (5)
Thé m = p vio (1), do (5) va do tinh tly y
cua p, ta dudc:
f(n)+p—1in+p—1+c,
véi moi n € N* v véi moi p nguyén td.
Tu dé, do
(f(n)+p—1)—(n+p—1+c)
=f(n)—n—c,

suy ra

f(n)—n—cin+p—-1+c, (6)
v6i moi n € N* vi véi moi p nguyén t3.

Do ¢6 v6 han s3 nguyén 3, nén véi mdi
n € N* déu tdn tai s8 nguyén t6 py, sao cho
n+pn—1+¢>|f(n)—n—c|
Vi thé, ta ¢6 (6) v6i moi n € N* vi véi moi p

nguyén tJ, chi khi
f(n)=n—c=0, hay f(n) =n+c,
véi moi n € N*.

o Nguoc lai, bing cich thir tryc tiép, dé thiy,
him s3 f vira néu trén théa min tdt ci cic yéu
ciu cta de bai.

e Viy, tdt ci cic him s8 f cin tim theo yéu
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ciu de bai la:

f(r)=n+c,neN";
trong d6, ¢ 13 mdt hing s6 tw nhién iy y.
Binh luin va Nhin xét
1. Nghi t6i phép thé m = p, véi p 1A mot
s8 nguyén 3, la mét hudng nghi tw nhién,
hop Iy. Vi thé, ¢6 thé ndi, tuy ¢6 hinh thic
“khiing b6”, nhung bai di ra 1A mét bi toin

¢ mife co bin, trong Chi dé “Phuong trinh
him s8 hoc”,

2. Rit tidc, trong s8 cdc 19 gidi Tap chf da
nhin dugc tt ban doc, cé mt 1o gidi khong
thé coi 1 diing, do ngudi gidi bii di mic 16i
trong viéc suy ra “f(n) = n+c¢” tt (6) (theo
ky hiéu trong Loi gidi trén).

Luu Thi Thanh Ha

DANH SACH HQC SINH CO LOI GIAI PUNG

Trong cdc ngodc don o phin dudi ddy, sau tén
ldp la ma hiéu cia cdc bai todn ma boc sinh o
lof gidi diing.

KHOI THCS

o TruongTHCS Nguyén Thidi Binh, Tp.
Ci Mau, tinh Ci Mau: Lé Nguyén Hoing
Nbit Dinb (16p 9C; P811, P812, P814,
P816, P817, P818).

o Tnidng THCS Thanh Xuin, Quin
Thanh Xuin, Tp. Ha Noi: Nguyén Diic Huy
(16p 6A2; P816).

e Truong THPT chuyén Ha N6i —
Amsterdam, Tp. Ha Néi: Ding Ngoc Anh
Tho (16p 7C; P812).

e Trudng THCS Ngé Quyén, Quin L¢
Chin, Tp. Hii Phong: Biti Hoang Nam (16p
9A10; P814).

e Truong THCS Quynh Trang, thi xi
Hoing Mai, tinh Ngh¢ An: Nguyén Vin
Diic Thing (16p 9A; P812, P814). e Trudng
THCS Vin Lang, Tp. Viét tri, tinh Phd Tho:
Vii Hoang Son (16p 8A; P811, P812, P814,
P815,P817, P818).

o Trudng Qudc té song ngi cip 2,3 GIBS,
Tp. Graz, Cong hoa Ao: Lé Bach Hii Diing
(16p 1B (twong duong 16p 6 cta Viét Nam);
P811,P816).

KHOI THPT

e Truong THPT chuyén Hing Vuang,
tinh Binh Duong: Trén Khdnh Hung (6p
10T1; P811).
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¢ Truong THPT chuyén Quang Trung,
tinh Binh Phuéc: Dé Vier Hoang Long (16p
11A; P811, P812, P813, P814, P815, P816,
P817, P818).

o Truong THPT chuyén Lé Quy Pén, tinh
Dién Bién: Nguyén Ngoc Diép (16p 10A1;
P811).

o Trudng THPT chuyén Nguyén Quang
Diéu, tinh Ddng Thip: Nguyén Dric Phdt
(16p 10T1; P811, P812), Bé Hoing Yén
Phuong (16p 11T2; P811), Trdn Thi Phuong
Thao (16p 10T1; P811), Vo Hii Yén (16p
12H; P811, P813).

e Truong THCS — THPT Newton
Grammar School, Tp. Hi Noi: Nguyén
Phiic Nguyén (16p 10G0; P819).

o Trudng THPT chuyén Lé Hong Phong,
tinh Nam Dinh: Lé Duc Phat (16p 12 Todn
2; P819).

o Truong THPT chuyén Luong Vin
Chanh, tinh Phd Yen: Nguyén Tin Nguyén
Chwong (16p 11T1; P817, P819), Huynh
Trin Gia Huy (16p 10 Toin 1; P812, P814,
P815, P816, P817, P819).

o Trudng THPT chuyén Nguyén Binh
Khiém, tinh Quing Nam: Nguyén Vin
Nhin Hiu (I6p TK23; P811), Nguyén
Thanh Tudn (16p 10; P811, P812, P815,
P816, P818).

o Trudng THPT chuyén Vinh Phic, tinh
Vinh Phic: Trwong Anh Ding (16p 10A1;
P811, P814).
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Chuyén muc Thach thic Todn @

tran trongmdi cdc thay cd-gido, cdc
ban héc sinh, sinh vién déng gép cdc
bai todnrhay do minh sang tac hodc

suu tam.
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' Danh cho déi tuong la C6 y tudng hay ddc déo trong 1oi ‘
hoc sinh THCS hoac giai.
THPT

Pé bai sang tac hodc suu tam,
duoc gl kém cung 16i gidi. bé }
bai chwa dwoc cong bd hay gui
céng bé trén céc tap chi, bao

toén bang tiéng Viét.

' Véi nhitng bai toan khg, Doi véi dé suu tam can ghi ro ‘
khuyén khich téc gia gii nguén goc (trén cdc sach bao,
thém céac bai phan tich tap chi hay trong cac ky thi). Déi
vé y tuwdng, phuong phép véi cac bai toan duoc phat trién
te duy, moi lién hé véi tr mot bai toan khac, cling
cic bai todn khac dé khuyén khich tac gia gidi thiéu
dang trong chuyén muc bai toan goc.

Hoc cung Pi.
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VE MOT BAI TOAN THI CHON
POI TUYEN OLYMPIC TOAN
TRUNG QUOC NAM 2014

NGUYEN XUAN THO!

Bai todn sau diy xuit hién trong ky thi chon
déi tuyén Olympic Todn Trung Quéc tham
du ky thi Toin qudc té nim 2014:
Bai todn 1 (TST 3-Ngay 1-Bai 3). Tim cic
cdp s6 nguyén duong (x,y) thod man
(x+1)(x+2)---(x+2014)
=(y+1)(y+2)--- (y+4028).
Bii todn 1 1 trudng hop dic biét ciia mot két
qua dugc Saradha va Shorey chitng minh vio
nim 1990:
Dinh Iy 1 (Saradha-Shorey [3]). Vdi moi
56 nguyén duong n > 2, khéng ton tai cdc s§
nguyén duong X,y thod man
(x+1)(x+2)---(x+n)
=0+ 1)+2)--r+2n). (1)

Tuy nhién, chiing minh dugc dua ra bdi
Saradha va Shorey khd phifc tap, bai bio nay
trinh biy mét chitng minh don gian hon cho
Dinh ly I trong trudng hgp n > 6. Bai bio
6 tham khio cic tai liéu [1] va [2].

1 Mot 56 két qui co ban

Véi mdi s nguyén t8 p vi sd nguyén duangn,

ta ky hiéu vp(n) 6 ma ca p trong phin tich

ra thira s6 nguyén t8 ctia s6 nguyén duong n.

B6 de 1. Vi moi 56 nguyén duong n thi
va((n+1)---(2n)) =

Chiing minh. Dit A, = (n + 1)(n +
2)--+(2n).Khidé v2(A1) = 1, »(A2) = 2,
v2(A3) = 3 nénkétluin dingvéin = 1,2.3.
Gid sit v2(A,) = n véi n [a mot s8 nguyén
duong. Do

Appy=n+2)(n+3)--(n+1+n+1)
=2(n+1)(n+2)---(2n)(2n+1)
= 2(2n+1)A,

nénv2(Ans1) = 14+v2(4,) =n+ 1. Theo

nguyén Iy quy nap thi két luin ding véi moi

s6 nguyén duong n.

B de 2 ([2)). Cho cdc s6 thue x1,Xx2, . .., Xn

thugc khoang (0,1/2). Ddt x = (x1 -i— x3 +

v Xn) [Nvdy = max{x%,x%, X}, Kbi
do
1-x> {/(l—xl)(l—xz)"-(l —Xp)
>1=-x=2y. (2)

Diu “=” xdy ra ¢ bit d’ang thite ben trdi ciia
() khivachikhix) =x3="+++ = Xx,.

Pai boc Bach Khoa Ha N,
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Chiing minb. St dung bit ding thitc AM-
GMtacd

Y1 =x1)(1=x3) (1= x2)
Sl—-x1+1—X2+---+l—xn
n

=l-x

ding thitc xdy ra khi vi chi khix; = x; =
-++ = Xp. St dung bit ding thtc AM-GM
mét [in ntta ta cé
1 1 1
e e

1—x;
n

> :
— /(1 =x)(1=x2)--- (1 —xn)
Chii y véi moi x € (0,1/2) thi

()

1
1—x

T (3)va(4)tacd

=1+x+1—xz; z 14x4-2¢°.

A=) (=)

1 1 + 1
1—x +1—x2 1—x,

2

>
(14x1 +2x2) + (14x2+23) ++ -+ (145, +2x7)

1
+2(x%+;1--+x%)

1+x

1
>_____
“14x+2y
>1—x—2y.

BS de 3. Cho s6 nguyén duong lé m va
cdc 50 nguyén dwong déi mét phin biét
ay,a,...,aQmsaochoay+ar+...+am =
mz, trong dd z la mét s6 nguyén duong. Khi
dd

=

=

(22— ).

—

a|@...ay <z

-~
p—

Hon nita, ddu ‘=" dat dwge vdi duy nbdt bs
m 58 nguyén lién tipm—"5",...,m+ 251

(va cdc bodn vi clia nd).
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Chitng minbh. Nhin xét ring, v6i z vai m c§
dinh, chi tdn tai httu han cdc bé s6 nguyén
duong (ay,az,...,am) véiay,ay,...,a, déi
mot phin biét vi thoa min

ay+ay+---+am =mz.

Hon nifa, theo gia thiét thi tdp nhu viy khic
réng. Suy ra ton tai moe bd (5 798 YOO 2
saochoxyx3 ... xy datgid trilén nhdt. Khéng
giam téng qud, gidsitx; <x <...<Xp
Nbdn xét: xipyy — xi = 1 v6i moi i =
1,2,....m=1.

Néuxii1 —x; > 2,xétbd (y1,y2;--.,Ym) v6i
yi=xjnéujg {ii+1},yi=xi+1v
yis1 = Xj+1 — 1. Khidé

Yi¥it1 = XiXip1 +Xip1 —Xi— 1
> XiXi+1 + 1 > XiXisg.

