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TU BAI TOAN DANG CHU DIDO
PEN TOI UU MIEN

LE MINH TRI & NGUYEN DANG KHAI HOAN

Tém tit ndi dung. Bai viét gidi thi¢u ve bai
toin ding chu, mdt bii toin c6 xua va co
bin trong toin hoc. Tl d6, chiing téi trinh
bay cic bai todn t6i wu mién hay t6i vu hinh
déng, mot nhinh todn hoc hién dai. Cuéi
cing bai viét thio luin mét phuong phdp dé
gidi quyét vin de nay.

1. Bai todn dang chu

1.1 Vin dé cda Dido

Nhi tho La Mi Publius Vergilius Maro (70 —
19 TCN) k€ trong tic phim sif thi Aeneid
mot cu chuyén vé ni hoing Dido, con gdi
ctia vua Phoenician vio thé ky 9 TCN. Sau
khi chéng bi anh trai bi 4m sit, ni¥ hoang
chay trén dén mét noi gin Tunis, thi d6 cia
Tunisa by gi¢. O d6, ba yéu ciu ngudi linh
dao dia phurong, Yarb, cho mét minh dit c6
thébao quanh béi da ciamét con bo. Vi thoa
thuin cé vé rit khiém tdn, 6ng ta di dong
y. Dido cit da bd thinh cic dai hep, buéc
chiing lai v6i nhau vi bao quanh mét manh
d4t16n ma sau ndy hinh thinh nén thanh phé
Carthage. Dido di déi mit véi vin dé toin
hoc, con dugc biét dén 14 bii toin ding chu:
tim trong tAt ¢ cdc dudng cong c6 dd dii cho
trudc dudng cong bao quanh dién tich l6n

nhit. Dido di tim ra bing truc gidc cdu tra
16i dang.

Carthuge. Engraving by Muzthlus Merian the Eldes, in Hissorische Chronica,
Framidunt 2.0, 1630. Dido’s poople cut the hade of an ox inta thin s¥rigs and try 1o enclose 2 maximal domain.

Diddo Prarchuses Land for the Foundlation of

Hinh 1. Dido cit manh da bo tao nén thanh
Carthage-Nguon:[7].

Vao thoi dé, mét cong thitc cho dién tich A
ctia mot hinh tron 6 chu vi L d3 dugc biét.
Ngudi Babylon vio khoing nim 1800 TCN

di stir dung cong thitc A = %Lz thay viA =

1
3 mL2. Sy xdp xicua 77123.125 khd chinh xdc.

Trong tic phim ngin Vé viéc do dac duwing
tron, Archimedes (285 — 212 TCN) di cho
ngoai ti€p va n6i tiép hinh tron vio mot da
gidc 96 canh d¢ xéc dinh ring 3.1408 < 7 <

! Institut fiir Stochastsk und Wirtschaftsmathematik, VADOR E105 — 04

Zszam'mento di Matematica “Tullio Levi-Civita’.
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3.14285. Nguoi Hy Lap quan tim dén vin
de ding chu vi vl If do thyc tién. Ching hitu
fch dé c6 mot gidi han trén cho dién tfch dit
dai, nhim ngin chin cic thuong gia gian l4n
khi ho khai bio dién tich ctia mdt hon dio
bing chu vi ctia né. Vdo thdi dé, rit nhitu
ngudi tin ring chu vi ctia mét hinh x4c dinh
dién tich ctia né. Khoing nim 150 TCN,
Zenodorus di chltng minh chjt ché bing cic
lip luin hinh hoc ca bin ring:

I néu ton tai mdt da gidc n canh c6 dién tich
16n nhdt trong tdt ca cic da gidc 1 canh véi
chu vi cho trudc, né phii 1 da gidc déu;

(b) Cologne thai trung ¢&

Hinh 2. Ap dung phucong phdp ciia Dido trong
xdy dwng thanh phé o~ Nguon: Internet

2. trong tdt ci cdc da gide deu cb chu vi bing
nhau, da gidc ¢6 nhidu canh hon s& c¢6 dién
tich 16n hon;

3. hinh trdn bao quanh mét dién tich 16n
hon da gidc deu véi cling chu vi.

74P 8- 86.7 -8 THANG s/202¢ ]

DUONG VAO ‘r_oAN HOC

Liéu ¢4 tdn tai mde da gidc tdi dai hay khong?
Cic nhi hinh hoc ¢6 dai khdng quan tim dén
cdu héi niy. N6 di dugc gidi quyét nhidu thé
ky sau d6, ching han béi Weierstra. Khong
c6 tién bd toin hoc ding ké nio duge thyc
hién trong gan 1.900 nim vé vin dé ding chu
sau ngudi Hy Lap. Trong sudt thdi gian niy,
ngudi ta di tin ring hinh trén ¢6 dién tich
I6n nhdt trong tit ci cic mién phing cé chu
vicho trude. Tuong ty, cic nha thién vin hoc
tin ring mdt tinh chit twong ty cing c6 gid
tri cho cic hinh ding trong khéng gian, cu
thé Ia qué ciu cé thé tich 16n nhit trong it
ca cic mién ¢6 dién tich bé mit cho trude.

1.2 Phép tinh bién phin

Nim 1744, Euler, dugc goi cim hdng tit
bii todn ding chu ciing nhu dugc hai anh
em Johann va Jakob Bernoulli d& xuit, di
dit nén méng cho phép tinh bién phin. V&
mit giai tich, bii todn cé thé dugc phit bidu
nhu sau: tim do thj y(x) v8i 0 < x < a sa0
cho y(0) = y(a ) 0 vi dién tich giita y(x)
Vi truc X, fo x)dx, 12 16n nhit trong khi
chitudai L = [§ /1+ (¥ (x))? dtdu’dcgm’
c6 dinh. Y tdng ctia Euler I giam bai todn
niy thinh mdt bai todn c6 s8 chi¢u hitu han
mi ¢6 thé dugc xif lj bing phuong phip
tiéu chun ciia phép tinh vi phin. Ong chia
doan (0,a) thinh n doan bing nhau véi d6
dii x; 1 — X = h va dm kiém mée da giic
P(h) véi cic dinh C; = (x.yx) 6 chu vi
cho trudc L vi dién tich duéi dd thi ctia né
2 16n nhdt. Ong di giai quyée bai todn nay
trong 18p cic da gidc véi cic dinh G, k #
m,m-+1, (-\'msym +€)vd (Ym+1:Ym+1+ 6):
trong d6 €, & 14 cdc tham s8 tur do. Khi /1 tién
tdi 0, dng d1 c6 thé chiing minh ring do thi
t8i vu y(x) théa min phu‘o‘ng trinh vi phin
Euler-Lagrange ®, — <D + = 0, trong dé
®d, —_\+A\/1+_\”vi). € R 12 nhin o
Lagrange.

Phuang phdp da gidc ctia Euler vin con dugc
st dung cho viéc xit Iy s hoc cia cic phuong
trinh vi phin thudng. Mu6i mét nim sau khi
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xudt ban ly thuyét v& phép tinh bién phin,
Euler nhin dugc mét 14 thu f Lagrange,
khi dé méi mudi chin tudi, viét ring anh ta
di tim ra mt phuong phidp téng quit hon.
Thay vi thuc hién cic thay déi tai titng diém,
anh tadi laim bién dang toin b dudng cong,
cich ma vin dugc sit dung cho dén ngay nay.
Euler rit hii long va thita nhin ring phuong
phdp cta Lagrange c6 thé dat dugc nhiing
két qui siu sic hon nhiéu. Phuong phip néi
tiéng ndy sau dé dugc goi theo tén ctia hai
nha todn hoc.

1.3 Cich tiép cin ctia Steiner

Nhigu lip luin hinh hoc khéo léo di dugc
J. Steiner (1796 — 1863) dé xuit d¢ ching
minh tinh chit ding chu ctia hinh trdn va
qui ciu. Ong luén chon mét hinh khéng
phii 12 hinh tron hoic hinh ciu v chi raring
dién tich hoic thé tich c6 thé ting lén trong
khi git chu vi ¢6 dinh. Dua trén mét trong
nhitng l4p luin chia Steiner, Edler di ching
minh ring bit ky mién nio trong mit phing
¢é chu vi bing chu vi ctia hinh trdn déu cé
dién tich nhé hon. Diéu niy di hoin thinh
chiing minh todn hoc cia bii todn ding chu
trong mt phing. Steiner d pht minh ra ky
thuit ddi xdng héa, mdt cong cu then chét
trong gii tich hinh hoc. Muc dich 4 bién d6i
méttip hgp Q C R4 520 cho thé tich (d6 do
Lebesgue) khong d6i vi chu vi giam.

Déi Xing Héa Steiner: Gi sit © la mot
mi¢n trong R?, Ky hiéu x 13 mot diém tlry
f trong R?~! vi e4 14 vector don vi vuéng
géc véi RY~1, Vi méi x € RY~!, xét duong
thing L, := {x+ xse4 : X, € R}. Do do
Lebesgue 1 chiéu ctia phin cit L, N€Q sé duge
ky hiéu 13 £;(x) (d& thdy Li(x) = 0 néu
L,NQ = 0). D3i xitng héa Steiner ctia Q d6i
v6i siéu phing R~ 13 mien St€, d6i xing
quanh R?~1 vi ¢6 tinh chit ring mi phin
cit Ly N StQ 12 mét doan thing c6 chidu dai
Li(x).

Theo nguyén ly Cavalieri, thé tich ctia Q bing
thé tich ctia St€), con viée gidm chu vi 1a mot

vin d@ phiic tap hon. Cé thé hiéu ndm na
ring sau vd s3 lin déi xiing héa nhu thé, moe
vit thé sé bién thinh mdt qua ciu. Lusternik
(1935) di chi ra ring ¢6 tdn tai vo s8 cdc ddi
xting héa St; sao cho:

_,Su(Q) = Q' khi n— oo,

v6i Q" 1A qua ciu cé cling thé tich v6i £2. Bing
cich thyc hién vé 56 lin d8i xiing héa ddi véi
cdc siéu mit phing chita truc xy, ta thu dugc
déi xitng héa Schwarz.

Déi Xiing Héa Schwarz: Trong trudng
hgp niy, méi phin cit ngang ctia Q & vi trf
Xp = ¢ dugc thay thé bing mot qua ciu (d —
1) chitu ¢4 cling thé tich, dugc djt tai truc
Xp = ¢. Ching han, mét mign Q C R3 duge
bién d8i bing d6i xting héa Schwarz thinh
mdt bé mit quay quanh truc x3. Giéng nhu
d6i xitng héa Steiner, thé tich khong thay déi
vi chu vi khong ting. Nhg déi xiing héa niy
cung vdi gidi tich bién phin, H. A. Schwarz
di dua ra chiing minh nghiém ngit diu tién
vé tinh chdt ding chu clia qua ciu trong l6p
cdc mién c6 bién gidi tich titng khiic vio nim
1884. Ong cting 12 ngui diu tién chira thiéu
sét cia dinh Iy tdn tai trong cic chliing minh
ctia Steiner. Héa ra, nhu ching ta s& thdy sau
niy, ddi xting héa déng vai trd quan trong
trong giai tich hién dai v trong vit ly todn.

Bii todn ding chu trong cic chiu cao hon
13 tim kiém trong tdt ci cdc mién ¢ chu vi
cho trudc mién c6 thé tich 16n nhée. Loi giai
kha df la qua ciu. Chitng minh ctia né tinh
t€ hon nhiéu so v6i trong mjt phing. Mét ly
do 12 bao 16i cia mét vie khong nhic thiée
¢6 chu vi nho hon chu vi vit d6. Ditu ndy
di dugc gidi quyét imdt cich thanh lich bing
bit ding thitc de H. Brunn (1887) va H.
Minkowski (1%} -ho cdc tip 1di vi sau d6
dugc tdng qudt 1= - |0 cdc tip khong 16i bai
L. A. Lyusternil { 1

7
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PUGNG VAO TOAN HOC

2.BAi todn tdi wu mién

Gigi thi¢u mot 6 ky hi¢u duge ding
trong bai,

Ke tip hgp cic tip con compact K ciia B4
Kd., tip hop cdc vie thé 16i K trong R,
nghia I3, K compact, 16i va ¢6 phin
trong khdc réng
C'(©2)  khodnggian cic ham kha vi lién tuc
L'(Q)  khdnggian Lebesgue
Ww'2(Q) khéng gian Sobolev
WOI 'Z(Q) khong gian cic him u € w! ‘Z(Q)
va triét tiéu trén bién 92
Vol(A)  dédo Lebesgue trong B hoic thé
tich(d = 3)
hoic dién tich (d = 2)
Per(A)  d6 do Hausdorff (d — 1) chiéu
hoic dién tich bé mit (d = 3)
hoic chuvi(d = 2)
B(x,r)  quiciutrongRY,
B(x,r):={yeR?: |Ix—y| < r}
Au(x) todn tit Laplace, Au(x) = ¥¢, é-a—':"'—

2.1 Gidi thiéu vé bai todn téi vu mién
T6i wu mién (shape optimization) cé thé
dugc hiéu 13 dua ra mét hinh dang hay ciu
hinh t8i vu ma né t8i da héa hoic téi thiéu
héa mét chi phi cho trudc. Ve mit toin
hoc, bii todn t8i vu mieén dugc phit biéu
duéi dang tim gid tri nhé nhdt/lén nhit
(GTNN/GTLN) ctia mét phi€ém him F :
A — R nhusau

Tim GTNN/GTLN F(A)
saochoA € A (2.1)

trong d6

* A 12 tip hop cdc mién (c6 thé khéng lién
théng) bit ky (khdng 6 cdu tric tuyén tinh
hoic15i). Ta thudng thiy A la mdtho cdc tip
concuall C RY;

x F : A — R 12 hdm chi phi;

xtagoi A € A2 mdt diém cyc tiéu (tuong
tng, diém cyc dai) cia F néu bii todn (2.1)
dat cyc tidu (wwong tng, cuc dai) ti A,
nghia I3, F(A) = miny 4 F(A) (twong ng
F(A) = maxyc A F(A)).

TAP 856 7- 8 THANG 8/2024 ]

Vin dé dwge quan tdm ¢ ddy la lam sao chi
ra duwgc si ton tai cia diém ce tiéu/ewe dai
chéa bai todn trong tricing bop phiém bam F
bi chdn didifchin trén. Bii toin Dido c6 thé
dugc xem nhu bai todn ¢8 xua nhit cia gidi
tich bién phin néi chung vi tdi uu mién néi
riéng, ma & d6 diém cuc tiéu [a hinh tron. Bai
todn t8i uu mién cdn lién quan mit thiée voi
mét s& hudng nghién clru khic trong todn
hoc hién dai nhu trong mét s8 vi du sau.

Vi du 2.1 (Bai todn t3i uu bién tu do) Cho
trudc mée tip bichin U C R4 vi cic him s&
ii, f : U — . Ta xét bii todn t8i vu bién ty
do nhu sau

Tim GTNN ./L lup (x) — i@(x)|*dx

saocho ACUvauy:U - R (2.2)

—Auy = f trong A

théa min { 12
uy €W, (A).

Bii todn trén c6 thé hiéu moét cich don gian
nhu sau: Ta dugc cho trudc mdt ngudn nhiét
f trén mién U. Trong mét qud trinh truyén
nhiét tinh (qu4 trinh nhiét dac trang thdi cin
bing déc lip véi thoi gian), bing viéc tim
diém cuc tiéu cho bai todn téi vu mien s
do, ta mong muén tim mét phin bd nhiétu,
trén A (vi hién nhién bing 0 trén U \ A) sao
cho né gin nhit ¢6 thé véi phin bé nhiée i
cho trudc trén U.

Vi du 2.2 (Bii toin phd hay bii toin
Rayleigh~Faber-Krahn) Trudc hét, chiing
ta can dén khdi niém gid tri riéng cla todn v
Laplace. V6i A 12 mét mién trong X", gid tri
riéng thif nhét cia todn tir Laplace dugc xic
dinh boi

Ly || VulPdx
A = :
1(A) lnf{ AT
(thuong s Rayleigh) hoic gid tri nho nhit
A >0saocho —Au= Au

ue Wol'z(A)}

¢6 nghiém trong WoI 2(A).
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Mot phong dodn dugc dit ra boi Rayleigh
vio nim 1877 [8]: trong tit ci cdc mién con
ctia " véi thé tich ¢ dinh cho trudc, thi gid
tri riéng thif nhit cta todn v Laplace trén
qui ciu 1 nhé nhit. Diu thé ky XX, 10 giai
cua bii todn dugc dua ra mot cich doc lip
béi Faber [4] vi Krahn [6]. Ta c6 thé thy vin
de Rayleigh-Faber-Krahn ciing la mét cting
13 mét bai todn t8i uu mién, dugc phét biéu
nhu sau

Tim GTNN A,(A) sao cho A latip con md
cia RY véi Vol (A) = m > 0.

2.1 Khi khéng c6 nghi¢m!

Duii diy, ta s& xem xét mot vai bai todn, ma &
d6 khong ton tai diém cuc tiéu/diém cuc dai.
22Vidu2.3 ChoU C R*vam >0, taxét
bai toin

Tim GTLN Per(A), sao cho

ACU,Vol(A)=m>0.

Bii todn trén khong c6 chin trén va di nhién
khong ton tai diém cuc dai. Thuc viy, dau
tién ta cd dinh mot hinh chi nhit 6 dién
tich m > 0 va chu vi £ > 0. Qué trinh lim
ting chu vi nhung dién tich cd dinh dugc m6
tadhinh 3. Trong hinh 3, ta d4 thém b6t mée
phin dién tich nhu nhau nén mién méi vin
c6 cling dién tich m > 0 nhung lic nay chu
vila{+e.Liplaiqud trinh trén v hanlin ta
s€ thdy mét c4u tric hinh phin dang (fractal)
v6i cting mét dién tich nhung chu vi ¢6 thé
16n tiy y.

y A y

Pl
(a) Vol=muva Phong (b)Bién dii trén
Per=1( to mot qud cau bin
kinh nhd sao cho
AO=0A"=¢

Hinh 3. M6 td cdch xdy dung cdc mien bio toan
dién tich nhung chu vi tang din.

Vi du 2.4. Xét ho cdc qui ciu O =
Uns1 B((21,0),1 — 1/n) C B2, Ta xét bai
todn tdi wu mien sau

Tim GTNN Per(A) sao cho

Vold)=m,ACQ.  (Pl)

Y tudng clia viée chiing minh bai todn ndy
khéng ton tai nghiém 2 khong ¢6 qua ciu
nlo ¢6 bin kinh 1 nim trong Q. Néi r6 hon,
trong khéng gian Euclid d-chigu, ta c6 bit
ding thirc ding chu dugc phét bi€u cy thé
nhu sau.

Dinh Iy 2.5. (B4t ding thitc ding chu) Cho
S C RY [ mér t4p con bi chén, kbi dd ta cd

Per(S) > dVel'T (S)Val(B(0, 1))

Dang thic xdy ra kbi va chi kbi S la qua ciu
trong R4,

Tir bit ding thic trén, ta c6 thé suy ra bai
todn (P1) ¢6 chin duéi 16n nhit 1a 27, Tuy
nhién, bai toin khéng bao git dat dugc diém
cyc tiéu do tip O khéng chita bit et qua ciu
nio c6 bin kinh I3 1.

2.3 Phuong phép tryc tiép va wng dung
Dé gidi quyét cic bai todn tim diém cuc tiéu
ciamdthim f trén mién X, ngudi ta thudng
xem xét xdy dung mot t6—pd 7 trén X va thuc
hién theo cdc budc sau:

Buéc 1: Liy mét ddy xdp xi chin dudi 16n
nhit (bitky) {x,} C X vi chitng minh ring
ton tai mdt ddy con {x,; } hoi tu dén ¥ € X
trong to-po 7.

Buéc 2: Chi ra ring f 13 hAm nira lién tuc
dudi véi t6-pd 7 va sau d6 ta thu duge

f(x) <t —liminf f(x,;) = i}l}ff(x).
s

Nhu viy, ta két ludn ¥ 1a mét diém cuc tiéu
ctia him f trén \ hay / dat gid tri nho nhit
trén X,

Céch lam nhu trén dwoc goi 1a phuong phdp
trate tiép (direct method) dé tim diém cyc tidu
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cho mdt bai todn tdi vu. Luu y ring, ta cling
¢6 thé sit dung phwong phép eruc tiép dé tim
diém cyc dai cho mot ham g trén X; ldc biy
gid, ta sé cn phai chira |2 g 12 hdm nifa lién
tuc trén theo td-pd 7. Ta sé xem xét mot s vi
du sau dé thdy r6 tinh ¢ng dung ctia phuong
phép tryc tiép.

Khi stt dung phuong phdp truc tiép, ta thiy
ring ham s8 f dat dugc cyc tiéu khi ¢6 it
nh4t mot tip mdc dudi la compace. O diy ta
khoéng doi hoi tinh compact trén khong gian
dang xét.

Ménh dé 2.6. C5 dinh X = (X,d) la mét
khéng gian metric va T = t(d) la té-pé sinb
ra bdi metric d. Cho f : X — R la ham 56
nita lién tuc dwdi theo T, bi chin duwdi va inf-
compact, tic la, ton tai A € R sao cho

[f <A):={x: f(x) <A}

la tdp compact kbdc rong trong .

Khi do, f ton tai diém cuctiéu € X.

Ta xét mdt trudng hop cu thé X = i
R4 — R 14 him nira lién tuc dudi théa min
f(x) > Ci|x]Y = C, v6i Cy,Ca, ¥ > 0 la cdc
hing s cho trudc, thihim f tdn tai diém cuc
tiéu trén RY. Thit vy, tif tinh ch4t cda him
f,néutacddinh A > 0, thitacé

A + G '
G '

[f <] C B(0,r), v6ir = (

Két hop tinh nita lién tuc dudi cha f va qua
ciudéng B(0,r) :={y e R?: [x—y|| < r}
13 tip compact trong RY, ta suy ra [f < A]
12 mét tip compact. S dung Ménh de 2.6,
ta ;hﬂfy ring hAm f tdn tai diém cyc tiéu trén
R%,

Chitng minh Ménh dé 2.6. T gia thi€t v
ham f nira lién tuc duéi, ta cin chi ra mdi
diy xdp xi chin dusi l6n nhdt déu ton tai
mot ddy con hdi ty. Thit viy, ta goi {x;} la
mot ddy xdp xi chin duéi 16n nhit, nghia la
f(xx) — infy f khi k — co. Néu k > k di

TAP 8- 58 7- 8 THANG 8/2024 I |

18n, tacd

flo) € Ahaytaco {nj, 1 < [f <Al
T gia thiée [f < A] la tip compact, tasuy ra
{x4 } 6 it nhdt me ddy con héi ty.
Vi du 2.7. (Bai todn chudng ngai vit) Cho
Q < PB4 13 mét midn véi bién dh tron vi cic
him s8 f. ¢ cho trudc. Xem xét bai todn sau

Tim GTNN J(u) := % / (Vul*dx
Q

sasochoue M:={weW'(Q):w=f

trén dQ vaw > @ trong Q}. (OP)
Su ton tai nghiém cuaa bii toin (OP) dugc
chiing minh théng qua phuong phdp truc
tiép vdi t6-pd yéu trén khong gian W 12(0)
(tham khio [5, Ménh dé 2.1]).

Ménh dé 2.8 Cé dinh Q i mién bi chin
C'. Cho trudc cic ham s6 f : dQ — R va
¢ : Q — R thoéa min cdc diéu kién

o f£C'(3Q),0cCHQ)NC(Q);

o f> @uéndQ.

Khi dé, bai toin (OP) ton tai duy nhit diém
cuctibuii € WH(Q).
Chiing minb. Trudc hét, ta ¢ mét s6 quan
sit don gian sau:
- M la tip 15i vi déng yéu trong W I 'Z(Q),
- J(u) 12 him s3 ntra lién tuc duéi yéu ( sit
dung dinh Iy Hahn-Banach).
Ta sé chi ra méi ddy x4p xi chin duéilén nhit
cta J ¢6 mét ddy con hdi tu yéu. Ta ¢4 dinh
{ug } 1a mdt day him trong W'2(Q) sao cho
J(uy) = infrqJ khi k — eo. Khin > i du
16n, ta ¢6 ||Vugl||;2 < const. C8 dinh V €
M, vidy, ta ¢cé thé chon V = max{(p,f}
trong d6 f 12 mdt théc trién C' ctia f 1én todn
mién Q. S dung bit ding thic Poincaré, ta
c

llug = V|2 < Cal|Vig — VV|| ;2 < const.
Ditu niy suy ra

llallg2 < llux = Vilg2 + |V 2

< CollVur = VV |2+ [V |2 < const,


https://www.facebook.com/letrungkienmath             https://sites.google.com/site/letrungkienmath


HOC

pUGNG VAO

viviviy {1 } bichdn trong W '*(Q). Sau dé
ta cé théstt dung dinh ly Kakutani dékétlun
sy ton tai diém culc ti€u.

Ta sé tiép tuc chiing minh bii todn ¢ nghi¢m
duy nhdt. Bing phin chiing, ta gid sit bai todn
¢6 hai diém cuc tiéu khic nhau .1 € M.
Tir dinh nghia tdn tai mot tdp A C Q c6 d
do duong sao cho Vi; # Vuy trén A. Két
hgp ditu ndy vdi tinh [6i ngitcaaham? — 1A
ta suy ra

2

dx

/ |V (x) + Vuy(x)
Q| 2

% % ([Q|Vu|(.\')|2dx+/ﬂ|Vuy_(.\')|2d.r)

=20,

vdi & > 011 chin duéi nho nhit ciia bii todn.
Ditu ndy din dén w := (u; +u2)/2 € M
théa min J(w) < @, vd ly.

Ménh dé 2.8 dugc ching minh.

Tiép theo, chiing ta sé ban vé tinh ng dung
ctia phuang phip truc tiép trong bii todn téi
uu mién. Mot cich don so, ta cé thé xem
xét mét ho cic tip con cia mét tip U cho
trude nhu 3 mét khong gian metric va giai
quyét bii todn trén d6. Tuy nhién, diéu nay
s€ din dén mot s8 diém bt lgi, ching han
cdc phi€m ham Vol vi Per khong nira lién tuc
dudi. Xa hon nifa, ta c6 thé sit dung mét
cong cu hién dai hon, khéng gian BV (Q), dé
di dén nhitng két qui tdng quét hon (vi du
nhu Dinhly2.11).

ChoV,W C R9 licic tip compact. Khoang
cich Hausdorff gitta V v W dugc xdc dinh
bai cong thic

dy(V,W) := max {sup d(b,V), supd(a.W)

beW acV

=infle >0:V CW+¢B(0,1)

vaW C V+¢eB(0,1)}.

Khi dé, ho cic tip compact trong R4 véi
khoing cich Hausdorff dy 13 mét khéng

8

gian metric. Hon nifa, ta ¢6 két qué sau lién
quan dén tinh compact ctia khong gian nay,
Dinh Iy 2.9 (tham khio [9])

(i)Cho A C R Lacompactva K(A) := {K
A:.Ke K.‘!}. Kbi dd, (K(A),dn) la mg
khéng gian metric compact.

(ii) (Dinh Iy Blaschke vé su chon loc) Mot day
bi chédn trong (K4, dn) tn tai mét day con
héi tu.

Dé ban dén tinh khi thi ctia viéc st dung t6~
p6 sinh boi khoing cich Hausdorff, truéc
hét, ta ¢6 thé xét mot vi du don gian sau vé
tinh khéng lién tuc ctia phiém ham Vol trén
(K4.,dy). XétA = [0,1] vata biée ring Q
A= {q1.q2,"** ,qn, -+ } 12 mot tip dém
duge. DitA,, = {q1 ek aCIm} véim € N. Ta
thiy ring dy (A, A) — 0 khi m — eo; tuy
nhién, Vol(A,;) = 0 trong khi Vol(A) = 1.
Nhu viy, Vol(A) > lim,;—. Vol (Ap,) va dieu
niy chi ra ring Vol khéng nira lién tuc dudi
theo t6-p6 sinh bai dy. Tir diy, lién quan
dén phiém him Vol, ta thiy xét bai todn tim
GTNN bing phuang phép truc ti€p véi t6-
p6 sinh boi dy chua phai [ mét y hay.