Suy ra

YiY2--:¥m > X1 X2 - Xm,

Mi hién nhién y; < y2 < --- <y, nénta
c6 ditu miu thuin. Nhin xét dugc ching
minh.

T nhin xét trén, ta suy ra x;,x2,...,%, I
cic s6 nguyén duong lién dép. Tir d6, do
Xi1+x2+--+xpy =mzvimlisdlénén
chiing phai cé dang

m-1 .
B=r==%i-]

2
véii=1,2,...,m.Suyra

m—1
S

X1X2 " Xon =2 I_I(z2 ~).

i=1
Viy, b8 dé dugc ching minh.
2 Chiing minh cho Dinh Iy 1 trong
trudng hopn > 6
Gia sif tdn tai cdc s8 nguyén duong x, y thoi
min (1). Goik la mdt s6 nguyén duong trong
tip{1,2,...,n} saocho

v(x+k) = llgja;lgn{vz(x-H)}-
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Déy ring khi d6 & 1a duy nhit. Thit vdy, néu
wntik’ #saochovy(x4+k) = vy (x+4")thi
bing cich ditx +k = 2"(2a+ 1) 2 +k =
2"(24" + 1), trong d6 a,a’ 1 cdc s8 ty nhién
thi bing cich chon 24" 1a mdt s8 chin bitky
nim gitia 2a+ 1 vi 2a’' + 1 ta nhin thiy ring
2%.24" lamot s6 nim giGax + kvax+k' cd
s8 mi ctia 2 trong phin tich ra thiia s6 I6n
hon 1, miu thuin.

Khidé, véimoii £k, 1 <i<nthin(x+
i) < va(x+k),din dén

v2(i—k)
Suyra

=x((x+1) - (x+k))

(4 1)(x+2) - (x+n))
=w(x+k)+ Z v(i—k)

1<i<n.izk

¥ (z—u)

1<n.i#k

Sm@E+h)+w(@E-1)  6)

n(x+k +‘.2(

Trong d6, ta di sit dung cluan sit don gian

Micnizli — k) = (-1 — 1)!(n -
k)!| (n—1)!. Bt ding thlIc trén din dén

va(x+k)
>va((x+1)(x+2)--- (x+n))—v2((n—1)!)
=v2((r+1)(y+2) - (r+2n)) —v2((n-1)!)

2v2((2n)!) =v2((n - 1)1). (6)

Trong d6, ta d1 sit dung nhin xét (2n)!|(y +
1)(y+2)--- (y+2n). Mitkhic tir B§ d¢ (1),
tacd

v2((2n )—VZ((H—-I)!)
=va((2n)!) — va(n!) +v2(n)

=v(n) +va((n+1)(n+2)---(2n))
=w(n)+n (7)

Kéthop (), (6), va (7) ta duige

x+k> 2v2(x+k) > 2n+v2(n)2 o

=vy(x+1).

Do k < nnén ditu dé chiing to

x>2"=n
Tirdd suy ra
()‘+2n)2"
S+ (y+2) - (y+2n)
=(x+1)(x+2)- (x+n)
>((2"=n)+1)((2"=n)+2) - ((2"—n)+n)
>(2"—n)",

Bit ding thic ndy diy dén
y>vV2"—n—2n.

Dtx+tn=gviy+n+1/2 = b.
Liy cin bic n hai vé€ cia (1) ta duoc

D007
=b2</(1—4—-1b—2)(1—%)---(1 %ﬁ) (8)

Goi A i gid tri duong chung ctia hai vé& ctia
(8). Ap dung B8 d& (2) cho v& trdi ctia (8) ta
dugc

Lyl 2
a(l——(—+“+---+ﬁ))
n\a a a

n+1 n+1 2

priRe sl goais 2

2 2 a

Ap dung B8 @& (2) cho v€ phii ctia (8) va st
dung ding thic

)

n(2n—1)(2n+ 1)

1434+ (n-1)2=

3
ta dugc
bz(l_l_n(2n-—1)(2n+l))
n 1252
>A>b2(l--l--"(2n—1)(2n+1)__ 2 )
n 12h2 ap* /"’
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Suy ra
B 4n? — |
12
-1 1
2 — = 10
>A>b 2 " (10
Don > 6nén

I)2=(y—}—n+l/2)2
>(V2'—n—n+1/2)*>4. (11)

Chayla
4n? — |
12
1)2_4n2—1

= (”*’”5 2

b* —

)
=(y+n)2+(y+n)+1—3’-’—. (12)

Dé két thiic, ta s& dwa vio céc bit ding thic
thu dugc dé wdc lugng {A}, phin Ié cia A
theo hai cdch khdc nhau, tit d6 suy ra diéu
miu thuin.

Trudng hop 1: n chin. Doa = x+n >
n-2">16va (n+1)/2 ¢ Z*, nén tit (9)
tacéd

we3-g7) o

Trudng hgp 1.1:3tn.Khidé3 | 1—n?. Tit
(10), (11), va(12) ta duoc

{4} e (1-%,1). (14)

Trudng hgp 1.2:3 | n. Tt (10),(11),va(12)
ta dugc

1
we(3-p3) 0
Ci (14) va (15) deu méu thudn véi(13).

Trudng hgp2:nlé.Doa=x+n>n-2">
16va(n+1)/2 € Z*,nén tit (9) tasuy ra

we(1-11). o

TAP 8 — SO 10 THANG 10/2024 ’, l :
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Trudng hgp2.1:3 | n. Khindy,do3 | nnén
tir (10), (11), va (12) tasuy ra

we(-53).

méiu thuin véi (16).

Trudng hgp2.2:3{n. Donlénéntir(9)ta
suy ra phin nguyén ctia A bing
n+l1

LAJ —Q—T-—l

Do nlé va nkhéng chia hét cho 3 nén tir (10),

(11) va (12) ta lai suy ra phin nguyén ciia A
bing

4n* —1
o Bl =
|A| =b 3 L.
Do dé
n+l1 . 5 dn* -1
g Vel
Suyra
-1
x+n2 +(2n+1)y+ Ll)(ﬂ

-1
Dit z =x+n—2—. Khi d6, y¥* + (2n +
(n+1)(2n+1)

=z 3

1,2,...,n,tacod
(+i)(y+2n+1-i)
=2 +2n+ )y +in+1-1)
Tir d6, ta o6 thé viée Lai (1) dudi dang

vavéimoii =

___I”I(Z_Mg'_t‘_)ﬂ(znﬂ-i)).(IS)

i( 2n+l)

+i(2n+1 —i)) =n,
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n(2n+1
@n+1)

vicdcsdz— i(2n 41 =1), véi

i =1,2,...n,ddi mdt phin bi¢t, nén nén o
B8 d&(3)tacsd

VP(18)

n=1

=VT(18),

miu thuin. Do viy phuong trinh (1) khéng
6 nghiém nguyén duong véin > 6.
3 Bai tip
DE két thiic bai bio, tic gid xin dinh hai bai
tip duéi diy cho ban doc.
Bai 1: Ching minh phuong trinh (1)
khéng c6 nghiém nguyén dwong néu n €
{2,3,4,5).
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Bai 2: Chitng minh phwong trinh
OO +2) = (v 1)(x+2) - (x + 2024)

khdng ¢6 nghiém nguyén duong.
Tai li¢u

(1] AOPS, China Team Selection Test
2014 IST 3 Day 1 Q3. https://
artofproblemsolving.com/community/
c6hs82007p3439358

[2] P. Y. Lee and B. Xiong, Mathematical
Olympiad In China (2011 — 2014):
Problems And  Solutions, Mathematical
Olympiad Series Book 15, World Scientific
/ East China Normal Univ Press, China
(March 22,2018).

[3] N. Saradha and T. N. Shorey, On the
ratio of two blocks of consecutive integers,
Proc. Indian Acad. Sci. (Math. Sci.) 100
(1990), 107132.
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NHUNG TAI NANG
KHONG PUQC NHIN THAY:
Liéu bién gidi tri thic c6 thé
md réng nhanh hon?’

RUCHIR AGARWAL VA PATRICK GAULE!
(Ngudi dich: Boan Trung Cudng? va Quan Thi Hoai Thu)

Hiéu hon vé cdc yéu t6 quyét dinh viéc tao ra y
tudng tri thic luén l cot yéu doi vdi sw phit
trién dai han. Hu'dng theo muc dich niy, bai
bdo dwa ra bai két qua dua trén dit liéu ti
Ky thi Olympic Todn boc Quéc té (IMO). Thi
nhdt, nhitng cd nhin xudt sic ¢ tudi thiéu nién
¢d ndng luc ddc biét trong viéc md rong bién
gidi tri thic. Thi bai, nhitng cd nhan cd tai
ndng nhi vdy sinh ra trong cdc quic gia nghéo
hon cd it co bi tham gia viée tao ra tri thic
mét cach bé thong. Thi sinh dyu thi IMO dén
ti cdc quoc gia cd thu nhdp thip cong béit hon
34% sd dn phdm va cd it hon 56% 56 lwong
trich dén, kbi so vdi nhing thi sinh cd cing tai
ndng dén tic cdc nudc pht trién. Nbing chinb
sdch kbuyén kbich cdc tas ning tré theo dudi sw
nghiép khoa hoc — ddc biét & cdc nudc nghéo

han — cd thé thiic ddy phit trién bién gidi tri
thitc nhanh bon.

Trong nhi¢u mé hinh ting trudng, phit trién
kinh t€ sinh ra tif viéc con ngudi tao ra tri
thite, va tdc do ting trudng dii han 1 sin
phim ctia hai yéu t0: 56 lugng cic nhi nghién
ctfu va ning suit nghién cfu cia ho. Bloom
va cong sy (2017) di dua ra nhiéu bing
chirng da dang tf cic nginh cong nghiép
khdc nhau, cho thiy ning sudt lim viéc ctia
cic nhi khoa hoc dang giim sit nghiém
trong — do d6 tao ra tri thiic mdi hay cic y
tuong dot phd ngiy cing khé khin hon. Vi
viy, hiéu hon v& cic yéu té quyét dinh clia
viéc t20 ra ¥ twdng/tri thic méi vin li cde
yéu. Trong bdi cinh nhu viy, bii bio nay d@
cip dén hai ciu hoéi: (i) Viéc khuyén khich

* Ruchir Agarwal and Patrick Gaule, “Invisible Geniuses: Cowld the Knowl cdge Fron tier Advance Faster?” American

Economic Review: Insights 2(4) (2020), 409 — 424,

Dich tie ban géc vdi su cho phép ciia American Economic Review: Insights.
' Ruchir Agarwal: Qui Tién t¢ Quéc té - IMF (email: ragarwal@imforg); Patrick Gaule: Dai boc Bath (email:

pganle@bath.ac.uk)
2Vign Todn boc - Vién HLKHCN Vige Nam.
3Dai hoc Binghamton, M3,
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CAC KY THI TOAN

cdc i ning tré theo dudi sy nghi¢p nghién
cliu c6 déng gép vai trd ¢dt yéu trong vide
t20 ra tri thiic méi hay khong? (i) Néu 6,
dit nudc noi mdt thanh nién ti ning sinh ra
inh hudng thé ndo dén lugng tri thifc ngudi
dé tao ra trong sudt cudec doi?