Mit khic, néu ta han ché ho tip hop la cic
vit thé1di thi khoing cich Hausdorff vin khi
dung. Dudi diy, ta liét ké mot vai tinh chit
ctia cic phiém him don gidn trong bai toin
t8i vu mién ddi vdi khoing cich HausdorfF.

Ménh dé2.10. (tham khio [9])

(l) Vbl (]Cgom'!dh') =5 [0’+°°) 16\2 lié‘n tﬂf,
nbung Vol - (K, dy) — [0, 4-00) kbbng lién
tuc.

(”) Per (}C:-Inm“ d!l) = [0* +°°) la lién Ly
nhung khéng nita litn tuc trén/dudi trén
khéng gian K4, dpy).

Cho U 1a mt tip compact trong R va f €
L'(U). Sit dung Ménh d2 2.10, Dinh Iy 2.9
va t6—p6 sinh béi khoang cich Hausdorff, tif
phuong phép tryc tiép, t2 ¢6 thé giii mot s0

TU w0 6~ 675 Tdng oo



bai todn cuc tri sau

Tim GTNN Per(A) saocho A C U,
AcKd v /f(x)dx =m >0,
JA

Tim GTLN Vol(A) sao cho
AeKd L ACU.

Tinh chdt cta cdc vit thé 18i déng vai trd
quan trong trong chitng minh tinh lién
tuc/nira lién tuc dudi ctia nhiéu phiém him
trong cdc bai todn t8i vu mién. Bai todn sé
trd nén phirc tap hon khi ta xét mét ho cic
tip con khic. Vi dé két thic, ching téi sé
néu mdt két qua ton tai tdng quit hon st
dung phuong phép tryc tiép ma & d6 ta phii
diing dén mot t6-pd khéc vdi to-pd sinh bai
khoing cich Hausdorff.

Dinh ly 2.11. Gid swta cd

o U C R? I mgt tdp md bi chén, f € L'(U),
ceR,

o A:={ACU:Alamjttipdoduocva

[y f(¥)dx = c} £0.

Khi dé, bai todn minge 4 Per(A) cd it nhit
mot nghiém.

O day, chiing t6i sé khéng trinh bay cu thé tit
ca céc két qua lién quan trong chiing minh
cia dinh Iy trén (xem chi tiét [3, Dinh ly
1.2.2] va [Chuong 16]). Tuy nhién, y tudng
chinh vin 1A st dung phuong phép truc tiép
bing céch chon t6-pd yéu* trén khéng gian
BV (U) (bounded variation). Céch xiy dung
t6-pd ndy vi cdc tiéu chudn cin thiét dé 4p
dung phuong phdp tryc tiép dugec mé ta
dudi diy.

Truéc hét, ta dinh nghfa khong gian BV (U)
gdm cdc hAm s8 f € L!(U) sao cho gradient
Vf € Co(U,R?) (dao ham dugc hiéu theo
nghfa phin b8). O'day Co(U) := Co(U,R)1a
khéng gian cdc him sd lién tuc trén U trigt
tiéu & v6 cling, nghia 3, u € Co(U) khi véi
mdi € > 0, dn tai mdt tip compact K C
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U sao cho (ulx)| < € vimoi x = U ' K.
Khéng gian Cy(1/ ) 1a Banach khi dugc trang
bi chudn |v|| = sup,. [v(x)| va ta ky hiéu
Co(U) 12 déi ngdu cla Cy(U ). Lie by gis
ta c6 thé dinh nghia bdi tu yéu* wén BV (U )

nhu sau: ta néi 1, — u khi
Iu,, — utrong LN(U).
qu,, 2 Vutrong Co(U, 27,

Luuy, & diy ta c6 thé ddng nhit phin tif trén
Co(U) nhu 12 mét d6 do ¢6 ddu trén U va
tinh héi tu yéu* clia mét ddy cdc phiém him
tuyén tinh lién tuc sé tuong duong véi tinh
héi tu yéu ctia mét diy cic do do xdc dinh
bdi cdc phiém him d6 (xem [1, Trang 393]).
Ta dinh nghia phép nhing j : A — BV(U)
bdi j(A) = 14, trong dé

1, 2€A,
Ia(x) = 0, x¢A

Lic biy gid ta c6 thé xem Per : j(A) C
BV(U) — [0,+e<] nhu 2 mét phiém him
eén j(A). Ti [1, Ménh d& 4.2.2] va [1,
Dinhly 10.1.4], ta ¢ mét tiéu chudn vé tinh
compact yéu® trén BV (U): méi day bi chin
trong BV (U) thi t©n tai mét diy con héi
tu yéu*. Hon nifa, tif [1, Ménh de 10.1.1],
phiém him Per nita lién tuc duéi theo t6-
pé yéu®. Tir diy, ta c6 thé két luin vé sy ton
tai diém cuc tiéu cho bai toin trong Pinh
Iy 2.11 bing phuong phip tryc ti€p véi t6-
pd yéu® trén khéng gian BV (U).

Thay cho 1i két, chiing téi sé liét ké mét s6

vin d2 thad vi khdc vin chua dugc thio luin

trong bai viét nay

* tinh duy nhdt vi n dinh cta bii todn t6i
wu mién;

* khio sit cic tinh chit hinh hoc cha diém
cuc tiéu, vi du nhu tinh déi xing, khdi
Wulff, ddi xitng héa Schwarz, déi xing héa
Steiner cho cdc phiém ham tdng quit; ciing
nhu @ng dung vio chitng minh cic bit
ding thic ham, vi du ly thuyét Brunn-
Minkowski, bit ding thitc Brascamp-Lieb;
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« phuong phdp xdp xi s cho nghiém tdi uu,
vi du phuong phip phin tii bién (boundary
element method), cic khdi niém dao him
mien (shape derivative) két hgp cic phuong
phép gradient;

+ xem xét ho tip hop véi cic tinh chat dai 56,
vi du, cic tip nifa dai s6, tip hop o-tdi tiéu.
Tai liéu

[1] H. AtTroucH, G. BuTTAaZZO AND
G. MIcHAILLE, Variational analysis in
Sobolev and BV spaces. Applications to PDEs
and optimization, MOS-SIAM Series on
Optimization 17. Philadelphia, 2014.

[2] C. BanpLg, Dido’s problem and its

impact on modern mathematics, Notices Am.
Math. Soc. 64 (2017), 980 —984.

[3] D. Bucur & G. ButTazzo, Variational
methods in shape optimization problems,
Progr. Nonlinear Differential Equations
Appl. 65, Birkhiuser Boston, Inc., Boston,

MA, 2005.
[4] G. FaBEr, Beweis, dass unter allen

homogenen Membranen von gleicher fliic.he
und gleicher Spannung die kreisformige
den tiefsten Grundton gibt, Sitzungsber,
Bayer. Akad. Wiss. Miinchen, Math.-Phy;,
KL (1923), 169 — 172,

[5] A. FicaLty, Free boundary regularity
in obstacle problems, Journées équations aux
dérivées partielles (2018), 24pp.

[6] E. Kraun, Uber eine von Rayleigh
formulierte Minimaleigenschaft des Kreises,
Math. Ann. 94 (1925),97 — 100.

[7] H. J. Pesch, The princess and infinite-
dimensional optimization, Doc. Math,
Extra vol: Optimization stories (2012),
345 - 356.

[8]]. W. S. RaYLEIGH, The Theory of Sound,
2nd Edition, Dover Publications, New York,
1945.

[9] R. ScHNEIDER, Convex bodies: the
Brunn-Minkowski theory. Second expanded
edition, Cambridge University Press,
Cambridge, 2014.

LOT GIAIL PAP AN

Cudc diéu tra thd vi
Do ca ngui néi thit va ngudi néi déi deu tra
16i “c6” cho ciu héi thit t, suy ra c6 diing
100 nguti din & dia phuong no.
Nguti din trung thuc sé tra 16i “c6” cho
ding mét trong 3 ciu hoi diu tién, vi
“khong” cho hai ciu héi con lai. Con ngudi
ndi ddi sé trd 161 “c6” cho hai trong 3 ciu hoi
diu tién vi “khéng” cho mét ciu hoi.
Tir diy ta c6 thé gidi bing cich lip phuong
trinh hoic bing lip luin.
Cich 1: Gia sit ¢6 tit ca x ngudi din dia
phuong trung thuc. Khi d6 c6 tit ci x +

10

2(100 — x) = 200 — x cdu tra 161 “c6”, ¢
nghia 13200 — x = 40+ 50+ 70 = 160. Suy
rax =40.

Cich 2: T8ng s6 cic cdu tra 16i “c6” cho ba
ciu héi diu tién 14 40+ 50+ 70 = 160. Néu
tdt ci cdc din dia phuong déu néi thit, thi
tdng 8 cic cdu trd 10 “c6” cho ba ciu héi
d4u tién phai 1 100. Do mbi mét ngudi ndi
déi lam ting thém dting mot ciu tra 13i “cé”
trong tdng s3, nén ¢6 tit ca 160 — 100 = 60
ngudi néi déi. Cé nghia I3 c6 40 ngudi din
trung thyc.

(Xem tiép trang 62.)
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Tap chi Pila mét &n phdm cla Héi Toan
hoc Viét Nam, véi muc dich quang ba Toan
hoc téi cong dong. P/ duoc xuat ban hang
thang, va dugc in mau toan bd (ké tir thang
1/2020). Tap chi mang vé dep toan hoc,
kién thac toan hoc téi moi ngudi qua céc
chuyén muc da dang véi cac ndi dung
phong phd, than thién va nhiéu mau s3c.

Chung t6i hy vong rang mdi doc gia, tir tré
em t6i ngudi 16n tudi, véi céc kién thic vé
Toan hoc khac nhau, déu tim duoc nhiing
diéu ly thi vé& Toan hoc cung nhirng ich loi

clia nd, qua cac chuyén muc phu hop trong ~i
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PHEP DOI HINH VA CONG THUC
TiNH DIEN TICH
Phan V: Cong thiic tinh dién tich

NGO VAN MINH, PHAN NGOC MINH VA NGUYEN TH| NHUNG

Trong céc s6 trudc chia tap chi Pi, Todn cia
Bi d4 gidi thiéu dén céc ban nho nhitng phép
ddi hinh co bin: Phép phin xa, phép déi
xtng tim, phép quay vi phép tinh tién. Mot
trong nhitng tinh cht quan trong clia nhitng
phép doi hinh niy i khéng lam thay d6i hinh
dién tich cia nhitng hinh di cho. Bai viét
ndy sé st dung tinh chit quan trong nay caa
nhitng phép ddi hinh dé x4y dung cong thiic
tinh dién tich cta nhitng hinh co bin nhu:
Hinh ch@ nhit, hinh binh hanh, hinh tam
gidc va hinh thang.

5.1 Dién tich hinh vudng

Trudc hét ta cong nhin hinh vudng don vi,
hinh vuéng ¢4 canh la 1 (don vi d6 dai) c6
dién tich 1 1 (don vi dién tich). Vi du hinh
vudng canh 1em c6 dién tich 1em x 1em =
lem? (centimét vuéng).

1em

Hinh 1.

Tinh dién tich hinh vuéng theo canh
hinh vuéng

Tt dién tich cia hinh vudng don vi ta c6 thé

12

tinh dugc dién tich cia mét hinh vudng bit
ky. Gi st ban diu ta c6 mét hinh vudng cé
canh Ia lem.

Biy git ta ting d6 dai ca hinh vudng nay lén
2cm,

2cm

2cm

Hinbh 2.

thi khi d6 cin phii ding 4 hinh vuéng don
viméi c6 thé “l4p diy” hinh vuéng canh 2cm
nay:

2cm

2cm

Hinh 3.
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Néu ta ting tiép dd dii canh hinh vuéng Ién
3em thl sé can t6i 9 hinh vudng don vi:

Hinh 4.

Tuong ty nhu trén, cic ban nhd c6 dodn
dugc cin bao nhiéu hinh vudng don vi dé14p
day hinh vudng canh 10cm sau dy khéng?

10em

10em

Hinb 5.

T nhiing vi du trén, ching ta rit ra nhin
xét: Néu mdt hinh vuéng cé d¢ dai canh
12 a (don vi d6 dii) thi dién tich cia né
bing a x a (don vi dién tich).

Tinh di¢n tich hinh vudng theo d¢ dai
dudng chéo

a

a

Hinh 6.
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Theo cic ban nhd, néu nhu chua biée d6 dai
canh cha hinh vuéng, nhung lai biée d6 dai
dudng chéo ctia nd, thi liéu c6 thé tinh dugc
dién tich cta hinh vudng d6 hay khéng?

Y tudng la ching ta vin dya vio cich tinh
thit nhit, bing cich “cit” hinh vudng theo
dudng chéo d thinh hai tam gidc vudng, rdi
ldy tam gidc vudng cin dé “ldp diy” dé thu
duge mét hinh vudng canh d.

Hinb 1.

R6 ring ta phii cin 4 tam gidc vudéng miu
xanh thi méi ta0 ra dugc hinh vuéng miu
cam. Néi cich khic, dién tich cia hinh
vubng miu cam gip 2 lin dién tich hinh
vuéng mau xanh.

Nhu viy, néu biét dugc d6 dai dudng chéod
cia mét hinh vudng cho trudc thi dién tich
cta né sé bing:

dxd

S=2.

Nhut vy ta c6 thé tinh dién tich hinh vudng
canh a, dudng chéo d bing hai cich sau:

dxd

2

5.2 Dién tich hinh chi¥ nhit
Dién tich ctia hinh chit nhit cting dugc tinh
dua vio dién tich ctia cic hinh vudng don vi.
D¢ xiy dung ra cng thitc tinh dién tich, ta
xét mét vi du cu thé cho hinh chit nhit ¢6
chigu dii bing 7, chitu rong bing I:

S=daxa=

13
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Hinb 8.

R6 rang ta cin 7 hinh vuéng don vi dé “lap

3y” né. Néu ting chitu dii bing 8 don vi
va chitu rong bing 5 don vi thi sé cin t6i 40
hinh vuéng don vi:

o S i 2 A g o)

Hinh .