Chiing i tip trung vao cic ciu hoi ndy bdivi
chung 13 miu ch&t dé tim hiéu khdng nhiing
v& qué trinh ta0 ra tri thic m cdn V& viée
thé giéi c6 dang st dung nhém thanh nién
tii ning d€ md rong bién gidi tri thiic mot
cdch t6i wu nhit hay khéng*. Ba thich thic
chinh v& thuc nghiém khi tra 1di cdc cdu hoi
ndy: (i) T2i ning dugc do lwdng nhu thé nio?
(ii) Lam sao @2 cich do ludng tii ning niy
tuang thich véi nhitu qudc gia vi trong thoi
gian dai? va (jii) Lam thé nao dé xiy dyng mt
miu thir tot, da dang bao gdm céc tdi ning tré
ma khong phai chon su thinh cong dii han
ctia ngudi dé trong viée tao ra tr thifc? Dé
gidi quyét cic thit thich ndy, ching t6i tip
trung vio sy sing tao tri thifc trong nginh
todn hoc vi sit dung mét diém doc ddo caa
linh vite niy: Ky thi Olympic Toin hoc Qudc
t€ (IMO) — mét ky thi ni bit trén toin thé
gidi danh cho hoc sinh khéi trung hoc phé
thong. Phuong phip niy cho phép ching téi
do luding tii ning tif nhiing nim thiéu nién
(dugc dai dién bing diém thi IMO) cling
nhu tién hanh so sinh cic thiéu nién tii ning
giffa cic quc gia khic nhau. Bing cich két
hgp nhitu ngudn khic nhau, ching t6i 6
thé xdy dyng mét co s& dif liéu goc bao gom
qud trinh hoc tip vi cic 4n phim cia nhém
thi sinh tham dy IMO trong vong 20 nim
(1981 — 2000; N = 4,710). Trong bii viét
ndy, chling t6i sir dung tif “tai ning” dé chi
khi ning gii todn (problem-solving) clia cic
c nhin tf nhitng nim nién thi€u cta ho.

Diy ¢ thé 1 két qud clia ning lyic bdm sinh,

nhd tip luyén hojc ci hai. Déi véi muc dich

clia bi bio ndy, chiing t8i khdng xét dén vai

trd tuong ddi gitta ning lyc bm sinh v maj

truding trong viée quyét dinh i ning tudi

nién thiéu.

Diu tién ching t8i khio ching mét méi

tuong quan ndi bt gitta s8 diém dat dugc

tai IMO - v néi riéng s6 diém dat duge

trong cdc cdu hoi khé nhie ctia cudc thi —

va thinh tyu v& sau trong viéc tgo ra tri thic
todn hoc. Nhitng ngudi dat thinh tich IMO
cao ¢6 nhitu khd ning tao ra nhitng nghién
cu tién phong trong todn hoc hon nhitng
ngudi dat thanh tich IMO thip hon hoic
nhiing nhi todn hoc khéng tham gia IMO.
Xic suit ¢6 dieu kién dé mot ngudi da dac
huy chuong ving IMO tré thinh cht nhin
huy chuong Fields cao gdp 50 lin xdc suit
tong ty ciia mot tién sj tot nghiép trong
nhém mudi trudng dai hoc ¢6 chuong trinh
ton tdt nhit.

Tiép theo, ching téi khao sit vai trd cta
ddt nuéc xudt thin déi véi thinh tyu nghe
nghiép vi sing tao tri thitc ctia cdc thi sinh
IMO ¢ cing mdc diém thi IMO. Ching t6i
nhin thy ring c6 mét su bitlgi ctia cdc nuée
dang phit trién trong toan bé viéc phin phdi
tii ning trong miu cta ching t6i. Cu thé,
khi so sinh véi thi sinh IMO cé diém thi
nrong dirang tif cic qudc gia cé thu nhip
ca0, nhiing ngudi cé géc gic tif nude c6 thu
nhip thip hojc trung binh tao ra lugng ki€n
thic it hon ding ké trong sudt cudc ddi ctia
ho. Mt thi sinh bit ky dén tir qudc gia ¢6
thu nhip thip xuit bin {t hon 34% luong
4n phim to4n hoc vi nhin dugc it hon 56%
lugng trich din so véi mét thi sinh cé tai
ning tuong duang dén tlf qudc gia c6 thu

4C6 it it cdc nghién citu b b¢ thong v nbing cdu héi nay nhung vin i mgr s6 ngoai l¢ dng chi y. Aghion va cdc
cong s (2017) tim ra mét mdi tseong quan dang ké nhing titang déi yéu giita chi 6 IQ khing gian truc quan (tse
ky kiém tra nhdp ngit) va xu bucing tro thank nha phat minhd Phin Lan. Bell va cing s (2019) ciing bdo cdo ring
cd mt méi tuegng quan gista diém mén todn ¢ ldp ba va xu bucing tri thanh mgt nha phit minh ¢ Hoa K3. Ngoas
ra con cd cdc tai ligu tdm Iy boc nghién ciin méi lién bé giiza sy thing minh, tinh sdng tao, va thanh twu kboa boc.
Vi du, Cox (1926) wdc tinh chi s6 I1Q cho 300 “thién tai” cé ding gép xudt sdc cho khoa hoc.
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nhdp cao. Tinh todn so bg cho thdy viéc tao
ta tri thitc (ctia cdc thi sinh IMO) ¢6 thé cao
hon 10% ve 4n phdm va cao hon 17% vé trich

din’.

Thit tha vi khi xem xét liéu nhitng khic biée
v& nén ting kinh t€ x4 héi d trong nuéc My
c¢6 quan trong hon hay ft quan trong hon
nhtng khdc biét quéc tf gifta cic qudc gia
trong viéc sinh ra nhing khdc biét vé két qua
déi méi. Mitc d6 bit lgi (hay quy mé phat -
penalty) déi véi nhiing quéc gia ¢ thu nhip
thip ma ching t6i bdo cdo thip hon mét bic
so v6i bdo cdo clia Bell va cdng su (2019),
trong d6 ho di chi raring tré em & My sinh ra
trong gia dinh ¢4 thu nhip cao (nhém 1%) c6
kha ning trd thinh nha phdt minh cao hon
gip mudi lin nhing dira tré sinh ra trong
gia dinh ¢6 thu nhip thip hon mitc trung
binh. Tuy nhién, diéu quan trong cin luu y
1 trong khi ho d4nh gid tdt ci tré em sinh ra
& My, chiing t6i chi xem xét nhiing c4 nhan
dat thanh tich xuit sic trong thdi nién thiéu
ciaho. Céc cd nhin d6 di vugt qua nhidu trg
ngai trong mét moi trudng it khuyén khich
tich lu§ tiém lyc con ngudi. Hon ni¥a, chiing
t6i dang xem xét mét s8 it nhitng c4 nhin
nim & phin dudi cha phén phéi tii ning vi
c6 thé ky vong nhitng ngudi d6 cé nhigu kha
ning vugt qua cdc trd ngai nhit. Vi nhiing
ly do 4y, nén coi cic wéc tinh clia ching tdi
3 cin dudi d6i véi anh hudng clia viéc dén
tif mOt nudc ngheo vi chura phin 4nh diy da
bién d¢ rong ctia nhiing rio cin déi véi viéc
ti€p cin cdc ca hdi.

Céng trinh ndy dugc thuc hién dua trén tii
liéu kinh t€ vimo vé sy phin bé nhén tai v tai
li¢u kinh t€ vi mé v& g8c gic clia nhitng ngudi
ta0 ra tri thitc.® Baumol (1990), Murphy,
Shleifer va Vishny (1991) di nhin manh ring
s¥ phin b4 nhin tii trong cic linh virc khic
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nhau cha nén kinh t€ la chia khoi cho sy

ting trudng kinh t€. Gin diy hon, Hsich va

cong sy (2019) tin ring sy tham gja cta phu

nff vi ngudi da miu ti ning vio thi trudng

lao déng My ¢6 tic dong dén suf ting trudng
téng thu nhip clia My. S dung df liéu clia
Chuong trinh Pénh gid sinh vién quéc ¢,
Ugarov (2019) chi ra ring so véi cic nuéc
phit trién, lua chon nghé nghiép & cdc nuéc
dang phit trién khé dugc dy doin dya vio
nhiing ki ning hoc thuir hon, ¢6 thé la do
nhiing can tr& trong nghé nghiép. Lién quan
nhi¢u nhit dén cdng trinh cta ching i Ia
nhitng nghién citu thuc nghiém gin diy diéu
tra vé anh hudng ctia nén ting kinh € x hoi
va dia Iy ctia tré em dén khd ning uré thinh
mét nhi phit minh & My (Akcigit, Grigsby,
va Nicholas 2017; Celik 2018; Bell va cong
s 2019) v & Phin Lan (Aghion vi cong su
2017).

Mot phit hién nhit quén 2 wé em o cic
gia dinh c6 thu nhdp thip c6 it khi ning wg
thinh nhi phit minh hon nhiing tré em xuit
thin rir gia dinh c6 thu nhip cao. Bell vi cong
st (2019) ciing bdo cdo vé nhiing khdc biét
ding ké d6i véi khi ning trd thinh nha phit
minh giifa wé em sinh ra ¢ cic bang khic
nhau. Vi duy, ho phit hién ring wé em sinh ra
& bang Massachusetts c6 khi ning trd thinh
nhi phdt minh cao hon gip nim lin tré em
sinh ra & bang Alabama. Két qui cta ching
t6i phin dnh nhiing su khic biét ndy wén
pham vi qudc té. Bén canh khia canh quéc
té, mdt dic diém ndi bit trong dit lidu coa
ching t6i i ching tdi c6 mét miu thir gdm
nhifng c4 nhin & phin cudi ciing dudi bén
phai ctia dd thi phin phdi khi ning, vi ching
t6i ghi nhin ring, thim chi tai cc vi tr d6, sy
khic nhau v& xudt thin ciing din dén nhéing
su khdc biét v& sau trong sing tao tri thic.

SChi tiét tinh todn va cdc ban ché lién quan duge thao ludn trong Phin IV.
6 Chiing toi ciing xdy dung dica trén tii ligu vé vai tro ciia vi tri dia ly trong sang tao tri thiic (Kabn va cing s12016)
va cdc yéu td quyét dinb thanb tich cao trong todn boc (Andreescu va cong s1¢ 2008; Ellison va cong s 2010, 2016,

2018).
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Nhiing bing chiing chiing toi dua ra v& sy
quan trong cia nhén tai trong viée tao ra kin
thifc tién phong cling lam séng t6 cdi gid phai
tra cho nhiing sai [im trong viéc phin bd ra
bén ngoai nhiing nght nghiép tao ra tri thic.