Dén diy cic ban nho di dodn ra dugc cong
thitc tinh dién tich ctia hinh ch@ nhit roi
diing khong. Mot hinh chi nhit c6 chiéu
dai a va chiéu rong b c6 dién tich bing
axb.

[ —
a S=axb
® L)
b
Hinb 10.

5.3 Dién tich hinh binh hanh

Biy gio ching ta s€ xdc dinh dién tich cua
mdt hinh téng quit hon hinh chi nhit la
hinh binh hanh, Nhic lai ring hinh binh
hanh la hinh ¢6 hai cip canh déi dién song
song v6i nhau. Tif mét dinh, ching han dinh
A, taha AH vubng géc véi canh déi dién DC.

14

Khi d6 AH dugc goi 1 dudng cao ing Vi
canh DC.

Hinh 11.

Gia st ta ¢ mot hinh binh hinh cho nhu
trong hinh vé sau:

Hinh 12.

Y twdng tim dién tich hinh binh hinh I
ching ta cit hinh binh thinh ra thinh cic
hinh nhé hon theo mét cich nio d9, rdi vin
dung cic phép bién hinh dua vé bai todn tinh
dién tich hinh chit nhitma dibi€t cong thic.
Ching han nhu & hinh trén, ching ta c6 thé
lim nhu sau: ké mét dudng cao cit hinh binh
hanh thanh hai phin.

Hinh 13,

Sau d6 dung phép tinh tién “trugt” phin
mau xanh sang bén phai <2 phin mau cam

" l TAP 8 - 5 7 — 8 THANG 8/2024
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Hinh 14.

Dé thdy diy 12 hinh chit nhét c6 chiéu dii
bing 7, chitu rong bing 5. Vi viy dién tich
hinh binh hanh sé bing di¢n tich hinh chi
nhit v bing 7 x 5 = 35 (don vi dién tich).

Tit diy, ta c6 dién tich cta hinh binh hinh
ABCDla

S(hinh binh hanh) = DC X AH,

trong d6 AH 1a dudng cao ké tir A hay dién
tich ctia hinh binh hinh bing tich ctia mét
canh nhén véi chitu cao twong ting véi canh
niy. Viy dién tich ciia hinh binh hianh
biing tich cia mét canh ddy va dudng cao
tuong Wng véi nd.

A B

Hinb 15.

5.4 Dién tich hinh tam gidc

Chiing ta tiép tyc xdy dung cong thic tinh
dién tich tam gidc theo cong thifc tinh dién
tich ctia hinh binh hinh & trén. Cé mét vai
cdch xdy dung, ching han ta dang mudn tinh
dién tich ctia tam gidc ABC miu hong duéi
diy

TAP 8 — SO 7 - 8 THANG 8/2024 7[

Hinb 16.

Bing cich thuc hién phép déi xtiing tim O
I trung diém ctia canh AC, tam gidc ABC sé
bién thanh tam gidc CDA vi thu dugc ABCD
I3 hinh binh hinh.

Hinh 117.

Dé thdy dién tich hinh tam gidc bing mét
nifa dién tich hinh binh hinh c6 ciing chiéu
cao vi ddyViy dién tich hinh tam giic ABC
¢6 cong thic la:

1
S(inh tam gide) = 5 * BC-AH.

Dién tich ctia tam gidc bing mjt nia tich
cia mdt canh vd dudng cao twong ing
véi né.

15
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Ngoii ra ta ciing ¢6 thé thuc hi¢n cich phin
chia nhu sau. Ching han d¢ tinh dién tich
ctia tam gidc ABC duéi diy.

Hinh 19.

Diu tién, ta ké dudng cao AH 1di chia tam
gidc lam hai tam gidc AHC vi tam gisc AHB

Hinh 20.

Tiép d6, tai trung diém E cta duding cao AH,
ké duding thing F O song song véi ddy

Hinh21.

Cuéi cling, ta quay tam gidc AF O quanh tim
0 mét goc 180 db

16

Hinh 22,

Két qui thu dugc 1 hinh binh hainh CFGB
cé chitu cao bing mét nira chitu cao ctia tam
gidc ABC ban diu. Viy dién tich tam gidc vin
la

1
Sumgiic = 5 X BCx AH.

Ngoii cich tinh dién tich tam gidc @it hinh
binh hanh nhu trén, ching ta cting cé thé
dua ra cong thifc tinh dién tich tam gidc truc
ti€p tif hinh chi¥ nhit. Céc em hdy cing xiy
dung cong thitc dién tich tam gidc theo cich
niy bing cich lam bii tip sau nhé.

Bai tip 5.1. Xiy dung cong thic tinh dién
tich méi tam gidc sau theo cong thitc dién
tich hinh chi nhit.

Hinh 23.

5.5 Dién tich hinh thang

Hinh cuéi cing trong bai viét niy gii thiéu
cich xdy dung cong thitc tinh dién tich 1a
hinh thang.

Nhu cic em di viét hinh th:ng la moe vk gidc
¢6 mot cip canh ddi dién :5ng song.

,‘J l . TAP 8 - <O 7 - 3 THANG 8/2024



TOAN CUA BI

A 8

Hinh 24,

Ta ciing thiy ngay mét nhin xét d6 Ia hinh
binh hanh 13 mét hinh thang dic biét, véi hai
cip canh ddi dién song song.

Cic em hiy quan sit hinh vé sau.

Hinh 25.

Nhu vy, bing cich thyc hi¢én phép quay
180° tam gidc BCE quanh tim li trung di€m
E clia canh CD, hinh thang di “bién” thinh
mét hinh tam gidc 6 chiéu cao git nguyén,
nhung d6 dai ddy bing tdng ctia ddy nhé véi
ddy lén. Do dé dién tich hinh thang dugc

TAP 8 — SO 7 — 8 THANG 8/2024 'J l

tinh bing

((diy lon + diy nho) # chiéu cao)

Shinh thang = 3

Nhu viy dién tich cia mét hinh thang
bing modt nita tich ciia tdng hai diy va
chiéu cao ciia né.

Ta c6 thé xiy dung cong thdc tinh dién tich
hinh thang bing cich khic nhu sau. Vi du
nhu ta cin tinh dién tich hinh thang vudng
ABCD cho béi hinh vé

Hinb 26.

Ta sé chia hinh thang ABCD thinh hinh chit
nhit ABHD vi hinh tam gidic BHC

A B

Hinh21.
Suy ra dién tich hinh thang ABCD Ia

SABCD = S4BHD + SgHC

:DHxBH+;xHCxBH

_ (2xDH+HC) x BH
= 2
(DC+AB) x BH
2
Bai tip 5.2. Pua ra cong thidc tinh dién tich
hinh thang ABCD sau theo cong thic dién
tich hinh chi nhit va dién tich hinh tam gidc.

17
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A B

® o

L
L

Hinb 28.

Mot phuong dn khic dé xdy dung cong thic
hinh thang i ta chia hinh thang thinh hai
tam gidc doc theo dudng chéo ctia nd. Céc
em hiy lim bai tip sau dé xem cong thic
theo cich ndy cé giong cdc cich chiing tra vita
trinh biy & trén khéng nhé.

Bai tip 5.3. Lip cong thic tinh dién tich
hinh thang tif cdng thic tinh dién tich tam
gidc bing cich chia hinh thang theo dudng
chéo ctia nd.

Bai viét ndy d4 gidi thiéu céch xdy dung cong
thic dién tich mét s6 hinh cobin, théng qua

dién tich ctia hinh vudng don vi va nhiing
phép ddi hinh. Tit dinh nghta dién tich hinh
vudng don vi, ta mo rdng ra dién tich hinh
vudng ¢ canh bit ky, rdi dién tich hinh chi
nhit, hinh binh hinh vi cudi cting 12 hinh
thang mét cdch rdt tryc gide. Hy vong bai
viét s khdng nhtng gitip cic em nhé v& cdng
thic tinh dién tich mot cich d& dang ma con
c6 thé ty minh xdy dung dugc nhitng cong
thiic ndy mot cch rit ty nhién.

Hinh29.

CUOCDIEU TRA THU VI

GIA DUONG

Thim tit Xuin Phong dang c6 chuyén cong
tic t6i mot dia phuong no dé thu nhip théng
tin di2u tra. Ngudi din & dia phuong dé chia
thinh 3 phe: mét phe chi thich dixe dap, mot
phe chi thich di xe dién vi mot phe chi thich
di bo. Xem ra phe nio ciing ¢6 Iy 1€ dé bio vé
cho quan diém ctia minh. Xuin Phong cting
dugc biét ring mét s8 ngudi & dia phuang
d6 ludn néi ddi, cdn nhitng ngudi con lai thi
lu6n néi thit. Mot vii ngdy sau, Xuin Phong
phit cho méi ngudi din 4 cdu hoi sau diy:
1. “Anh (chi) c6 thich di xe dap khong?”

2. “Anh (chi) ¢6 thich di xe dién khong?”

3. “Anh (chi) ¢4 thich di b khong?”

4. “Anh (chi) ¢4 tri 18i trung thuc céc cdu hoi
trén hay khéng?”

C6 40 ngui din dia phuong tra 15i “c6” cho
ciu héi tht nhdt, 50 ngudi tra 161 “c6” cho

18

ciu hoi th hai, 70 ngudi trd 161 “c6” cho ciu
hoi thit ba vi 100 ngudi trd 15i “c6” cho ciu
hoi thi tu.

Em ¢4 thé gitip Xuin Phong xdc dinh xem &
dia phuong d6 ¢6 bao nhiéu ngudi din luén
néi thit hay khong?

= L
TAP ¢ - 20 7 — 8 THANG 8/20%
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CAC BAITOAN
CHO HOC SINH NHO TUOI

1. Viét choi trd trao déi cdc miéng ddn decal.
Ctt mbi miéng decal Viét lai ddi duge 5 miéng
decal khic. Liac diu Viét chi cé ding | miéng
decal. Hoi sau 30 [in trao déi, Viét sé c6 bao
nhiéu miéng decal?

2. Céc ban S6i, Nhim, Hoang Yén vi Chon
ciing chia nhau mdt qua cam. Nhim nhén
durgc s6 mui cam nhieu gip déiso véi Hoang
Yén. Hoang Yén lai nhin dugc s6 mdi cam it
hon 5 lin so véi Chdn, con Chon lai nhin
dugc nhitu hon 8 mui so véi Hoing Yeén. Hoi
qui cam d6 ¢6 bao nhiéu mui, bi€t ring ban
S6i chi nhin dugc méi vo cam.

3. Ba chti lun c6 tén 1A Ung Rdi, An Rbi va
Ngt Rdi tim thiy mét vién kim cuong, mot
miéng hoing ngoc vi mot chiéc chiu dong
trong hang dong. Chi An Rdi c6 mi chim
miu d6 vA cé bd riu dii hon ctia chit Udng
Rdi. Chii liin tim thdy chiéc chiu ddng c6 bd
riu dii nhdt vi c6 m@ chiim miu xanh. Cha
[t1n c6 bd riu ngin nht th tim thdy vién kim

TAP 8 - 5O 7 - 8 THANG 8/2024 ’J l :

cuong. Hoi cdc chi lan [in luge di tim thiy
thit gi?

4. C6 hai chd kién Béo va Gly, mdi chi phai
chuyén 150g db in du trit tir diém A (la noi
cdc cha dang ditng) t6i diém B, khoing cich
gitta chiing 3 15m. Cha kién Béo di v6i vin
tdc 3 m/phdt, nhung cé thé mang t6i 5g
dd in méi Bin. Cha kién Giy di véi vin toc
5m/phit nhung chi mang dugc 3g d6 in mbi
lin. Hai chi kién nio di chuyén dugc hét so
dd in cin vin chuyén t6i di€m B nhanh hon
vi nhanh hon bao nhiéu phit? Ta coi vin téc
ctia m&i chii kién c6 mang db khong sai khic
v6i vin téc khi khéng mang do.

5. C6 16 ciu bé ria nhau ra ho ciu ci. Biét
ring ciu bé nio mi di ing thi cing doi ma

19



ludi trai. C6 10 ciu bé khong di tng va cd
2 ciu bé khong doi ma lui trai. Hoi s6 céc
ciu bé doi mi lui trai nhung khong di ung
nhi¢u hon hay it hon s6 cic ciu bé di ang I
bao nhiéu?

6. C6 3 chiéc i, trong mbi chiéc nii lai ¢6
mt it keo. Trong ti thi¥ nhit ¢ 7 chiéc keo,

LOI GIAI CAC BAI TOAN

trong tti thi hai ¢4 8 chiéc keo, trong tui thit
ba c6 9 chiéc keo, trong tiii thit tu ¢6 11 chiée
keo vi trong ti thi nim ¢4 15 chiéc keo. Tt
mot chiéc wii bit ky ta ¢6 thé nhit ra mét
s8 lugng keo tuy ¥ va chuyén s8 keo d6 sang
mot chiée wdi khdc. Héi ¢é thé nhin dugcsé
keo bing nhau trong tit ci cdc tii sau ding
hai [in chuyén keo hay khong? Ciing ciu héi
nhu trén véi ba [an chuyén keo.

2 (0f
) =
So

CHO HOC SINH NHO TUOI
(S& 4 nim 2024)

1. Cb gido phit cho 4 em hoc sinh Mai,
Tuin, Vinh, Ngoc tdng cong 66 chiéc bit.
Mai dugc phat nhiéu hon Tuin mor chiéc
bit, Vinh dugc phit nhiéu hon Mai mot
chiéc bit, cdn Ngoc lai duge phét nhiéu hon
Vinh mot chiéc bat. Hoi Ngoc dugc c6 gido
phit cho bao nhiéu chiéc bart?

Li gidi. Ta tam thu lai mét chiéc bt cla
Mai, hai chiéc ctia Vinh va ba chiéc but ctia
Ngoc. Khi d6 ci ba ban sé c6 s6 bit bing
nhau. Tadi thulai 6 chiéc bit, vi thé 60 chiéc
con lai duge chia cho 4 ban, méi ban dugc 15
chiéc. Vi ta tam thu ba chiéc cia Ngoc nén ¢6
gido di phit cho Ngoc 18 chiéc.

Dip sf: 18 chiée.

20

2. Bangudi ban cling vi+ -judn dn sing. MOt
ngudi goi mua 4 chiéc = 2h ngot, mot cbe
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stta va 10 chiéc qudy va tra hét 40000 dong.
Ngudi thd hai goi mua 3 chiéc binh ngot,
mot cdc¢ st va 7 chiéc qudy va tra hée 30000
dong. Ngudi thit ba phii tri bao nhiéu tién
néu anh ta chimua mét chiéc binh ngot, mét
c8c sita va mot chiéc quiy?

L gidi. Tl de bai ta thdy 8 cdi binh ngot,
2 cBc sita v 20 chiée quiy c6 gid 1a 80000
dong, con 9 cdi binh ngot, 3 cdc sita va 21
chiéc quiy c6 gid1a 90000 dong. Hiéu hai gid
tien ndy chinh I4 gid ctia 1 c4i binh ngot, 1
cBc sita va 1 chiéc quiy.

Ddp sé': 10000 dong.

3. Tat ca cic quin clia by domino (gdm 28
quin) dugc xép ding thinh mét diy xich
theo quy luit clia tro choi: diém s8 tai mot
diu cia quin cd ndy tring véi diém s tai
moét diu ctia quan co kia. Mot diu cha diy
xich ¢6 5 diém. Hoi diu kia ctia diy ¢6 bao
nhiéu diém?

-~

—

3 .. .I’
./.S \3/ '0:‘
A28,

Léi gidi. Nim diém (ngi) dugc xudt hién
trén céc nira cua by domino ding 8 lin:

{5,0}, {5,1}, {5,2}, {5,3}, {5,4}, {5,5}
va {5,6}. Bén trong diy xich, cic 5 diém

TAP 8 - 5O 7 - 8 THANG 8/2024 'J I :

dugc chia thanh titng cip. Ma 5 diém ddng
dau tién bilé, vi thé 5 diém cudi ciing s¢ 3 dau
kia.

Dipsé:5 diém.

4. O ving Ritng Nii no, chi ¢6 cic gidng
ngudi Thin Tién va ngudi Lun sinh sdng.
Ngudi Lun luén néi déi néu néi vé s6 vang
ctia minh, con luén néi thit trong tit ¢i cic
trudng hop con lai. Ngudi Thin Tién thi
luén néi déi khi néi vé ngudi Lun, con luén
néi thit trong cic trudng hgp con lai. Mot
lin no, hai ngudi din viing Rifng Nii néi
chuyén véi nhau:

A. Toan bé sé vang ma toi cé la do t6i da dink
cdp & ché con Réng.

B. Anh noi dés.

Em hiy xic dinh xem méi ngudi trong s8 hai
ngudi do 13 ngudi Thin Tién hay 1a ngudi

Lun.

Lyi giai. Gia sit A la ngudi Thin Tién. Khi
dé A néi thit, vi B néi d8i. Nhung ci ngudi
Luin lin ngudi Thin Tién déu khong néi ddi
khi néi v& nhitng ngudi Thin Tién, do dé A
12 ngudi Lun. Khi néi vé ving, A di néi d6i,
do d6 B di néi thit vé A. Diéu niy chi ¢6 thé
khi B 2 ngudi Lun.

Dadp s6: Ci A va B déu la cic nguoi Lun.

5. Ba ban Vinh, Phic va Khinh tham gia
mdt cudc dua xe dap trong nhi theo dudng
dua vong tron, cing xudt phit mét lic. Vinh
dap xe mbi vong quanh sin nhanh hon Phic
2 gidy, con Phic dap xe mdi vong quanh
sin nhanh hon Khénh 3 gidy. Khi Vinh vé
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dén dich dé két thiic quing dua cia minh,
thi Phic phii dap thém 1 vong con Khinh
phai dap thém 2 vong nita méi két thic. Hoi
quing dudng dua bao gdbm mdy vong quanh
sin?

Loi gidi. Gia st quing dudng dua bao gobm
n vong. Khi dé trén ca doan dua, Vinh di
dap nhanh hon Phiic 2n gidy (trong thoi
gian d6 Phuc dap dugc vong cudi cing clia
minh), cdn Vinh dap nhanh hon Khinh 5n
gidy (trong thoi gian d6 Khinh dap dugc 2
vong). Suy ra Khinh dap méi vong mit 2.5n
gidy, chdm hon 0.5n gidy so véi Phiic. Theo
de bii 0.5n = 3. Viyn=6.

Dap so': Dudng dua c6 6 vong.

6. O mét virdn bich thi no 6 rit nhiéu chi
khi, nhung méi chd khi s& chi hanh phiic
néu dugc cho in ba loai hoa qui khic nhau.

22

Hoi c6 nhitu nhit bao nhiéu chi khi sé hanh
phic, néu ngudi chim séc vudn thi chi 6
20 qué I¢, 30 qui tdo, 40 qua dio va SO qui
quyt?

Li gidi. Ta d€ tit ci quyt sang mot bén. Con
lai 20 + 30+ 40 = 90 trdi hoa qua. Do méi
chi khi chi dugc cho in t8i da 1 qua quyt
dé hanh phiic, nén méi chit khi mudn hanh
phiic phai in it nhit 2 qui trong s8 90 qui
ndy. Vi thé s6 khi dugc hanh phic khéng
vugt qud 90 : 2 = 45 (chy).

Ta chira cich lim 45 chi khi hanh phiic nhu
sau:

5 chii dugc 4n I¢, tdo va quyt;

15 chi dugc dn 1€, ddo v quyt;

25 chii dugc in dio, téo vi quyt.

Ddp s4: Nhieu nhit ¢6 45 chd khi sé dugc
hanh phic.

e et il
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PERFECT SQUARES
ARE EVERYWHERE (Part IV)

NGHIA DOAN'

This article is the fourth part of the series on
the expedition to find Perfect Squares.

integer. Find positive integer m such that

(5)-()

Example 16. n is an arbitrary positive |

Solution. First we prove the following claim,

The product of 4 consecutive positive
integers plus one is always a perfect square.

Let n be an arbitrary positive integer > 3, we
have

nn—1)(n—-2)(n-3)+1
=n(n—3)-(n—1)(n-2)+1
=(n2=3n)(n>—3n+42)+1
= (2 =3m)+1)".

Now come back to our problem, by the claim
we have:

m n
(5)-()
4I)m(m —1) _3n(m—-1)(n—-2)(n-3)

2 1-2.3-4
dm(m—1)=n(n—1)(n—-2)(n—3)

= ((nz—3n)+l)2—l
s(2m—-1)2 = ((112 —-3n)+ 1)2

|
Sm= 5("2 -3n+2)

_(m=1)(m=-2) [n-1
kb 2 e 0 3 i

-

Example 17. Prove that if the sum x + y |
can be written as a sum of a perfect square |
and thrice of another perfect square, then
thesum x° +y° canalso be written asasum
of a perfect square and thrice of another
perfect square. In other words, if there exist

| integers a,b such that x +y = a* + 3b.
then there exist integers ¢, d, such that

z +y3 =¢? +3d°.

Solution. First we prove the following claim

If x and y are sums of a perfect square and
thrice of another perfect square, then xy is |
also a sum of a perfect square and thrice of
another perfect square. In other words, if |
there are integers a,b,c,d such that x =
a*>+3b%, y = ¢? + 3d> then xy = (a2+“
3b%)(c%+3d?) can be written asasum of a
perfectsquare and thrice of another perfect |

squarc.

It is easy to verify that (a® + 3b%)(c* +
3d*) = 3(ac — bd)?.

Now, write x + y = a” + 3b°, we have that
4y = (x+y) (22 — xy +?), where:

(595"

if x,y have the same parity

(G- +(3)"

L if x, y have different parity

,,
D x_v+y2 =

Thus, x> — xy+ y?, can be written asa sum of
a perfect square and thrice of another perfect
square. Hence, x>+ can be written as a

VOttawa, Canada.
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sum of a perfect square and thrice of another
perfect square.

Example 18. Prove that for integers x.y
such that

2 ]
1‘) +I == 3_‘.‘- +-“-,

| then 2v+ 2y + I and 3x + 3y + 1 are
i perfect squares.

Solution. First, note that:

(x+2y+1)(x—y)
=22 — 2xy 4 2yx — 2)'2 +x-y
=22 -2 + 3_\'2 —2t =y
(3x+3y+1)(x—¥)
=302 —3xy+3yx— 3y +x—y
=37 =3y +3y° -2 =

Now, (2x+2y+1)(3x+3y+1)(x—y)* =
(xy)2.If xy = 0, then x = 0 or y = 0, From
the given equality, we see that both numbers
xandyareequalto Oif one of themis0. Then
both 2x+2y+ 1 and 3x+ 3y + 1 are 1 and
thus are perfect squares.

Now, suppose that xy # 0. Let d | ged(2x+
2y+1,3x+3y+ 1), thend | (3x+3y+
1) —(2x+2y+ 1) = x+y. Thisimplies that
d|(2x+2y+1)—2(x+y) = 1. Therefore
ged(2x+2y+1,3x+3y+1) = 1,and since
(26 +2y+1)(3x43y+ 1) (x—y)* = (xy)?,
eachof 2x+2y+ 1 and 3x+3y+1isa
perfect square.

Example 19. Prove that the sum of squares
of twelve positive consecutive integers is
not divisible by the sum of them. In other
words, if 1 is a non-negative integer, then

(n+1)+(n+2)+---+(n+12)
Jn+ 12+ (422 4+ (n+12)%

Solution First, note that the sum of any
three positive consecutive integers is divisible

24
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by 3, thus the sum of twelve positive
consecutive integers is divisible by 3, too,
On the other hand, the sum of squares of
three consecutive integers when divided by 3
leaves a remainder of 2, so the sum of twelve
positive consecutive integers when divided
by 3 has a remainder 2. The conclusion
follows.

Example 20. Let N be a 16—digit number,
where none of its digits can be 0, 1,4,
or 9. Prove that there exist some of its
consecutive digits such that their product

is a perfect square. J

Solution. Let N = @ya; ... ajg. Consider the
following sequence of 16 terms:

a, aya,...,ajaz...aig (*)

Note that since each of aj,a3,...,a16 can
only be 2,3,5,6,7,8, each of the terms can
only be factored as

22(1'2_*_62_32(13_}_&.520!5 +ﬁ5.72a7 +ﬁ7’

where o; (i = 2,3,5,7) are non—negative
integers, f; (i =2,3,5,7) are O or 1.
Thus, the sequence (*¥) is one—to—one
corresponding to a sequence of four—digit
binaries B, B3 Bs B7. If there is a 0000 binary,
then it is the term in (*) which is a perfect
square. If there is no such binary, then among
16 terms, two should have the same four-digit
binaries B, 3Bs5p7. Let assume that they are
ayay...ajand ajay...aj, wherei < j, then
ayay...dj 7
— = i 10i42 .« 8
ayay...d;
has a 0000 binary representation of its
prime factorization. This productis a perfect
square.

Note that 16 is the be: possible lower
limit. For 15, the fo: wing number
232523272325232 isa cor:+ter example.
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YEU CAU DOT VOT BAI TOAN GUI DANG

Danh cho doi tuong la Cé y tudng hay doc déo trong 10i ‘
hoc sinh THCS hoac giai.
THPT

Pé bai sdng tac hoac suu tam,
duoc giti kém cung 10 giai. Dé ’
bai chwa duoc cong bé hay gui

‘ cong b6 trén cac tap chi, bao
toan bang tiéng Viét.

Véi nhitng bai toan khd, Poi voi dé swu tam can ghi ro ‘
khuyén khich tac gia gii ngudn goc (trén cac sach bao,
thém cac bai phan tich tap chi hay trong céc ky thi). Péi

vé y twdng, phuong phép véi cac bai toan duoc phat trién
tw duy, méi lién hé vai tr mot bai toan khac, cing
cdc bai todn khic dé khuyén khich tac gia gi6i thiéu
ddang trong chuyén muc bai toan goc.

Hoc cung Pi.

ﬂ}\_ Ceic ban he sink, sink wién cé dé bii trén chuyén mue Thach thie Tadn hee 46 nhin diege J/{

gicy khen 6 Tap chi P

Thong tin Toa soan

59 Gubdibbt@pleduvn ||l Q Hotline: 024.3215.1407

] | l l
@ Giao dich: vanphongﬂl.pi@gmallc ql \

.‘ \ Website: www.pi.edu.vn
| \



TRONG TOAN CO THO,
TRONG THO CO TOAN

TRAN VAN NHUNG'

Mo diu

Diy li khing dinh clia nhiéu nha toin hoc va
nhi tho nudc ta vi quéc té ma toi rit tim dic.
Doc vi suy ngim siu thém t6i cang khim
phuc cic nhi thalén cia nhinloai, vidu nhu
Nguyén Du, W. Goethe (Dic) va R. Tagore
(An D), ... Vi tic phdm ctia ho khong chi Ia
san phim cta trdi tim ma ci khoi c, t6 hop
mat cich thién tai dé cé thé chi dudng cho
nhin loai dén bén bd t do va hanh phic.
Toéi thudng hinh dung nhitng con nguoi tai
ning nhu nhiing thin ciy moc thing ditng
viit cao. Djc biét, nhitng thién tii 12 s6 rdt it
6i nhitng thin cy tao thinh cic duong thing
song song |én tin v6 cling trén trdi xanh. Di
thin cly ¢6 moc 8 miéng d4t ndo, lén v cling
ching déu gip nhau, gip nhau & diém v6
cung. Tdc I cdc thién tai & cic linh vuc khic
nhau ho déu “hiéu” nhau trén dinh cao gip
g0, hoi tu, & v6 cling, ndi riéng la nhi toin
hoc vi nhi tho.

Cic nha todn hoc thé giéi néi vé todn va
the

Nhi toin hoc kiét xuit nguoi Didc, mot
trong cic cha dé ra giai tich todn hoc, Karl
Weierstrass (1815 — 1897), ciing di khing
dinh: “Diing 2 néu mdt nha todn hoc khéng
c6 tim hon thi sf thi khong bao gid 6 thé

trd thainh mot nha todn hoc hoan hao duge
(It is true that a2 mathematician who is not
also something of a poet will never be a
perfect mathematician”). C6 mét s tic gii
cting d1 trich din mét ciu néi tong tu cia
Sofya Vasilyevna Kovalevskaya, mot nit hoc
trd thong minh va xinh dep ngudi Nga ctia

Weierstrass.