Rong ra, két qua cla ching toi ciing lién
quan dén viéc nghién cdu cic yéu t8 quyét
dinh tdc d§ sinh ra tri thic. Tai liéu v& ting
trudng ndi sinh nghién cdu v& quy mé cla
linh vuc sin xuit tri thidc (tham khio Jones
2002, Freeman va cdng su 2009, Bloom va
cong su 2017,...) nhung it chi y dén nhing
thanh phin ciu thanh linh vuic d6. Tuong t,
tai liéu v& kinh t€ hoc khoa hoc thudng tip
trung vao cich cic thé ché va dong co inh
hudng dén ning sudt ciia cic nhi khoa hoc
hién tai hon la chi y ngay tit diu dén nhiing
ngudi s€ trd thanh cic nha khoa hoc, nhiing
ngudi sing tao tri thic’. Nghién cdu cia
ching t6i cho thiy ring viéc lua chon nhin
tii vio sin xudt tri thifc c6 thé quan trong déi
véi toc do phit trién khoa hoc. Cuéi cung,
bai bio ctra chiing t6i ciing x4y dung dua trén
cic tii liéu vé cic dong luc “kéo-dGi-diy”
(pull-versus—push, Maurer 2006; Kremer va
Williams 2010; Fu, Lu va Lu 2012; Williams
2012). Trong khi cic dong co “kéo” c6 vai
trd quan trong trong viéc kich thich nhitng
khim phi khoa hoc, nghién citu ctia chiing
t6i cho thiy cic chuong trinh “ddy” nhim
dén nhiing thanh thiéu nién tii ning c6 thé
trd thinh mdt cong cu bé sung c6 hiéu qua
cho su mé rong bién gidi tri thic.

Noi dung clia bii bio dugc trinh bay nhu sau.
Phin I mé ti Ky thi IMO. Phin II trinh bay
cic dr liéu. Cidc két qui vé mdi lién hé gita

sy thinh cdng trong Ky thi IMO va nhng
thinh tyu dii han duge néu trong Phian III
va so sénh quéc t€ dugc dua ra trong Phin
IV. Phin V két ludn.

I.IMO

IMO R ky thi todn hoc néi tiéng dugc t6
chic hing nim bit diu vt nim 1959. Cic
thisinh thudc ddi tuyén méi nudc hoic viing
linh thé tip trung tai dia diém 8 chitc IMO
(mbi nim mdt thanh phd khic nhau). Céc
chi phi cho thi sinh, bao gdm phi di lai va
chd &, dugc ban t§ chiic IMO ctia nim dé
chi tr®. Ky thi ndy huéng dén hoc sinh cdp
trung hoc phé théng va yéu ciu thi sinh phai
durdi 20 tudi vi khong theo hoc tai bit ky co
s0 gido duc dai hoc n2o. Ban diu, chi cé cdc
nudc Dong Au cit ngudi tham gia, nhung
theo thdi gian, ngudi tham gia di m& réng
Ién trén 100 quéc gia®.

Thi sinh dy thi IMO thudng dugc cic nudc
lua chon trén co s6 cic cudc thi khu vuc
vi qudc gia (t6i da 6 thinh vién m&i nudc).
Céc nuéc cd quy mé va su phd bién cic
cudc thi todn khic nhau, nén d6 khé dé tr&
thinh thanh vién déi tuyén IMO & cdc nuSc
khdc nhau Ia khic nhau. Trong thuc nghiém,
chang t6i so sinh nhing thi sinh IMO duya
trén thinh tich trong ky thi. Di¢u niy giap
lim giam tic dong cua sy khic biét trong
chon ddi tuyén niy. Mot s8 thi sinh tham
gia vii nim lién tiép, nhung phin 16n cdc thi
sinh chi tham gia mdt nim duy nhit. Ho giai
tdng cong 6 bii todn v& hinh hoc, 56 hoc, dai
s8 vi t6 hgp. Mdi bii todn dugc 7 di€ém, va
thi sinh ¢ thé dat tdi da 42 diém. Cdc huy
chuong (ving, bac hoic dong) dugc trao dyra

7 Vi dy, Borjas va Doran (2012) nghién citu ndng sudt cia cc nha todn hoc My sau dnb buing lon ciia cdc nba todn
hoc Nga dén Hoa Ky. Mt s& khdc nghién ciu vé cdc yéu 18 quyét dinh ndng sudt cia cdc nha khoa hoc néi tiéng,
nbu Azoulay va cong su 2010, Waldinger 2010, 2012; Azoulay va cong s 2011; Jacob va Lefgren 2011; Ganguls
2017; laria, Schwarz, va Waldinger 2018, Xem Stephan 2012 détim hiéu vé mét khdo sdt ting qudt bon ciia linh

vic kinh t€ boc khoa boc.

$ Théng tin nay kbéng hoan toan chinh xdc. Hién nay chi phi di lai ciia méi doin do nstde dé tse chi tra.

*Arb va Phip di tham gia tit ndm 1967, My tham gia tic nam 1974, va Trung Quéc tie nam 1985, bo tham gia
thacng xuyén ké tic do. Cac quéc gia cd din s6 han 20 tri¢u ddn chita bao gio tham du la Ethiopia, Sudan va Cén 14

héa Ddr chii Congo.
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trén téng s diém dat duge qua céc bii todn.
Chua qud mét nita s6 thi sinh cta cude thi
duge nhin huy chuong.

Mot quy trinh gidng nhau dugc sit dung
hing nim dé tao ra mét bd ciu hdi méi
véi d6 khé phtt hgp v dé chim diém. Tuy
nhién, nhitng ngudi quan sit ¢c6 mét cim
gidc chung ring IMO dang trd nén khé din
qua tifng nim.

IL. Di liéu

Nhitu ngudn d liéu khic nhau di dugc két
hop véi nhau dé tz0 ra co s¢ dit liéu géc
ctia bii bdo nay. Chiing t6i d trich xudt dit
liéu ctia tdt ca cic thi sinh tham dy IMO
tit trang web chinh thic cda IMO (hetp://
www.imo-official.org) va sau d6 chiing t6i
chon ra nhitng ngudi di tham gia dy thi v
nim 1981 dén nim 2000. Dé&i véi mot s6 thi
sinh tham gia nhiéu hon mét nim, ching t6i
chi sit dung két qui tham gia nim cudi cling.
Chiing t6i thu dugc danh sich gdm 4,710
thi sinh.

Sau d6 ching t6i xiy dyng céc két qua hiéu
sudt di han trong todn hoc clia cic thi sinh
ndy stf dung di liéu tién s§ va d liéu tric
lugng thu muc (bibliometric data). Déi véi
cdc luin vin tién sf, ching t6i dua trén Dy
dn Phi hé Todn hoc (Mathematics Genealogy
Project), mét dy 4n tinh nguyén c6 muc
dich “tdng hogp théng tin ctia tit ci cic nhd
todn hoc trén thé gi6i™°. Dy 4n niy di dat
dugc moét pham vi bao phu réng rii, véi
théng tin ctia hon 200,000 nhi todn hoc.
D4éi v6i mbi nghién citu sinh di bio vé, du
in ndy dua théng tin v& trudng dai hoc,
giing vién huéng din, nim tdt nghiép va
tén lujn 4n. DGi véi dit liéu tric lugng thu
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muc, chiing tdi sif dung d liéu MathSciNet
do Mathematical Reviews tao ra duéi sy bio
trg caa Hoi Todn hoc My. Trong khi co s&
dit liéu xudt bin phong phé hon, cic ké
qua cta ching t6i dya trén téng sé lugng
in phim vi trich din dugc tdng hop boi
MathSciNet (va phin dnh viée loc tic gia
thi cng cia Mathematical Reviews). Ca hai
cd 53 dit liéu nay di dugc sit dung trong
cic nghién cttu trudc dé (Borjas vi cong sy
2012, 2015a, 2015b; Agrawal, Goldfarb, v
Teodoridis 2016). Ching t6i bé sung vio dit
liéu 4n phim bing cich thu thip danh sich
cdc nhi todn hoc dugc méi bdo cdo tai Dii
héi Todn hoc Quéc té (ICM) vi dinh ddu
nhitng ngudi trong dé di titng tham dy ky
thi IMO. DPugc méi béo cdo tai ICM la vinh
duy 16n ciia cic nhi todn hoc, vi ching tdi sit
dung diéu d6 nhu mée thude do cho st cong
nhin clia cdng ddng, déc lip véi tric lugng
thu muc. Tuong t, ching tdi ghi lai nhitng
ngudi titng tham gia IMO dugc nhin huy
chuong Fields.

Trong khi phin [6n bai bio tip trung vio di
lidu tién s§ va tric lugng thu muc, ching ti
cing di tm tha cong tén cia cic thi sinh
IMO trén mang dé xdy dung cic thudc do
cho cong viéc hién tai. Thu thip phin thong
tin ndy dic biér tdn nhitu thi gian, nén
thdng tin chi dugc thu thip cho cic thisinh
IMO dat huy chuong (2,272 thi sinh trong
tdng s8 4,710 thi sinh). Ching téi di dm
hi€u xem liéu ngudi d6 c6 lim viéc trong gidi
hoc thude v& todn hoc, gidi hoc thuit ngodi
nganh todn, lim viéc trong nginh cong nghé,
hojc khéng c6 hd so tryc tuyén.

Co sa dit liéu cudi cing cua chiing t6i bao
gdm s8 lugng ngudi tham gia IMO it nim

1° Mgt nguiri cd thé lo ling ring pham vi ciia Dy dn Phi bé Todn hoc cd thé kém hon tai cic nutdc dang phit tridy,
diéu nay sé giy ra kbd kbin cho viéc so sanh giita cic quic gia. Tuy nhién, ching tdi chi gap rit it cdc cd nhin i dn
phdm todn boc (bodc dwye bé nbiém lam gidng vién todn) kbing duvc lict ké trong du dn phd bé nay, va biu bét

bo dén ti cdc quik gia phdt trién.

"Chiing tdi tdp trung vao nhom thi sinh trong nbitng nam ndy dé dam bdo ring ching t6i ¢ thé'tim bicu vé cic két
qud boat ding ciia bo trong vong it nbit 15 ndm sau kbi tham gia IMO. Chin muwi phan trdm the sinh IMO di
ldy dugc bing tién 5§ todn boc trong vong 13 ndm ké tit nam cudi ciing bo tham gia IMO, khéng cd bit ky su khic
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1981 dén nim 2000 (4,710 ngudi) ". Bén
canh nhing théng tin khi tham gia IMO
(ndm, qudc gia, s8 diém, loai huy chuong),
chiing t6i biét ring ho ¢4 tdt nghiép tién sy
trong nganh todn hay khdng, vi néu c6, tot
nghiép vio nim nao v & trudng nio, nhiing
in phim va trich din cta ho dugc thu thip
cho téi nim 2015, ngudi d6 di riing 12 dién
gia tai dai hdi ICM hay khong, hoic ¢6 dugc
trao gidi thudng Fields hay khong. Doi véi
nhiing thi sinh IMO ¢é bing tién sj todn
hoc, chling t6i mudn tim hiéu xem liéu ngudi
dd ¢6 ot nghiép tir trudng dai hoc danh gid
hay khéng; chiing t6i quyét dinh 12 “c6” néu
ngudi dé tét nghiép tif trudng nim trong
nhém mudi trudng c6 thi hang cao nhit
trong Bing xép hang Thugng Hai nim 2010
ve todn.