Karl Weierstrass (1815 — 1897).

Trong bai bio “Todn hec va Tho” trén Tia
Sing, 9/11/2016, d: ting GS. todn hoc
Hoing TuyvaNhatho Vi Phuong, nh vit
ly ngudi Phép néi tiéng | crre Darriulat di
nhic lai hai ciu ndivui t1¢.: ¢ nhin manh sy

Hai Ny,
26
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tuong dong gira todn hoc va tho. Darriulat
cling cho biét todn vi tho dugc coi la cling
sinh ra diu tién & Mesopotamia (nay la Iraq)
khoing nim-siu nghin nim trudc khi chi
viét bit dau xudt hién.

Sofya Vasilyevna Kovalevskaya (1850 — 1891).

Henri Poincaré (1854 — 1912) I nhi todn
hoc, vit Iy hoc va triét hoc Phdp vi dai di
tiing ndi: “Mathematics is the art of giving
the same name to different things. Poetry is
the art of giving different names to the same
thing”. Tam dich la: “Todn hoc 12 ngh¢ thuit
dit cting tén cho nhiing thit khic nhau. Tho
12 nghé thuic dit n khic nhau cho cling
mot thi”,

Gia thuyét ndi tiéng, xuyén thé ky cta H.
Poincaré, mdt trong bay bai todn Thién ni¢n
ky, di dugc Grigori Perelman (SN 1966,
Nga) chiing minh, Ngudi ta goi Perelman la
“ngudi thong minh nhithanh tinh” va “thién
tai ky di”. Henri Poincaré va David Hilbert
(1862 — 1943, Duic) 1a hai nha todn hoc vidai
ctia nhén loai ¢6 déng gép quan trong trong
viéc tim ra Thuyét Tuong d6i ctia Albert
Einstein (1879 — 1955, D).

“Dién dan Todn hoc Viét Nam” (5/5/2019)

TAP 8 - 56 7 - 8 THANG 8/202¢ ‘] ]

QUAN TOAN

néu dé thi vin “la”: Hiy viét mdt doan vin
trinh bay suy nghi cta anh/chi vé ciu néi:
“Trong mot tam giic vudng, binh phuong
cia canh huyén bing téng binh phuong
hai canh géc vudng”. Diing vin “giii thich”
todn!. Cé rit nhiéu cich laim, mot vidu laem
Truong Phan Minh Thio, hoc sinh THPT &
TPHCM. Rit hoan nghénh su sing tao khi
ra dé thi mg, md dén mic ding vin binh
todn va diing todn binh vin!

Bai tho d6 tudi trén md nha Todn hoc néi
ti€ng Diophantus la vi du mét bai todn bing
tho (Nguyén Suong). Diophantus la nhi
toin hoc Hy Lap néi tiéng, dugc ménh danh
la “cha dé cia nganh dai s6”. Ong c6 déng
gép to l6n vao sy phir trién ctia dai sd hoc va
cting c6 rit nhiu anh hudng dén Iy thuyét s8
sau ndy. Bai tho ngin trén mé 6ng khong chi
tém tit cudc doi nha todn hoc vi dai, ma con
13 ciu d6 tha vi.

Henri Poincaré (1854 — 1912).

Cudc ddi ctia Diophantus ¢6 thé dugc tém
gon trong nhitng dong tha khic trén bia mo:
“Hoi ngudi qua dm‘ing, diy la noi
Diophantus yén nghi

Nhiing con s sau cho biét cudc doi 6ng:
Ong trii qua 1/6 cudc ddi trong thdi nién
thiéu,

Thém 1/12 ni¥a, riu trén cim di moc,
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Trai thém 1/ 7 cude doi, ong lay vo,

5 nim sau, 6ng vui sudng don chio dia con
trai diu long,

Nhung hai 6i, 0 phin thit nghiét ngi,

Ciu bé chi sdng dugc 1/2 tudi doi cha,
Ong tim su an ti trong khoa hoc thém 4 nim
roi theo con ve thé gidi bén kia”.

Dua vio bii tho trén, ban thi tinh xem
Diophantus tho bao nhiéu tuéi. (Ddp s6 1a
84).

Mot s6 nha tho va nha todn hoc Viét Nam
Phiing Quin (1932 — 1995) 1a mét trong
nhting nha vin Viét Nam nita cudi thé ky XX
dugc nhitu thé hé ban doc yéu mén va trin
trong. Ong I nha vin chién si tron ddi trung
thanh véi cich mang, véi ly twdng ma minh
theo dudi tif thud thiéu thdi: di theo V€ quoc
doin, trd thanh ngudi chién si chién diu vi
Té qudc, phung sy nhin din (Kim Phudc).

»
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Phitng Qudn (1932 — 1995),

GS. TSKH. D4 Long Vin va ¢§ GS. TSKH.
Nguyén Xuén Tn (1950 — 2022) I3 hai nha
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Vién

todn hoc ¢d uy tin cta Vién Toén hoc,
Han lim KH&CN Viét Nam.

GS. D6 Long Van di viét trén FB Long
Van Do ngiy 19/6/2016: Toi quen biét anh
Phiing Quén I nhdy Nguyén Xuin Tin (ban
cing Vién Todn). Hoi d6 Tin hay rd t6i 1én
choi nhi anh chi Phiing Qudn & ven HO Tay,
phia sau Trudng Chu Vin An. Noi déy lac
biy gid con hoang ving lim, hiu nhu chua
¢6 mdt quan xd ndo. Gia dinh chi B4i Tram
- vg anh Quidn - cé nha & phé c6 phii sita
chita, loai di mét it cot kéo, vin gb. Anh
Quin xin nhing thd ndy vé dung mét gian
nhi san dién tich bing khoing hai cdi chiéu,
lac diu khéng ¢ méi, € 1am ché ngdi choi,
tiép khich. Anh goi noi niy 12 “Choi ngim
song”, hay tén chi 1 “Vong ba l4u” cho né
cd vé sang — Anh bio thé.

Mot lin, trong khi ngdi udng rugu tai nha
anh Quin, mdt vi vin nghé sy hoi: “Todn lagi
nhi?” Qua cting khong dé dé gii thich ngin
gon cho cdc vin nghé sy thé hé 16n tudi thoi
biy gi% vé todn hoc hién dai, vi cdc vi 4y cé
dugc hoc Toin mdy diu! Nguyén Xuin Tin
rit nhanh uf tri 16i: “TOAN 13 THO ctia
Khoa hoc tu nhién”. Anh Quén cuti hém
hinh dép lai lign: “Vay thi THO 123 TOAN
ctia Khoa hoc x3 héi”. Qui la nhitng dinh
nghia khong thé ngin gon hon?

Trong thdi ky “Nhén vin Giai phdm” anh
Quin c6 ding mdt bai tho c6 tén la “LOIME
DAN?, trong d6 nhi tho tuyén b8 phuong
chim song cia minh. Chinh vi viy ma Nha
tho, Téc gia tiéu thuyét “Vuget Con Dio”, di
rong ri nhiéu nim phii séng canh “C4 trém,
Rugu chiu, Vin chui” nliis chinh ong di
téng két quang doi d6 ¢+ ninh!

Mot trong nhitng téc pt i tha cudi doi cha
Phung Quién la truong ¢ ing tho “Tring
hoang cung”, hinh thic 16t truyén tinh,
nhung thucrald dénéil - +im long son sit
thay chung véi ly twdng < «1g clia minh, di
¢6 bj doi bac béo, rudng b

B —

TE TAP 8 - SO 7 — 8 THANG 8/2024

!



QUAN TOAN

Trong ngdy gié diu anh Phung Quin, sing
thite ddy, dang bin khoin chua biét mang
gl 1én thip huong Anh, thi, khong biét ¢6
phai do Anh méch bao hay khong, t6i niy ra
mdt y tha, vdi ddnh mdy, “liéu mang” dem
dit 1én ban thd Nha tho. Sudt tir d6 cho dén
lGic chi Boi Tram ra di theo Anh, bai tho nay
luén duge treo trang trong bén ban thg anh
Phung Qudn.

“T6i yéu Anh!

Téi yéu Anh khéng vi “Lai me din”;

Toi yéu Anh ching vi “Tring hoang cung;
Toi yéu Anh — mét tim hdn thanh khiét,
Lao khé mét doi ling dong thanh tho”.

Dé Long Vin.

T6i di man phép GS. B3 Long Vin binh ludn
vé bi vi€t d6 ctiaanh: “Cam on GS. D6 Long
Vin! R4t hay, chin thanh vi siu sic. Nha tho
Phuing Quén vi ¢8 GS. Nguyén Xuin Tandi
xudt khiu thinh dinh nghia vé todn va tho,
khong thé hay hon va chinh xic hon, nhu
anh Vin di néi. Sau khi doc xong binh luin
cting bai tho “Toi yéu Anh!” ctia anh Vin, t6i
thém khim phuc Phiing Quén va quy trong
cdc nhd todn hoc Nguyén Xuin Tin va D6
Long Vin. Chi cin hai ciu tho (cudi, trong 4
cdu), anh Vin di phéc thio hoan chinh chin
dung Phuing Quin.”

TAP 8- 56 78 THANG 872024 ‘] [

Cé mot s6 dong nghiép toin hoc cia ching
toi di trd thanh cic nha tho duge ban doc
him mé va quy trong, vi du nhu Vuong
Trong, Ding Hin, Thach Quy, Lé Qudc
Hin, ... vi mot s& ngudi khic ma toi xin 16
chura ké du.

Nguyén Xudn Tin (1950 — 2022) (bén phii).

GS. Nguyén B4, nguyén Cha nhiém Khoa
Sinh hoc, PH TH HN/ Truéng PH Khoa
hoc Tu nhién, PH QG HN (con ré ciia Nha
tho Khuong Hitu Dung), mdt nha khoa hoc
rit ham thich vin tho va todn hoc di néi véi
tdi: “Nay & trong tho ludn ¢6 toin”.

Mot 161 khuyén

Cta GS. Darriulat: “Chiing ta hdy day wé
em yéu ca hai, cic m6n nhén vin va cic mén
khoa hoc, ki thuit vi nghé thuit, thova todn!
Digu dé sé trang bi tét hon cho cic em d€ c6
thé déi dién véi nhitng khé khin ma thé gisi
toan ciu héa khong ngirng bién déng mang
lai. Digu d6 ciing s€ giip tao nén mot thé gidi
thin i hon”.

Tai liéu tham khao

[1] heep://www.tudiendanhngon.vn/danhnh
an/dnct/itemid/12254/search/henri-poincare
[2] https://news.zing.vn/bai-tho-do-tuoi-tre
n-mo-nha-toan-hoc-noi-tieng-post6os76.html
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» Méi bii toin dé xuit (kém theo 19i gidi) cin dugc néu rd 1 bai sing tic hay bai suu tam.

* Bai gidi cho méi bii todn cin dugc trinh biy trong mét file riéng hoic mét & gidy riéng.

« Ngudi dé xuit bi todn hoic giii bai gidi cho céc bai toin trong muc “Théch thitc ky nay”

cin ghi rd ho, dém, tén va noi lam viéc/hoc tip, s8 dién thoai lién hé. Néu 1a hoc sinh
(hoic sinh vién) cin ghi 13 13 hoc sinh 16p mdy (hojc sinh vién nim thit méy).

* Cic bii todn trong muc Thich thitc ky nay huéng t6i cic doc gid [a hoc sinh phé thong;
dugc phan chia thanh cic mic d B, A, va dugc sip xép theo d6 khé ting din, theo ddnh
gid chl quan ctia Ban bién tip. Céc bai todn mitc d6 B khong doi héi cic kién thire vurgt
qué chuong trinh mén Toin cip THCS; céc bai toin mitc d6 A khong doi hoi céc kién
thic vugt qué chuong trinh mén Todn cip THPT.

» Cich thitc giti bai ton d& xuit hoic 1i gidi: giti file thu dugc bing cich scan, inh chup

| (6 nét) ctia ban viét tay, hoic dugc soan thio bing cic phin mém Latex, Word t6i bbt@
| pi.edu.vn hoc giti qua duding buru dién t6i Toa soan (xem dia chi tai bia 2).

|+ Han gii 1di gidi cho céc bai toin P821-P830: trurdc ngiy 15/9/2024.

THACH THUC KY NAY

P821. (Mic B) Cé biy s6 tr nhién khic
nhau, biét ring : tich cla s6 16n nhit va s6
bé nhit 12 2024 va tich ctia nim s6 con lai 1
2310. Hai, tdng cta ci bay s6 d6 bing bao

nhiéu?
Nguyén Hii An, Bic Giang

P822. (Miic B) Cho a,b,c |4 cic s6 nguyén
duong thod min
a i1 b 4+ c 3
a+vbe b+yea c+vab 2
Chitng minh ring ab + be + ca chia hét cho
a+b+ec.

Duy Minh, Ha Ngi

30

P823. (Mitc B) Giai phuong trinh sau trén
tip 6 thuc
#*—20 - 14 +32x— 16 =0.
Nguyén Daic Tuong, Gia Lai
P824. (Mitric B) Cho a,b 1i cic s6 thuc
duong théa min ab < 1. Chirng minh ring

1 L 1 " 1 " 4
ad+b b*+a~a+b (a+b)?
Hoang Ngoc Minb, Ha Nji

P825. (Mirc B) Cho tam gidc khéng cin,
khéng vuéng ABC, véi ba dudng cao
AD,BE,CF. Ky hiéu M, ¥ tuong tng la
trung diém ctia cdc doan thing BC,EF. AN
cit DE tai S. Chiing minh ring MS di qus
trung diém ctia doan thing RE.

3 — e e S el
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THACH THUC TOAN HOC

A

B D M : e
Bui Hoang Nam, Hai Phong

P826. (Mitrc B) Xét mét bang ké 6 vudng
kich thuéc 3n x 3n, v6i n [ mot s6 nguyén
duong 1. Pien 9n? s§ nguyén duong diu
tién vio mbi 6 cia bing sao cho méi 6 duoc
dién diing mét s8, méi s chi dugc dién vio
dtng mot 6, va hai s bit ky sai khdc nhau 3
don vi phai dugc dién & hai 6 canh nhau (hai
6 canh nhau 14 hai 6 ¢6 chung canh). Ching
minh ring ton tai hai 6 nim & hai géc clia
bing d6 sao cho hiéu ctia hai s8 duoc dien
trong hai 6 d6 chia hét cho 6.

16 Trung Hiéu, Nghé An

P827. (Mic A) Tim tit ci cic him s6
f:R* -5 Rt thoimin

Fy+f()+2x=f(x) f ()

véimoix,y € R*.
(R* la tip tdt ca cdc 58 thuc duong.)

Ho Thanh Lai, Binh Dinh

P828. (Mitc A) Tim tit ci cic sd duong a
sao cho: néu (x,) la diy s6 duong thoi min

bl
Xnp1 < Xn+— véimoin > 1 thi(x,) c6 gidi
n
han hitu han.

Tran Nhdt Quang, Tp. Ho Chi Minb (st)

P829. (Mitc A) Cho cic s6 nguyén duong
n,x,ythoaminx > yva

__ yp

= T ey
1258 nguyén. Chiing minh ring, P 1358 chinh
phuong.

Ha Duy Hung, Ha Ngi

P830. (Miic A) Cho tam gidc khéng vudng
ABC, véi tryc tim H. Goi N 1i tim dudng
tron Euler vi L 13 diém Lemoine cia tam
gidc ABC. AH,BH,CH theo tht wr cit
BC,CA,AB tuong tng tai D,E,F. X,Y,Z
theo thd tv 1A tim dudng tron ngoai tiép
cictamgidc HBC,HCA, HAB. Chitng minh
ring DX,EY ,FZ dbdng quy tai mdt diém
thuéc dudng thing NL.

Nguyén Minh Ha, Ha Nji

GIAI BAI KY TRUOC

P791. (Mdc B) Cho mét nhém 21 thinh
phd, méi thinh phd deu cé dudng bay hai
chigu t6i {t nhit ba thinh phd khdc. Ching
minh ring, c6 mdt thinh phd, mi tir d6 c6
thé bay téi bén thinh phd khic.

Loi gidi (phong theo y gidi ciia ban Nguyén
Anb Minb, 169 10 Todn 1, trumg THPT
chuyén Quéc boc, tinh Thita Thién - Hué).
Duéi ddy, ta s€ goi mi dudng bay hai chieu,
tif thinh phé no dén thanh phd kia, mét cich
don gian, 1a dutng bay.

TAP 8 — SO 7 - 8 THANG 8/2024 ” l ;

Ta sé giai bai d4 ra bing phuong phip phin
chiing.

Gia st ngugc lai, kbdng cé thanh phd nio c6
dudng bay téi it nhdt 4 thinh phé khic.

Khi d6, mdi thinh phd chi cé dudng bay téi
t3i da 3 thanh phd khéc. Két hgp dieu nay
véi gid thiét “méi thanh phd déu cé duding
bay téi {t nhdt 3 thanh phd khéc”, suy ra, méi
thianh phd c6 dudng bay téi ding 3 thanh
phé khic. Do d6, tdng s dudng bay cla
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THACH THUC TOAN HOC

nhém 21 thinh pho di cho la:

3.21
2

= 31,5 (dudng bay),

a didu vé Iy (vi s6 dudng bay phii 1a mét 56
wu nhién).

Di¢u v Iy nhin dugc cho thiy, gia sir & trén
L4 sai; do d6, ta cé didu phii chitng minh theo
yéu ciu de bai.

Binh luin va Nhin xét

1. Dé trinh giy hiéu nhim, khdi niém
“dudng bay”, trong phit biéu cta dé bai,
nén dugc thay bing khéi niém “dudng bay
thing’.

2. Bai d1 ra la mot két qud, dugc suy ra, mot
cich dé dang, don gin, tir mot két qui co
ban, rit néi tiéng, trong Todn hoc, thudng
dugc goi [3 B dé “bit tay”. Bing ngon tif
hang khéng, ¢6 thé phét biéu BS de d6 nhu
sau:

B de “bay”. Cho 56 nguyén dwong n > 1.
Gid st cd n thanh phé, ma ti méi thanh phé
déu oo duong bay thing, bai chitu, tdi mét si
thanh phé kbdc trong ching (cd thé cd thanh
phé, ma ti thinh phd niy cd duing bay thing,
hai chitu, tdi O thanh phd kbdc). Kbi dd, si
thanh phé, cd dwong bay thing, bai chiéu, tdi
mt 56 L€ thanh phd khdc, la mot 6 chin.

Vi cic ban doc chura biét B dé néu trén, cic
ban hdy tu chiing minh B4 dé d6, xem nhu
mdt “bai tip v& nhd”.

3. Trong s6 céc 14i giai Tap chi d4 nhén dugc
ti ban doc, rit tiéc, c6 hai 16i gidi sai, do
ngudi gidi bai di mic mét trong cic 16i sau:
— Hiéu sai dieu phai ching minh thinh
“chiing minh ring, tdn tai mét hé thong
duding bay, thoa mén cdc yéu ciu cta de bii,
mi 6 h¢ thdng d6, c6 mot thinh phod cb
duding bay t6i bén thinh phd khic”;

- Hiéu nhim khi niém “dudng bay”, dugc
de cip & de bii.

Cling v6i hai 16i gidi sai néu trén, cé6 mot
1bi gidi khong dugc chip nhin 13 101 gidi
hoan chinh (tuy ¢6 ¥ gidi dung), do cic lip

32

luin trong 10 gidi d6 chua chit ché, thiéu
chinh xdc.

Nguyén Khic Minh

P792. (Miic B) Tim chit s diu tién khdc 0,
tinh tif phi sang tréi, trong biéu dién thip
phén cas6 A = 30!

Loi gidi (dwa theo 6 gidi ciia ban Dodn Hai
Duong, lép TA6, truong THCS Thanh Xudn,
Qudn Thanh Xudn, Tp. Ha N¢s).

Tacé:
1-2:3-4.5.6-7-8-9
=20.3%.7.10, (1)
10-15-20-25-30
=3%.5%.10%, (2)
11-12-13-14-16-17-18-19
=28.3%.7.11-13-17-19, (3)

21.22-23-24-26-27-28-29
=27.3%.7-11-13-23-29. (4
Nhin bén ding thic (1), (2), (3), (4) véi
nhau, vé theo vé, ta dugc:
A=21.3%.74.112.132.17-19-23.29-10".
Dit
B=2"Y-3"%.74.112.132.17-19-23.29. (5)
Tacs:A=B-10. (6)
Dé thdy, B khong chia hét cho 5; do dé, B
khong chia hét cho 10. Vi thé, tir (6) suy ra,
chit s8 tin cting ctia B1a chit s6 diu tién khdc
0, tinh ti phii sang trdi, trong biéu dién thip
phin cia A.
Tt (5), tacé:
B=2Y.34.74.12.32.7.9.3.9
5

=237 = () 24 (1) 374

=23.6-13-3-1-7 48 = 8 (mod 10).
Do dé, chir s6 tin cling ciia B11 8.
Vi vy, chit s6 diu tién k.4c O, tinh tit phai

sang trdi, trong biéu diér: t:dp phin cia A 14
8.

y = Sy=spwro: S
q.c TAP 8- &% 7 .- 8 THANG 8/2024
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Binh luin viA Nhin xét
Tit ci cdc 16i giai Tap chf nhin duge tif ban
doc déu I2 1vi gidi ding va hoan chinh.

Luu Thi Thanh Ha

P793. (Mitc B) Tim tdt ca cc s nguyén a,
b, sao cho (ax+ by)? chia hét cho x* +y2,
véi moi s8 nguyén duong x, y.

Loi giai (cia nguoi chim bai).

Gia st a, bl cdc s6 nguyén théa min yéu ciu
de bai.

Khi d6, do (ax+ by)? chia hét cho x2 + 7,
v6i moi x,y € N* nén véi moi t € N*,
(at + b)? va (a + bt)? ciing chia hét cho
£2+1. (1)
Do dé

(at+b)? — (a+bt)* = (- 7) (2 - 1)

chia hét cho 12 + 1, véi moi t € N*.
Suy ra

(a2 —5%) (P =1) + (a*=1?) (*+1)
=2¢2 (a2 — bz)
chia hét cho 12 + 1, véi moi t € N*.
Tut 46, do (£2,1>+1) = 1 véimoit € N,
nén 2 (a2 — b?') chia hét cho 12 + 1, véi moi
t € N*. Di¢u ndy cho thiy, 2 (02 — bz) c6 vd
s6 u6c nguyén duong. Do d6

2(a 1) =0,haya® =% (2)

Vithé, (a+b1)* =a? (2 +1) £24%. (3)
T (1) va (3), suy ra, 2a% chia hétcho 2 + 1,
véi moi t € N*. Ma (r,/>+1) = 1 véi moi
t € N* nén 2a? chia hét cho #2 4 1 véi moi
t € N* Vi viy

2a* =0, haya=0. (@)
T (2) va(4),suyraa=b=0.
Nhu viy, néu a, b1 cic s8 nguyén théa min
yéu ciu dé bai, thia = b =0.
Ngugclai, véia=b =0,tacé

(ax+by)2 =0,
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véi moi x,y € N*; do 6, (ax + by)* chia hét
cho x2 4 ¥%, v4i moi x,y € N*.

Viy, tdt ci cic s nguyén a, b théa min yéu
ciudebiili:a=b=0.

Binh luin vi Nhin xét

Trong s6 cic 16 giai Tap chi di nhin dugc tit
ban doc:

- Rit tiéc, c6 moe 13i giai sai, do ngudi gidi bai
“quén” 012 s8 nguyén;

- Hiu hét cic 16i giai ding déu 12 16i giai
“ning n&”, trifu tugng, do ngudi gidi bai di
st dung cdc két qua Iy thuyét qui manh dé
giii bii.

Lwu Thj Thanh Ha

P794. (Muc B) Xét cdc s6 nguyén duong a,
b, ¢ théa min 2a+3b+ 5¢ = 100. Tim gia
tri 16n nhat va gid tri nho nhit cta biéu thic
P =abc.
Loi giai (dua theo § gidi ciia Ddp dn do BBT
cung cip).
T rang budc doi véi a, b, ¢, suy ra

1 <a,b,c<46. (1)

o Tim gid tri nho nhdt cia P.

Ta cé:
P=(ab—1)(c—1)+(a—-1)(b-1)
+a+b+c-2
>a+b+c—2 (do(1)).
Suy ra

SP>5(a+b+c)—-10
= (2a+3b+5¢)+3a+2b—10
>100+3-14+2-1-10=95.
Do dé, P > 19.
Honnta,véia=b=1,c=19,tacé
2-143-14+5-19=100
vaP=1-1-19=19.
Vi vdy, gid tri nho nhit cia P bing 19.
o Tim gid tri lon nbit cia P.
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Theo bit ding thic trung binh cfng - trung
binh nhin, ta co:

: 3
P=Za-3b 5c<l(2a+3b+5c)
30 —30 3

1 (100)3 :
=35'\3) <123

Tidé,doabc € N*,nén P<1234. (2)
Néu P = 1234, thido 1234 = 2-617 va
2,617 lacics6 nguyén td,nén P=1-2-617
12 biéu dién duy nhit ctia P duéi dang tich
ca ba s6 nguyén duong (tinh dén thi tf ctia
cic thifa s6). Suy ra, néu P = abc = 1234
thi (a,b,c) laméthoinvicial,2,617. Ditu
niy mau thuin véi (1) (do trong ba sé a,b,c
c6 mdt s 16n hon 46). Vi viy, P # 1234. T
diy va (2), suy ra P < 1233, (3)
Néu P = 1233, thi do 1233 =3%-317 v
3,137 la cic s6 nguyén t8,nén P =3-3-137
12 biéu dién duy nhit cta P duéi dang tch
ctia ba s8 nguyén duong (tinh dén thi rf clia
cic thira s8). Suy ra, néu P = abc = 1233
thi (a, b, c) lamoéthoin vicia3,3,137. Diu
niy mau thuin véi (1) (do trong basé a,b,c
c6 mét s6 16n hon 46). Vi vy, P # 1233. Tt
diy va (3),suyra P < 1232.

Dé thiy, véia=16,b=11,c=7,tac

2-164+3-1145-7=100

viP=16-11-7=1232.

Vi viy, gid tri 16n nhit clia P bing 1232.
Binh luin va Nhin xét

Rit tiéc, trong s cic 16 gidi Tap chi nhin
duge tit ban doc, c6 moe 16 giai sai, do ngudi
gidi bii di c6 nhitng nhim lin trong cic lip
luén logic.

Nguyén Khic Minh

P795. (Mtic B) Hai ban Vinh vi Tung, méi
ban ¢6 n tim thé, trén médi tim thé c6 ghi
mdt s6 nguyén duang, trong pham vi tif 1
dén n (trén hai thé khdc nhau, ghi hai s6 khic
nhau). Ban Hung ¢4 n c4i hop tréng. Hung
bio Vinh va Tungin lugt b6 nghu nhién vio
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mdi hop mot thé cia minh. Sau do, Hung
ghi lén méi hép gi4 tri tuyée d6i caa hiéu
hai s6 dugc ghi & hai tim thé c6 trong hop.
Tiing khing dinh: Chic chin c6 hai hop sé
duge Hung ghi cling mét s8. Hoi, ban Tung
néi ding hay sai, trong méi truding hop dudi
day:

a)yn=99.

b) n=100.

Loi gidi (dwa theo Dip dn do BBT cung cap).
Theo mot thi ty thy ¥, lin lwgt ddnh s8 n cdi
hopbdi 1,2,...,n.

Véi méi i € {1;2;...;n}, ta goi hop duge
dinh s6 i 12 hop thii.

Tiép theo, ta goi tim thé c6 ghi sd k 13 thé k.
Vé&i méi k € {1;2;...5n}, ta goi thé k 1a thé
chin, néu k14 s8 chin; vi goi la thé [é, néu k 1
sd lé.

a) Véin =99, do tir 1 dén 99 c6 49 s6
nguyén duong chin va 50 s6 nguyén duong
Ié, nén méi ban, Vinh va Ting, deu c6 49 thé
chin va 50 thé é. (1)
Tir cic gia thiét cha bai toin, d&€ dang suy
ra, s6 dugc Hung ghi & méi hop 12 mée
s8 ty nhién, nim trong pham vi tit 0 dén
98(=99—1). (2)
Gia sit ban Tung néi sai. (3)
Khi d6, do (2), cic s6 dugc Hung ghi 1én 99
cii hop sé 1 tit ca 99 s6 tu nhién, tir 0 dén
98. (4)
Ta goi mét chiéc hop 14 hdp loai 1, néu s8
Hung ghi lén hop d6 12 mét s8 chin; vi goi
13 hdp loai 2, néu s6 Hung ghi 1én hop dé 12
mot s6 lé.