S6 liéu thong ké mé td miu cha ching t6i

c6 sin trong Bing A1 Phu luc truc ruyén.

Khoing 8% s6 thi sinh IMO dat huy chuong
vang, trong khi 16% dat huy chuong bac va
24% dathuy chuong dong; va hon 10% khic
nhin bing khen danh dv. Khoing 22% s6
thi sinh IMO c6 bing tién sj todn hoc; trong
s6 46 khoing mét phin ba nhin bing tién sj
tif nhitng trudng dai hoc nim trong nhém
mudi trudng tétnhit. 1% s thisinh IMO vé
sau ¢ bdo cio tai ICM, va 0.2% dugc nhin
huy chuong Fields. Téng cong cic thi sinh
IMO trong miu ciia ching t6i di cong bd
trén 15,000 4n phim vi nhin dugc nhitu
han 160,000 trich din.

Chiing téi thay qudc gia xuit thin cta mot
cd nhin bing nuéc ma cd nhin d6 dai dién
tai IMO. Khoing mot nifa s thi sinh dén tir
cc nudic ¢é thu nhip cao (theo phin lozi cia
Ngén hang Thé gi6i nim 2000), 18% dén it
nhém cic nu6c ¢6 thu nhip trén mic trung
binh, 23% tir nhém cic nudc ¢é thu nhip
dudi miic trung binh, va 11% dén tit nhiing
nuéc ¢6 thu nhip thip.

Cudi cing, chiing tdi tao ra mot tip da lidu
phu bao gdm tit cd cde nghién ciu sinh da
tot nghiép ti€n s§ (khdng ké viée tham duy
IMO) dugc d¢ cip dén trong Dyt én Pha hé
Todn hoc tf ndm 1990 dén ndim 2010 (N =
89,086). Ddi véi nhitng ngudi d6, ching ta
biét vé trudng dai hoc vi nim ho t8t nghiép,
ho xudt bin bao nhiéu bii bio va nhin dugc
bao nhiéu trich din (d liéu tit MathSciNet),
vaho ¢ bdo cio tai ICM hojic duge nhin giii
thudng Fields hay khéng.

I11. Diém IMO lién quan thé ndo dén hiéu
sudt lam viéc lau dai?

Trong phin niy, ching t6i nghién cgu liéu
tdi ning § tudi thi€u nién - thé hién bing
diém thi IMO - ¢6 twong quan véi hiéu
sudt dii han trong linh viyc todn hoc khéng?
Mot mit, viéc mong dgi thanh tich dat dugc
tai IMO c6 tuong quan tich cuc véi viéc
trd thinh mét nha todn hoc chuyén nghiép,
tao ra tri thifc todn, va dat dugc cic thanh
tuu todn hoc ndi bit 13 dieu ty nhién. Xéc
cho cling, céc bai toin trong ky thi IMO va
nghién citu todn déu 12 hoat dong lién quan
dén ki ning gidi quyét vin de trong linh vurc
todn. Hon nia, ¢6 rit nhitu bing ching
mang tinh giai thoai vé cdc nha todn hoc néi
tiéng d1 dinh dugc huy chuong tai IMO.

Tuy nhién, méi lién hé gitta diém thi IMO va
hiéu suit dai han lai khéng hién nhién nhu
viy. Nghién cttu toin bao gdm nhi¢u hoat
dong han 1 chi gidi quyét vin d¢, vi du nhu
khéi qudt hod thanh cic khii niém méi cing
nhu djt ra cic gid thuyét. Hon nifa, cdc bai
todn tai IMO rit khic so véi cic ciu hoi trong
nghién ctu do ta biét [A chiing chic chin ¢
1o gidi va c6 thé gidi dugc trong mot khoing
thdi gian ngin ma khéng dugc ti€p cin tli
ligu khic hojc sy trg gitp cta cic nha todn
hoc khic. Ngay ci khi tai ning thuc sy quan
trong trong viéc ta0 ra tri thic, thi diém thi
IMO chua chic [i thudc do tii ning t8t. Néu

bi¢t mang tinh bé thong nio gisa cdc nhém quéc gia cé thu nhdp kbdc nhau,
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cdc yéu t& may min hay yéu t8 bén ngoii tic
dong dén diém thi IMO, ditu ndy sé giy ra
18i do ludng khi xem diém thi IMO nhu mot

thude do tii ning™.

Chiing ta bit diu véi cic bing chitng dd hoa:
Hinh 1 biéu thi thinh tich trung binh dat
dugc ctia cic thi sinh IMO bing 8 diém ho

PO thj A: Ty L& tién sitodn
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dat duge tai IMO, cling v6i mét md hinh
tuyén tinh twong dng duge xép chong lén".
S4u loai thinh tyu khdc nhau di duge dé cip:

s§ todn hoc, ¢6 bing tién s todn

hoc tif mét trudng trong nhém mudsi trubng

D0 thi B: Ty 18 tién sitoan tét nghiép tir

nhém mudi truémg tét nhat
T e
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tdt nhit, 58 lugng cic in phim todn hoc, s6
lugng trich din, duge m&i bdo co tai ICM,
va nhin dugc huy chuong Fields™.

Do thi C: S& wgng 3n phim
toén hoc (tinh theo log)
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Hinh 1. Mot quan bé gisea diém thi IMO va cdc thanh tus dat dswoc san do.

Luw y: Chiing t6i tinh todn gid tri trung binh mdu cho m bién s& trong sdu bién 56 cbi thanb tux dwa
trén si diém dat dugc tai IMO (do vdi lugng dn phim va trich din, dhing t6i cing thém | trudc kbi
tinh 10g v san do tinh gid tri trung binh mdn). Tiép theo, chiing tii vé db th dsa trén cdc két qud nhin
dicge tiwong ving vdi diém thi IMO. Duimg héi quy tuyén tinh duc vé bing nét duir.

™ Chiing t01 ciing phai tinh dén kbd nang diém thi IMO tstong quan vdi bigu sudt nghién cié todn hoe ngay i kbs
diém thi IMO mang it thong tin vé tai nang. Trutmg hap dé cd théxdy ra né thanh tich tai IMO ¢ quan bé nhin
qua vdi hiéu sudt nghién cin. Trong Phu luc truc tuyén, ching toi trinh by két qua vé mgt s« gidn doan béi quy
kbi so sanh nhitng cd nhan sujt dat nguing huy chiiong va sujt truot ngudng buy dhiiong.

Hinb nay, ciing nbu cdc binh kbdc trong bii bio sst dung so db Stata “plotplain” dusc phat trién bi Daniel Bischof

(tham kbdo Bischof 2017).

" Chiing téi dinb nghia nhdm mui tricing tot nhit dsa trén bing xép bang Thung Hii vé todn boc nam 2010,
Cac trang ndy bao gom Princeton, Berkeley, Harvard, Stanford, Cambridge, Paris6, Oxford, Hoc vién Cing nghé
Massachusetts-MIT, Paris 11 va Dai boc California Los Angeles-UCLA.
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Biu dd A: S5 lugng &n ph8m trung binh
95 o ——
204
W prrmionmeiores- "
04 -

5 - e

—

Bidu 6 C: Ty 1& ngudi trd thanh céc didn
gi4 taidai hoi ICM
0.15 4

0.1

0.05

0 === [ 1

Biéu dd B: S8 lwgng trich ddn trung binh

-t

Biéu dd D: Ty 18 ngudi dugc nhédn huy
chuong Fields
0.06

B rétca cactign si
[ 16t nghiép tir nhom musiruomgtst nhat

[C] misinh IMO dat huy chuong bac va ddng
m Thi sinh IMO dgt huy chudng vang

Hinb 1. S0 sanh nhitng nguii dat buy chwong IMO v cc nba todn boc chuyén nghiép kbdc.

Ghi chii: Nbing con 56 néy dya trén mt méau phy bao gbm tét cd cdc tién sy todn duye liée ké trong Dic
dn Phi bé Todn boc. Bitu db hién thi trung binh mdu trong bén thong ké (dn phdm, trich din, dicge mas
bao cdo tai dai hii ICM va duoc trao huy chitong Fields) cho bon nhom tién sj (tat cd cdc tién 5y, tién sy tic

muds trcong hang diw, buy chuong dong hodc bac IMO, buy chicong vang IMO).

Cic db thi & hing diu tién va do thi diu tién
& hang thit hai thé hién rit 16 d6 ddc duong:
cic thi sinh IMO véi diém thi IMO cao hon
c6 khi ning cao hon trong viéc ldy duge bing
tién s§ todn hoc hojc ldy dugc bing tién sf
todn hoc tif cic truding tdt nhit, vi ho tz0
ra nhiéu tri thifc trong toin hon nhu trong
dd thi s8 lugng 4n phim v2 trich din. Hai
dd thi cudi & hing thit hai biéu thi cic thinh
tyu ndi bit trong toin hoc. Theo dinh nghia,
diy 12 nhitng thanh tyu hiém ¢4 vi cic 4o thi
kém tron tru hon, nhung ¢6 xu huéng chung
tuong tu nhau.

Chiing t6i cing nghién ctu méi lién hé gitra
s6 diém dat dugc tai IMO vi thinh nyu dat
dugc sau d6 cho tirng cd nhin theo md hinh
hdi quy. Ching téi tién hanh mo hinh hbi

50

quy cho titng thinh tyu dya trén 56 diém dat
duoc tai IMO theo cic nhém c6 cing nim
thi vi nu6c xudt xd:

(1)

trong d6 i 14 chi s6 méi thi sinh IMO va r 1a
nim thi, ¥; 12 bién chi mét trong sdu thanh
twu d4 dugc nhic dén & trén, IMOscore;; 12
s6 diém dat dugc tai IMO, va X;; bao gdm
hing s8 inh hudng theo nhém (nim thi) va
hing 56 anh hudng clia nuéc xudt xi.

Cic két qui (xem Bing A2 Phu luc wruc
tuyén) cho thiy ring véi 1 diém cao hon dat
dugc tai IMO (trén tdng s6 42 diém — trung
binhmiuli 16 vadéléchchuinli1l) célién
quan dén viéc ting 1% kha ning ¢ bing tién
sf, ting 2,6% s6 lugng 4n phim, ting 4, 3%

Y; = B.IMOscore;; + 0Xir + Eir
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s8 lugng trich din, ting 0, 1% khi ning dugc
mdi bdo cdo tai ICM, va ting 0,03% kha
ning dugc nhin huy chuong Fields. Hon
ntta, s6 diém dat duge déi vdi nhitng bai khé
giup dy dodn dé hon cic thinh tyu trong
tuong lai so véi s8 diém dat duge tir cic bai
dé tai IMO (Bing A3 Phu luc tryc tuyén).

Ching téi cling so sdnh cic thf sinh IMO
dugc nhin huy chuong véi cic nhi todn hoc
chua titng tham dy IMO. D€ thyc hién diéu
niy, chiing t6i di xdy dung mét miu bao gdm
tit ci cdc nghién cifu sinh cé bing tién sy
tif nim 1990 dén nim 2010 (N = 89,068).
Ching téi cling xdy dung mdt miu con bao
gdm cic tién sy tdt nghiép tif trudng nim
trong nhém mudi trudng t6t nhit (N =
9,049). Sau d6 ching téi xiy dung mot miu
thit bao gdm céc thi sinh IMO di dat huy
chuong bac hojc dong vi c6 bing tién sj toin
hoc (N = 520) va miu thit gdm cic thi sinh
IMO c6 bing tién sj todn hoc di dat huy
chuong vang (N = 145). Ching t6i lip biéu
db (xem Hinh 2) s8 lugng cic 4n phim trung
binh, s8 Iugng trich din trung binh, ty 1¢
duoc moi bdo cdo tai ICM vi ty 1é nhin huy
chuong Fields trong bén nhém.
Déi v6i méi két qud, chiing téi quan sit thiy
xu huéng giéng nhau: nhém nhitng ngudicé
huy chuong (dic biét 13 huy chuong ving)
vugt trdi hon so véi nhém céc tién s néi
chung va nhém cic tién s t8t nghiép tif cic
trudng dai hoc hing diu. Trong khi nhém
cic thi sinh dat huy chwong tai IMO xudt
bin nhiu bii bio hon vi nhin dugc nhitu
trich din han so véi cic nhém khic, ching
t6i nhin thdy cé mét cich biét rdt 16n khi
so sinh v& cdc thanh tvu ndi bit nhu duge
mdi bio cdo tai ICM hojc dugc trao huy
chuong Fields. Xdc suit ¢ ditu kién ring
mot ngudi ¢ huy chuong ving tai IMO sé
dugc trao huy chuong Fields cao gip 50 lin
xdc sudt dé ctia mér tién sy tdt nghiép i
nhém mudi chuong trinh tién sj todn tdt
nhit. Bing chitng niy cho thiy ring i ning

TAP 8 - 5O 10 THANG 10/2024 ’j l :
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¢6 thé cdn quan trong hon déi véi viée dat
dugc nhitng thinh tuu nghién cttu khoa hoc
dic biét so véi viéc sing tao tri thitc théng
thudong.
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GOC TOAN OLYMPIC

Trong phin diu chuyén muyc, chiing t6i sé
trinh by véi cdc ban loi gidi cdc bii todn
trong ky thi todn Sao chéi Tim (Purple
Comet) cip THCS nim 2024 ding trong s
bdo 6/2024.
0C73. Cho hinh ch@ nhit ABCD ¢6 AB =
20vi AD = 19. Diém E nim trén canh AD
véi AE = 4. Gii stt dudng trdn ndi tiép tam
gidc CDE tiép xtic véi CE tai F. Dudng tron
tiép xtic v6i AB,BC vi dong thdi tiép xic
véi CE tai G. Khoing cich FG c6 thé viée
duoc duéi dang %l, trong dé m va n la cic
s6 nguyén duong nguyén té cung nhau. Tim
m-+n.
Léi gids. Goi H 1a giao diém cta CE vi AB.

i |

C D

TA dé nhin thiy cic tam giic vudng
CDE,HAE HBC d6i mt dong dang véi
nhau. Tam gi4c CDE ¢6 ty 1 cic canh
DE :CD : EC123:4:5. Titdé atinh
dugc

CE =25,AH = 1—6,EH = @
3 3
Xét dudng tron ndi ti€p tam gidc CDE ta cé
CD+CE-DE _
3 -

Xét dudng trdn ndi tiép tam gidc BCH tacd

CH+BC-BH 38
2 & b

CF =

15.

CG=
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Nhu viy khoing cich cintimla FG = CF —
CG = ;.Téngcln timla7+3=10.
OC74. Tim s8 cip c6 thi tu (A, B) gdbm 2
tiphgpA C B C {1,2,3,4,5,6] théa min
s6 phin tif cia tdp A cong v6i s8 phan tif cia
tip hop B la chin.
L#i gidi. Dé chon mdt cip c6 tha os (A.B)
thoa min

ACBC{1,2,3,4,5,6},

ta xem xét cc Iua chon cho mét phin tif clia
{1,2,3,4,5,6}. M&i phin tit c6 thé c6 3 khi
ning:

e Nimtrongci A va B,

o Chi nim trong B mi khéng nim trong 4;
o Khdng nim trong ci A lin B.

Nhu viy c6 tdt ci 3% = 729 cip 6 thit g
(A,B). D3&ivéiméitip con A, s8 Iugngtip B
chitané cé chin phin v vi Ié phin it [a bing
nhau ngogi trif mét wrudng hop A = B =
{1,2,3,4,5,6}. Do d6, phii c6 Lo Y
1 = 365 cip c6 thi ty ma trong dé s phin
tif clia tip A cdng vdi s8 phin tif cia tip Bla
chin.

O0C75. Mét dudng dng dii 25 mét ndi hai
hd chia dugc tao thinh it cic doan 2 mét
va3métxenkénhau:2,3.2,3,2.3,2.3.2.3.
Gia sit ba trong s8 mudi doan ndy dugc chon
ngiu nhién vi bo ra khéi dudng ong. Khi dé
¢6 cic s§ nguyén duong m vi n nguyén td

cung nhau, sao cho % 12 xdc suit dé ba doan
d6 c6 thé duge p lai vio dudng dng sao cho
khong cé doan no trong ba doan duge lp
vio vi tri ban diu vi khong ¢6 doan nio trong
s6 by doan 6ng cdn lai phii di chuyén. Cic
doan 2 mét vi 3 mét khong nhit thiée phai
xép xen ké trong cich bd tri méi. Timm + .
Lai giai, Néu khong ¢ dogn nio trong ba
doan bi bé ra nim canh nhau, khi dé d¢ lip
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lai ba doan d6 sao cho khdng ¢6 doan ndo &
vi tri ban dliu, thi i ba doan phii 6 cing d6
dai.

Néu c6 hai doan nim canh nhau va doan thit
ba thi khéng, khi d6 hai doan nim canh nhau
ludn ¢6 d6 dii khéc nhau vd mdt trong s6
chiing ¢6 cling dd dai v6i doan khéng nim
canh nhau. Do dé, hai doan ¢6 d6 dai bing
nhau ¢6 thé d6i chd cho nhau, va sau d6 hai
doan ndm canh nhau cting ¢6 thé d8i chd cho
nhau sao cho khéng cé doan nlo trong ba
doan nim & vi trf ban diu.

Trudng hop cudi cling, néu ca ba doan bibo
radéu ndm canh nhau, ta cé thé hoin vi vong
quanh cic doan niy di chuyén mbi doan dén
mét vi tri méi. Do d6, cich duy nhit dé cic
dudng 6ng khong thé duoc lip lai theo cich
mong mudn li khéng c6 doan nio trong ba
doan nim canh nhau va cic doan d6 khéng
phai tit ca déu 6 ciing do dii.

Cho ba doan dugc chon nim g vitia,bvic
trongdé1 <a<b<c<L10véib—a>1va
c—b>1.Khidé1<a<b-1<c-2<8,
do d6 ta ¢ (g) = 56 cich dé chon a,b va
¢ nhu viy. Trong sb 56 cich chon niy, c6
(;) = 10 cich dé chon ba doan deu dai 2
mét vi (g) = 10 cich dé chon ba doan déu
dii 3 mét. Do d6, ¢6 56 — 2 x 10 = 36 cich
dé chon ba doan khéng canh nhau va khéng
ciing d¢ di. Vi ¢6 (3) = 120 cich ¢6 xic
suit nhu nhau dé chon ba doan, nén xic suit
dé chon ba doan théa min diu bai la

120-36 7
120 10

Tongsdcintim a7+ 10 = 17.

Trong phin cudi cia chuyén muc ky niy,
ching t6i sé gi6i thiéu véi ban doc mér 56
bai todn chon loc trong ky thi Olympic Toin
Lémén6x6p do trudng Dai hoc Téng hop
Qudc gia Mit-xco-va mang tén Lémonoxop
t6 chic. Cic bai todn sau danh cho hoc sinh

khéi 16p 9.
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OC82. Gia sit m v n 1A cdc s6 nguyén phan
1 1
biét sa0 cho céc s8 (,-,—' -2)va (;; ~2) 1a

nghi¢m ctia phuong trinh bic hai 24 ax +
b = 0 v6i cdc hé s§ a,b nguyén. Tim t4t ca
chc gid trj ¢6 thé cia bidu thitc a + b.

OC83. C6 5 ban nd, 3 ban nam va mde gido
vién ngdi xem phim. Tit ¢ duge ngdi & mode
hang ghé véi s8 ghé duge ddnh sd tir 1 dén 10,
Do cdc ban ni thudng ndi chuyén véi nhau,
gido vién quyét dinh ring gitta hai ban nr bat
ky phii ¢6 ft nhat mot ghé tréng, hoic gh&
do ban nam hojc gido vién ngdi. Héi c6 bao
nhiéu cich ngdi khic nhau? (Hai cich ngdi
1a khdc nhau néu ¢6 it nhit mét ngudi trong
nhém ngdi & cic ghé s6 khic nhau trong m&i
cich.)

OC84. Mot trudng dua xe gdbm ba cung
dudng hinh tron, d6i mét tiép xic nhau nhu
hinh vé. O t6 tai méi tiép diém déu c6 thé tiép
tuc di doc theo bitky tuyén duding nio trong
hai tuyén dudng 6 thé, nhung khong dugc
phép quay diu 180°. Mét xe 6 t6 di chuyén
vi toc d6 riéng trén méi cung dudng hinh
tron sao cho:

® Quing dudng nifa dudng tron dudng kinh
AB dai 15 km di trong 7 phig;

e Quing duding nifa dudng tron dudng kinh
BC dai 25 km di trong 11 phut;

¢ Quing dudng nifa dudng tron dudng kinh
AC di trong 7 phu.

Biét ring xe xudt phdt tlf diém A va sau 1 gi&
25 phit diing lai tai diém A. Hoi xe da di
duoc bao nhiéu km?
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GIAI TRI VOI ME CUNG
Phén I: Vé mé cung

NGUYEN THUY VIET ANH'
1. VEé mé cung Buéc 3: To béng rit nhe & cic 8 vudng khic
Cich 1: nhu hinh minh hoa bén dudi.
Cidc budc thuc hién =)

Buéc 1: Dung gidy va but chi vé mét hinh
chit nhit ¢6 s8 6 vudng mdi canh 1 1¢, vi dy:

15 6 vudng

0 vudng

A

Nhitng hinh vuéng ndy sé [z mét phin ciia
18i di hoic mét phin ctia bite tuding trong mé
cung. Céc 6 vudng mau trang sé [a mdc phin
! cta dudng di.

Buéc 2: Dung bt chi t6 dim cic 6 vudng
xen ké trén méi hing. Nhitng hinh vuéng ndy
sé trd thanh mét phin ctia bitc tudng trong
mé cung.

11

Buéc4: Pi dén lic tao ra con dudng ctiamé
cung! Chiing ta sé tao 18i vio bing cich xda
mét trong nhitng hinh vudng dugc t6 béng

'Quing Ti.
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s g B tg0 mdut con dudmg quan co das
dén 13 ra ohag binh giinh hoa bén wée
Budie §: Blr dlu o abiing con duang mds
i con duong B 2 ndy, nhung hiy lim
cho chisng din dény ngd cyt & dinh hig maoi
nguoL,

Budic 6: To ddm cdc & vudng cd bdng md nhe
cdn lai nhar hinh minh hoa bén dutdn. Cudi
cling dinh diu 164 vio va 10 ra.

Start

Finish

Viy 13 mé cung di hoan tit! Néu nhu cic em
v mé cung vdi quy md cdng lon thi ¢ thé rgo
ra nhiing mé& cung kho hon,

Start

Finish

Cich2:

Cde budg thye hign

Budc 1: e Do vy gils trang gily, cde eom
by sl dyng bds chi vd i ke & tor 13
et hdng dox vhi 0 chdm b, mds chiline ey
cich nhag 0 S em

- ®* ® & &« 4 & 8 =

Buidc 2: 50 dyng com- pa & v cic hinh béa
nguydt ddng tm nbt hinh minh hoa o
dutii.

-b‘ob’ooo

Bude 3; Bly gior hiy die ddu nhon cha com-
pa vio phia dudi bén phii cia hinh bin
nguyét nho tha hai.

AN O\

o \ \ \'\ 3 \ \

[ ] 2SO ) 1Y)

t. 2 2 1. ) - T B 1 i

SRR Fa N RARE R R
d * t

Liy difm niy lim tim vi tao mdt b 6 cung
trdn ddng tim nhy hinh minh hoa bén duréi.

~
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VUI CUNG P!

Bode 4: Tp theo, hiy Qs Bu nhon cia e g
com-pa vio phia dudi ben i cua linh bhie .o e
st nhd tha ba.

Cdn thin udn cong duimg thing riy & né
cham vio cung trdn hon nhde d phis dusi bén

L3n ny che e hly tao mae by gdm S cung  phii ahut hinh minh hoa.

trin ddog tim nhat hinh minh hoa,

Bude 7: Cudi cung, hoda thedn phle cda lai
Budc 5: Ve mot dudmg thing ndm ngang dé iy mé cung ohut hinh minh hoa bén dudi
ndi hai cung tron nhu hinh minh hoa bén

duoi.

G - ,

Tai liéu tham khio

Budc 6; Vé mot dudng thing ddngxudngtlt  haps//www.artfulmaths com/matheman
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NGHE THUAT TRANH DINH CHi VA TOAN

Phan I: Tranh dinh chi véi cdc phép toin don gian
HOANG THI HA MY!

Tranh dinh chi do Mary Everest Boole phit
minh vio cubi thé ky 19 nhim lam cho cdc
¥ tidng todn hoc dé tiép cin hon véi tré em.
N6 di dugc phé bién nhu' mét nghe thu cong
my nghé vio cudi nhitng nim 1960 théng
qua cic bé dung cu va sich hudng din cich
lam. Gin diy, b6 mén nghé thuit niy din
phd bién & Viét Nam, cic tic phim s& dugc
tao nén tif dinh va chi.

Trong phin diu niy, ching ta s& thuc hinh
trén bing dinh trdn véi mét s6 phép toin
don gian, d€ cing nhau khdm phi vé dep ctia
chiing qua nghé thuit tranh dinh chinhé! Vi,
biy gi, cic ban nho hiy chuin bi cho minh
mot khoéng gian yén tinh bén nhitng ciy dinh
va sgi chi mong nhiéu miu sic, ciing nhau
thuc hién nhitng “nhip diéu todn hoc” dé tao
nén mot biic tranh thit mém mai!

1. Phép cong

Diu tién, chiing ta s& thuc hinh véi phép
toin cong — mot phép toin rir gin gii va
quen thudc.

Chiing ta dang c¢6 mot bing dinh tron 96
dinh (cdc ban c6 thé déng nhiéu hon hoic
{t hon 96 dinh déu dugc, tuy nhién, khoing
cich gitta cic dinh dim bio tif 0,5cm-
0, 7cm thi bic tranh sé “min” va dep hon).
Biy gid, chiing ta s& thuc hién phép cong trén
bing dinh niy. Truéc hét, chiing ta sé chon
1 cy dinh (ciy nio cting dugc, vi la dudng
tron nén it cd cic diém déu déng vai trd
nhu nhau) d€ lim diém xuit phét 0, sy ting
din cta cic dinh theo chitu kim dong hd sé
tuong ¥ng véi sy ting din cta s6. Diu tién,
ta thyc hién phép cdng mot s6 véi 35 (ching
han) vi tién hinh ndi chi vlr s6 d6 t6i két qua
ctia phép cng.

Hinb 1. Bang dinb.

0+35=35 | NoiOvsi3s
14+35=36 | Noilvéi36
2435=37 | N6i2vdi37
60+35=95 | N6i60véi95
614+35=96 | Noi6lvéi0
62+35=97 | N6i62véil

Nhu viy, ta ¢6 nhing cip “tinh tién”
(0,35) — (1,36) — (2,37) — (3,40) — ... —
(60,95) — (61,0) — (62,1) —.... — (95,34),
mdi cip sé tuwong dng véi mét doan thing
ndi hai diu dinh. Trudc khi doc phan tiép
theo, cdc ban thit nhim mit tudng tuong
trén bang dinh tron minh s& 1im thé nio dé
t20 nén nhitng doan thing nhu viy, mét cich
lién tuc bing mét sgi chi duy nhit?

Bit diu sgi chi 30— néi t6i 35 (doan 0 — 35),
di tiép t6i 36, n6i vé 1 (doan 1 — 36), di tiép
t6i 2, ndi dén 37 (doan 2 — 37), ..., ¢t nhip
nhang nhu viy (vong dinh- néi t6i- di tiép—

1 Trscong Das boc Quang Nam.
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ndi v&- di ti€p- nGi tdi- di ti€p- nbi vé...) s khic nhau v ndi chi ddng thi & tz0 nén
cho dén hét mét vong tron dinh. Céc ban  nhitng duding trdn c6 duding kinh khic nhay
c6 nhin ra “nhip diéu” minh dang dikhong?  vinéucong véisd cinglén thivongtron cing
Dén déy, chic hin la cdc ban di doin duge  gan tim.
hinh ching ta nhin dugc rdi ddng khong? Hutdng din thém: V6i nhitng ban nhé, chua
‘ déng dinh dugc hodc véi cic ban khong sin
bing g& va dinh thi chtng tacé thé thyc hinh
trén cdc tdm xp, kim to va sgi len nho, sin
phim nhin dugc cting rit dé thuong nhé!

Hinh 2. Phép cong vdi 35.

Cic ban thit quan sit xem 1am thé niao dé
phit hién 16i sai khi thuc hién? Va chiing ta
mudn tao hinh tron bén ngoii hinh tron ca
(bin kinh 16n hon, xa tim hon) thi sé thuc
hién phép cong véi bao nhiéu? 2. Bang cifu chuong

Biy gid ta ¢ bing dinh tron 60 dinh, ching
ta s bit diu vdi bing citu chuong 2. Ta ciing
s& chon mét diém c6 dinh lim diém 0, ta c6:
0x2=0

Ix2=2

2x2=4

Hinh 4. Phép cing trén bing xip vi len.

Ta ciing s& ndi chi tif | 50 tdi két qua ctia phép
nhin s3 d6 véi 2 nhu sau: bic diu soi chi &
diém 0, di chi vong ngodi dén 1, i chi vong
trong dén 2 (1 x 2 = 2), di chi vong trong
dén 4 (2 x 2 =4), di chi vong ngoii dén 3,
di chi vong trong dén 6 (3 x 2 = 6), di chi
vong ngodi dén 4, di chi vong trong dén §
(4 x 2 =8), ... Giit “nhip diéu” d6 cho dén
hét vong trdn. Cdc ban ¢4 nhin ra hinh tzo
Ta s€ nhin thiy ring néu ta cfng véi nhiing  dugc khong?

Hinh 3. Phép cong vdi ba 56 kbdc nbau.
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Hinb 5. Bing aiu chicon ¢ 2 trén bang 60 dinh.

Cic ban cd nhin ra vi tri diém xuit phdt va vi
tri ctia diu tim déi xitng nhau khong? Vi viy,
ta ¢4 thé chon diém xuit phdt phi hop véi vi
tri diu tim ma ta mudn.

Hinb 6. Bing citu chiong 3 trén bing gom 60
dinh.

Thuc hién twong tu nhu viy véi bing clru
chuong 3, ta ¢6 2 d4u tim. Thit ky diéu!
Cic ban ¢6 thé du dodn hinh nhin dugc véi
bing ctru chuong 4, 5, ...2

3. Phin b

Khi biéu dién phin s6 2 trén truc s thi b 1
56 phin bing nhau trén méi doan thing don
vi (cdch chia) v a I s6 phin ta s€ ldy (cich
lay).

Ching han, biéu dién phin s6 ?—1 trén truc s§

nhu sau:

60

3
0 41 2 3 4 5 X
oo © © © O

; 3
Hinb 7. Bicu dién phdn s 1 trén truc so.

Trong phin ndy ta sé xét nhiing phin s8 cé
dang #l—, trong d6 n 1A mot s8 ty nhién

thy ¥ va ta xem mdi dudng tron 1 mot truc
s0 dugc cudn lai. Bly gid ta sé xem dieu thi
vi cting v6i nhiing soi chi v phin s6 nhé!

Ching han, ta xét phin 58 %, nhu viy 4 1a

cich chiava 3 1 cich ldy trén mdi khoing don
vi, dé thuc hién viéc biéu dién ta sé chon bing
dinh c6 56 dinh chia hét cho 4. V6i bing dinh
tron gom 64 dinh (64 chia hét cho 4) — ta sé
chia dudng tron thinh 16 cung bing nhau
(Hinh 8).

mw“aﬂ“‘ 12 4 2

¥
B iy num“"

Hinh 8. Chia dwing tron thanh 64 diém va 16
cung bing nhan.

Ta ¢6 cic cung tron (0 —4), (4 —8), (8 —
12),.... Diutién, tasé chon 1 diém xudt phdt
cich diém diu tién (diém 0) cia cung (0 — 4)
mot khoing tly ¥, ching han 12 diém 59, néi
dén 0, di sgi chi vong ngoai lui lai 60. Ta sé
thuc hién ldy 3 phin cta cung (0 — 4) bing
cich néi 60 — 1; 61 — 2,62 — 3; bo 4. Tiép
tucldy 3 phin ctia cung (4 — 8) bing cich n6i
63—5;0—6; 1 —7;bo 8. Cirgiit “nhip diéu”
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nhtt vdy cho dén hét, tao hinh nhin dugc ¢ Clingteén bing 96 dinh ra biéu dién phin 56
12 mot duding xodn Gc.

6

.
Hinh 9. Biéu dién phin s I trén bing 64 dinb.

Tuong ty trén bing gdm 96 dinh ta biéu dién

T a rd 5 - » 3 -
Hinb 11. Biéu dién phin si g trén bing 96 dinb.

Nhut vdy, trong sudt phin dis nay, 12 da thue
hanh trén bang dinh trin vdi mét s phep todn
don gidn, tit duing trin di cho ta0 rz akitn
duing tron ¢ dcong kink khdc nbaz, binb
trids tim, binh xodn éc.

y i
, ] Tailiéu tham khio
: : E [1] Rebecca Rapoportand J.A. Yoder. Mazh
I8 games lab for kid. First published in the
, ..' United States of America in 2017 by Quarry
i A Books.

[2] Wikipedia, https:/; en.wikipedia org wiky
/String_art
3] hetps://momath.org/mathmandzy math-

7 monday-12-card-star-puzzie, marh-monday-
Hinh 10. Biéu dién phin so 3 trén bang 96 dinb. bcginning—oﬁa-stﬁng!

‘;n-.,_, P4
b s sy A
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TAN CONG VUA
Chu dé: Tiéu diét quin phong tha

HOANG MINH HIEU', BUI VINH?

Trong cd vua, ¢4 rit nhitu cich dé két thic
mdt vin cd, v trong s6 dé, tin cong vua la
mot trong cic ké hoach co bin nhit ma 6
Ié ai di nghe qua. Puong nhién, mét bén
tin cong sé c6 mét bén phong tha, va nhiing
quin phong thil sé ¢4 vai trd ngin chin ké
hoach tin cdng, khién tin cong khong 1 1 ké
hoach don giin dé thuc hién; ta cin vugt qua
nhiing quin phong thu nay d€ hoan thanh
thinh cong dot tin céng. Va trong so do,
tiéu diét quin phong tha (annihilation of
defense), 12 mér trong cdc cich c6 dién trong
mét cudc tin cong.

Sau diy sé 12 mot s6 vi du tham khio cho cha
de:

Vi du 1: F. De La Paz Perdomo - C. Pujols
(Cuba 1993) (Hinh 1)

Nhin qua thé cd, tring dang 6 rit nhiéu
quin dang nhim dén vua den, cy thé: 2 mi
f6 vah5, hiud2, ugng b3, xeel. Thoat nhin,
ké hoach 1.Hh6 rdi Hg7# ¢6 1€ 12 kh hién
nhién, nhung di€u nay bi cin trg do quin mi
0 e7 ctaden:

1. Hh6 Mf5 va den ngin chin dugc ké hoach
cta tring

Khi dé, quin mi &7 dugc goila quin phong
thu (defense). Dé thuc hién dugc ké hoach,

tring sé “tiéu diét quin phong thi” véi nude:
1. Xxe7 !! Hxe7 2. Xel Hd8

—

7 ,/'
Viik,

L R O - e - -

2

Jo i
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Hinh 1: Trdng di trudc thing.

1... Hxel 2. Hxel 4+ — v tring vu thé vit

chit.

3. Hh6 tring de doa 4. Hg7# Xg8 (Hinh 2)

- N W e O ~N o
- NS

X U
7 Z 7 4
//r%/fy,,/{//;lu 1///” ,// 7

K 7
1 Z
,,,,,,, o
//% 7 7&7 J
7 R
0, P

i

Hinh2:3... Xg8.

| Kién teong FIDE (FM).
2Dai kitn ticing quoc t&
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4, Mxh7 1l Txh7 va & diy tring da tim ra
nude & két thic then chée

5. Xe8 It (Hinh 3)

Quan hiu den dang gt 6 6, cin k& hoach
choi Hf6 ctia tring.

Quin xe g8 dang gitt 6 g7, can ké hoach choi
Hg7# ctia tring,

Khi d6, quin Xe8 sé khong thé biin bdici2
quin Hd8 va Xg8 - néu n s¢ “bo roi” vj erf
ma né trudc diy dang chiém déng.

li”%j” /;;Z//‘%

/f/// / ,%, % % 7

%/%7/‘// %7///////%%/ ’///
787

i
/
a b ¢c d e f g h

af
A&
Hinh 3:5. Xe8 !!

Ll . . A DU = . N B - -]

pong thoi, con Xe8 dang giing Xg8 vi Vh8
- Tring doa Hg7#, nén c6 1€ diy sé la kée thiic
cta den.

5... Hxe8 6. Hf6+ Xg7 7. Hxg7 + #

1-0

Vi du 2: Stalflinga — L. Grahn (Denmark
1976) (Hinh 4)

¥ X
Caawy
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Hinh 4: Den di trudc thing

Thoat nhin, don thi 1... Hxf3 mé cdt g va
chuyén xe qua cdt g chiéu ciing sy trg giip

TAP 8 — SO 10 THANG 10/2024 ﬂ

ctra...Tab sau khi tring chay vua qua f1 (v1),
Nhutng ké hoach nay sé gip | 6 rhe e

o Sau khi thi Hxf3, Xe den & gip khé khin
trong viéc sang ¢t g do c6 Ma & €] kiém sodie.

o Kéca den chip nhin viéc thi quin, sau |...
Hxf3 2. gxf3 Xhg8 3. MxgB Xexgh, Tring
khong nhdt thiét phai qua VI ma 4. Hgd !
sé dip tit ké hoach ciia den déng this don
giin héa thé cg.

Nhut viy, & thé cd ndy, ta c6 thé coi quin Me7
va Hd7 13 2 quin bio vé (defense) - chéing
cin tr§ va ngin chin k& hoach ctia den.

Vi trf cia quin Hd7 s cin tr6 viée tdn cong
rit nhiéu, nhdt [2 khi den khong con hiu (sau
khi thi vio f3).

Nhu viy, nuéc di sau cta den li khi hién
nhién: 1... Xxe7 ! 2, Hxe7

Néu tring rit hiu thay vi in xe, den c6 thé
chuyén xe qua cde g vi tiép tuc cude tin cong
cling véi vu thé vir chit.

2... Hxf3 !! 3. gxf3

3. Xf1 (bdo vé tc f2) Xg8 4. ¢3 Mxg3 va cic
de doa chiéu hét khdng thé da

3... Xg8+ (Hinh 5)

Hinh5:3.. Xg8+

4. V1 Tab+ 5. o4 Txcd 6. Xe2 Md2 7. Vel
Mxf38. Vdl Xgl+9. Xel Xxel +#0-1

Vi du 3: S. Zavgorodniy - Alexander
Moiseenko (Ukraine 2005) (Hinh 6)

63



: &
a A4
: X
{ a4 = X
{aa

f AW A

{8 @AA
s

Hinh 6: Den di trudc thing

Mot hinh ¢& khd don giin: Khong khé dé
nhin raring den ¢ 2 Xh6-h5 deéu tin cong
vao h2, nhung ddng thoi Mf1 ctia tring dang
bio vé h2. Nhu viy, dé thuc hién don tin
cong, viéc “tiéu diét” quin MfI cta tring la
cin thiét, khi dé:

1... Hxf1+ !! 2, Hxfl

Néu2. Xxf1 ?thi2... Xxh2+ 3. Vgl Xh1 +#,
Tring thua nhanh.

2...Xxh2+ 3. Vgl Xh1+ 4. V2 Xxf1+5.
Vxfl

5. Xxfl Md3+ 6. Vg3 Mxe5 — +

5... Xhl 6. V2 Md3 7. Vg3 Xxel —+
(Hinh 7) Pen hon mi va vu thé thing

| -
3 44

N w > o [=.] - oo
‘ oo

Dt

-a ‘ b ¢ ’ d e f g h
Hinh7:7... Xxel — +
Loi binh: Qua cic vi du, ta ¢ thé thiy ky
thujr tiéu diéc quin phong thu doi khi sé
gitip ngudi choi thuc hién dugc ké hoach tin
cdng sau khi loai bo dugc “vit can”. Puong
nhién, k¥ thuit nay khi co ban vi nén dugc

layén thanh phin xa qua viée luyén tap va
ti€p xic nhitu hon vdi cde th tin cong. Tuy
nhién, ta cin chd ¥ xem sau khi tidu diée
quin phong tha (thudng I chip nhin hi
sinh quin manh hon cda ta véi quin phong
thi), ta ¢ ké hoach thing ro ring hay khong,
trdnh viée th{quan dé tin cong nhung khong
mang lai thinh qui “bu 16” véi tén thit ctia
viéc “tiéu diée”.

Nhiing k& hoach thing trén ¢4 thé givp ta:

e Hon quin vi bu dip “tdn thit” (c6 thé 1a
thé ¢, vitchi, ...)

e Chicu bf

Bai tap:

Bai 1: 1. Midl - Chiburdanidze (Batumi
2000) (Den di truée thing) (Hinh 8)

- K

@ . / g

a b c d e f g h
Hinh8.
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Bai 2: I. Girvalakis - I. Giakoumis (Athens
2005) (Pen di tru6c thing) (Hinh 9)
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MINH VIET

SCHOOL OF MATH

MVSIV
NOI UOM MAN]
TOAN HOC TRE

Trong b8i canh cach mang céng nghé phét
tri€n nhu v bao, thi trudng lao déng thé gidi
ngay cang thém “khat” nhén sy gi6i Toan va
tiéng Anh.

Trudng Toan Minh Viét - Minh Viét School of ; - .
Math (MVSM) da két hop véi The Arts of SuU MENH MVSM
Problem Solving (AoPS) - Chuong trinh giao |
duc Toan hoc nang cao s 1 tai Hoa Ky va |
hang dau thé gidi, d8 md ra md hinh hoc tap "
Toan uu viét nhat. {
|
[
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CHUGONG TRINH DAO TAO

« D3i tugng: Hoc sinh tiu hoc va trung hoc cd s&
« Gido trinh hoc: Chuong trinh Toan Beast Academy

cho hoc sinh ti€u hoc va Chuong trinh Tién Dai s& » Khai gidng: 24[ 6/2024

- Honors Math 6 cho hoc sinh I6p 6 2
AL Phy huynh ¢d thé déng ky che

« Phuang thure: Hoc Online cung gido vién M{ con chi hoe Tedn, chi hee Tidng

» Thai gian hoc: Anh hodc hec cd Tedn va Tiéng
- L&p Toan: 1 budi/ tudn, hoc phi tir 7 dén 10 tridu Anh.
d P4 - . - -
Shojpa CHUONG TRINH TIENG ANH NHAN
- Lop Tiéng Anh b3 trg (tir MAu gido dénop 9): DANG KY LIEN TYC TRONG suT
4 budi/tudn, 7 tridu/nim NAM HoQC.

Nhirng hoc sinh xudt séc clia MVSM s& dugc tang hoc
b8ng mat phin hoic toan phan va duge qgidi thiéu hoc
Cau lac bd Toan Ky Lan véi nhirng Gido su Toan hoc hang DOC THEM
d4u Viet Nam. .
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Nguyén Thanh Giang
(Hung Yén)

Tai Hoi khoé Phu Bdng, vong ban két cia mét cy ly chay c6 hai
lwot chay, méi lwgt chon ra bon van dong vién cé thanh tich tot
nhat vao vong chung két. O lugt chay dau tién da xay ra hién
tweng thu vi sau:

+ Cac van dong vién mang sb 4o 1, 2, 3, 4 la nhirng van dong
vién vé dich nhanh nhat va khéng c6 ai cé so ao trung voi thir ty
vé dich ctia minh;

+ Van dong vién mang ao sé 4 khéng vé dich dau tién;

+ Van dong vién mang o sé 3 cé thi tw vé dich chinh 1a sé ao
clia van dong vién vé dich dau tién.

Theo ban cac van dong vién cé th tw vé dich nhw thé nao nhi?