Khi dé, do tir 0 dén 98 c6 50 56 tu nhién chin
vi 49 56 tuf nhién l¢, nén theo (4), c6 50 hop
loai 1va 49 hop loai 2. (5)
Dé thdy, mét hop 12 hop loai 1 khi va chi khi
hai thé duge bo vio hop dé ciing 1a thé chin,
hojc cling [a thé 1&; va mé+ :2p 13 hop loai 2
khi va chi khi hai thé, dvi - 56 vio hop dé,
gom mot thé chin vamér - <74, (6)
Goi x va y, twong g, 1z .4 1é chin vA s

’J l TAP 8 - 5O 7 - & THANG 8/2024
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thé lé, ma Vinh di bd vio cic hép loai 1; ta
cb,x,y € Nva

x+y =50 (do(5)). (7)
Do (6) nén s8 thé 1é ma Tung di bé vio cic
hop loai 1 cting 14 y. V1 thé, tir (1) suy ra, s6
thé lé ma Tung di bo vio cic hop loai 2 1
50 —y. (8)
Do (1) nén sd thé chin Vinh di bé vio cic
hop loai 2 12 49 — x. Vi thé, it (6) suy ra, s6
thé 1¢ ma Tung di bo vio cdc hop loai 2 Ia

49 —x. 9)
T (8) va (9), ta duoc

50-y=49—x;
suyra,y = x+ 1. Vi thé

xt+y=2x+1,

miu thuin véi (7) (do 50 12 s6 chin, con
2x+11as61é).
Maiu thuin nhin dugc cho thiy, gid st (3) Ia
mot khing dinh sai. Vi viy, ban Tung di n6i
ding.
b) Xét tinh hudng bd thé vio hop nhu sau,
caa Vinh va Tung:
e Vinh: Véiméi k € {1;2;...;100}, bo thé
k vio hop thit k.
o Tung:
— V6i méi k = 1,25, bo vio hop thit k thé
101 —k;
— V6i méi k = 26,49, bo vio hdp thit k the
100-k;
— B6 vao hop thit 50 thé 1;
— V6i mdi k = 51,74, bo vio hdp thi k thé
101 —k;
- Bo vio hop thit 75 theé 75;
— V6i méi k = 76,100, bd vio hdp thit k thé
102 —k.
Bing tinh todn tryc tiép, dé thiy, véi tinh
hudng bo thé vio hdp néu trén, ciia Vinh va
Tung, cdc s6 dugc Hung ghi 1én 100 cdi hop
12 tdt ca 100 s8 t nhién, tir 0 dén 99.
Do dé, & tinh hudng néu trén, khong c6 hai
hép nio duge Hung ghi cling mét s6.

TAP 8 — SO 7 — 8 THANG 8/2024 TD
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Vi viy, trong truding hop n = 100, diéu ban
Tung di néi la moe diéu sai.
Binh luin va Nhin xét
1. Dé thdy, c6 thé phit biéu lai bai di ra, mét
cich don gian hon, nhu sau:
Bai P795’ (dang phit biéu khic ciea P795).
Cho s6 nguyén duong n > 1. Ban Vinh cé6 n
tim thé, trén mdi thé c6 ghi moe s8 nguyén
duong, trong pham vi tit 1 dén n, va trén hai
thékhic nhau dugc ghi hai sé khic nhau. Ban
Hung ¢6 n cdi hop réng, dugc dinh s6 thit
tu béi 1,2,...,n. Hung bio Vinh bé ngiu
nhién vio méi hop mét thé ctia minh. Sau
d6, Hung ghilén mdi hop gid tri tuyét ddi cia
hiéu ctia s8 dugc ghi & tim thé, ma Vinh di
bé vio hop, va sd thit o ciia hép d6. Hoi, o
thékhing dinh “chic chin c6 hai hép sé dugc
Hung ghi cing mét s6” hay khong, trong
mdi truong hop sau:
a)n=99.
b) n=100.
Bing ngdn ngit todn hoc thudn tiy, cd thé phat
biéu bai todn trén nbu sau:
Bai P795" (dang phit bicu kbic cia
P795’). Cho s nguyén duong n > 1. Cho
(a1,a2,---,a,) la mét hodn vi tlty y clia n 56
nguyén duong diu tién. Hoi, c6 thé khing
dinh “tdn tai i,j € {1;2;...;n},i # j, sa0
cho |a;—i| = |aj— j|” hay khéng, trong méi
trudng hop sau:
ayn=99.
b) n=100.
2. Bai todn duéi diy 12 mot khii qudt ctia bai
P795™:
Bii toin khii qudt. Tim tit ci cic
s nguyén duong n > 1, ¢6 tinh chit:
Véi moi hoin vi (ay,a,...,a,) cia n
s8 nguyén duong diu tén, luén ton tai
i,j€{1;2;...;n},i # j,saocho

|ai—i| = |a; — jl-
Bai todn khdi quit néu trén 13 mét bai todn
di c6 vi di dugc giai quyét tron ven.
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3. Rir tiéc, tat ca loi giai Tap chi di nhian
duoc tr ban doc, deéu la 16i gidi hoic sai
(do ngudi gidi bai di vin dung sai nguyén ly
Dirichlet), hoic chua diy du (do thi€u 1o giai
cho ¥ b)).

Nguyén Khic Minh

P796. (Miic B) Cho hai hinh vuong, XYZT
va PQRS, ¢6 canh bing nhau. Cic canh
ctia ching cit nhau, tao thinh bit giic 15i
ABCDEFGH, nhu & hinh vé dusi day.
Chitng minh ring

AB+CD+EF+GH =BC+DE+FG+HA.

H
RF\/EAQ
Z

Li gidi (dua theo livi gidi ciia ban Dgng Ngoc
Anb Tha, ldp TC truirng THPT chuyén Ha
Ngi - Amsterdam, Tp. Ha Njz).

X

S, ALY

75
B Y
N,

v

Tir céc gid thiét cha bai todn, dé dang suy ra,
cdc tam gidc vudng XAB,YCD, ZEF, TGH,
PCB, QED, RGF, SAH dbi mot ddng dang,
Do dé

AB CD _ EF
XA+XB YC+YD ZE+ZF
o iGH v BE
" TG+TH PB+PC
O DE- i PG
"~ OD+QE  RF+RG
_ HA
" SH4SA
Suy ra
AB+CD+EF +GH
XA+XB+YC+YD+ZE+ZF+TG+TH
BC+DE+FG+HA

~PB+PC+QD+0E+RF+RG+SH-SA |

(theo tinh chit cia ddy ty s bing nhau).

Khéng mit tinh tdng quit, gia s canh cta

hai hinh vuéng cé d6 dii bing 1.

Pit a = AB+ CD + EF + GH, va

b=BC+DE+FG+HA.

Khidé, do
XA+XB+YC+YD+ZE+ZF+TG+TH

=(XY+YZ+ZT +TX)
—(BC+DE+FG+HA)=4-b,
PB+PC+QD+QE+RF+RG+SH+SA

=(PQ+QR+RS+5P)
— (AB+CD +EF +GH)
=4-a, (2)
nén (1) duge viét lai thanh:
a b
desh ided. ©) :
Ta cé: 5
(3) & da—a? = 4b— b "
& (@=b)(a+b—2 =0, (4)

Tir (2), theo bit ding thiic tam vidc, suy ra
4—a>BC+DE+FG- /A =b;
dodé,a+b—4 #0. Vi the, tir (4) ta o
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a = b, hay

AB+CD+EF +GH =BC+DE+FG+HA.
Diy I diéu phai chitng minh theo yéu ciu dé
bai.

Binh luin va Nhin xét

Tt ca loi giai, Tap chi dd nhin dugc tif ban
doc, déu l2 16i giai diing va hoan chinh.

Ha Vi Anh

P797. (Mic A) Cé bao nhiéu bo sip thi
tu cdc 8 nguyén duong (a,b,c), théa min
abe = 20232024
Loi giai (dua theo loi gidi ciia ban Nguyén
Tin Nguyén Chuong, ldp 11T1, truong
THPT chuyén Luong Vin Chinb, tinh Phi
Yén).
Trudc hét, ta nhic lai (khéng chiing minh)
két qua rit quen biét sau:
B8 de. V6i n va k 1 cdc s8 nguyén duong,
phuong trinh (in x1,x3,...,x,)

XA+t =k
c6 titca Cf' +k—1 Nghiém tu nhién.
T7¢ lai bai todn.
Vi phin tich chuin c1a 2023 2

2023 =7-172,

nén phin tich chuin ctia 20232024 13
20232024 — 72024 A 174048.

Do d6, véia,b,c € N*, ta ¢é:
abc = 20232924 LhivA chikhi

(a,b,¢) = (7178, 7% . 1772 7% . 17Py)

véi ay, 02, 03, 1, B2, B3 12 cdc s8 ty nhién,
thoa min
o) + 0 + 03 = 2024, (1)
B1 + B2 + B3 = 4048. (2)
W1 thé, s bé sdp thit ty cdc s nguyén duong
(a,b,c) théa min yéu ciu de bai chinh bing
58 b6 sip thit ty cdc s8 tu nhién

(a11a21a31ﬁlaﬂ2aﬂ3)y
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thdéa man (1) va (2). (3)
Goi 5 12 58 cdc bo sép thif s cic s tu nhién
(al 02, a31ﬂl1ﬁ2aﬁ3) ’ théa min (1) va (2)’
viky hiéu 8,83, tong dng, 12 tip hop titca
cicbd sip thit tuf cic s6 ty nhién (o, 0z, 03)
théa min (1), tip hop tdt ca cic bd sip thi
tuf cic s6 ty nhién (By, B2, B3) thoa min (2).

Ta cé:
s=|51|-|S2).

Theo B8 dé néu trén, [§)| = C%g%g = C%O%

- 2
s = C3026 * C4050-

Vi viy, theo (3), c6 tit ca C%o% . C‘Zwso bo
sdp thi t cdc s8 nguyén duong (a, b, ¢) thoa
min yéu ciu dé bai.

Binh luin vi Nhin xét

Ligiai ctia ban Nguyén Tin Nguyén Chitong
12 1¢i giai duy nhit dting, trong s5 cic 16 gidi
Tap chi di nhin dugc it ban doc; cic 1vi giai
con lai khong duge chip nhin 1a16i giai ding
(tuy c6 ¥ gidi dung), do cdc ldp ludn trong cc
1i giai d6 rdt thiéu chinh xic, rir thiéu chit
ché.

Nguyén Khic Minh

P798. (Mitc A) Cho f(x) 12 mdt da thic hé
s thuc, c6 bic n > 2. Gia sif ring, f(x) c6
n nghiém thuc, la @1, 00,...,0,, va f'(x)
6 n — 1 nghiém thye, A &, 05,...,0) ;.
Ching minh ring

[] (—a)=n"x [T (-aj).
1<i<n

1<k, I<n -
k#l 1<j<n-1

(Chii y: Céc nghiém ctia f(x) va f’ (x) khéng
nhit thiét d6i mét phin biét.)

Loi gidi (dwa theo lod gidi ciia ban Dé Viét
Hoang Long, lop 114, trusng THPT chuyén
Quang Trung, tinb Binh Phuic),

Goi a 12 hé s8 cao nhit clia da thitc f(x).
Khi dé,do f(x) c6 bic n v cé n nghiém thuc
0, 00,...,0p, nén

flx)=a(x—0)(x—0p) - -(x—0m). (1)
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Vi f(x) ¢ bic 1 vi ¢6 hé 58 cao nhit la q,
nén f'(x) cd bicn—1vicd hé sd caonhitla
na. Vi thé, tir gid thiét vé nghiém caa f' (x),
suy ra

f(x)=na(x—of) (x—0aj)--- (x—an1) -
Do dé

n—1
f () =na-]'[l (i—aj), (2)
s

véimoii=1,2,...,n

Mit khic, tir (1), theo cong thirc tinh dao
ham cta him tich, ta cé:

fl(x)=a- ﬁx ;).
rs

i=1J
Do dé
n
(o) =a- H o—-a;), (3

;e
véimoii=1,2,...,n
Tir(2) va(3),suyra
n n—1
[T(i-aj) =n-]](ei-e3), )
j=1 Jj=1
J#i

véimoii=1,2,...,n

{ (4), cho i Iin lugt nhin cic gid tri ti 1 dén
n, roi nhin n ding thic thu dugc véi nhau,
vé theo V&, ta c6 ding thic cin chitng minh
theo yéu ciu dé bii.

Binh luin vi Nhin xét

1. D& bai khéng yéu ciu cic nghiém ctia f(x)
déi mét phin biét. Tuy nhién, dé thdy, trong
trudng hop f(x) c6 nghiém boi, két qua ciia
bai ra I3 tim thudng (vi khi d6, ci hai vé cia
ding thifc cin chiing minh déu bing 0).

2. Tirca cicloigidi Tap chinhin dugc tirban
doc déu 12 16i gidi diing va hoan chinh.

Trin Nam Diing

P799. (Mic A) Tim tdt ca cic s8 nguyén t6
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p, thoa min

§
[Z%l C :O(modp )

Loi giai (du‘d theo loi gidi cia ban Ngu_yen
Thinh Trung, lop 11 Todn, trwing THPT
chuyén Hing Vicong, tinh Phii Tho).

Trudc hét, ta nhic lai (khong chiing minh)
két qui quen thudc sau:

B4 de&. Véi moi s8 nguyén t p, ludn cé

Cp_1 = (=1)* (modp),
v6i moi s6 nguyén duong k < p.

179 lai bai todn.
Véi i 13 s6 nguyén duang tiy y, ta cé:
: ! —1)!
=t z'(:—:) P (i*(f)!(pli)!
=p- C;;-—l'
Do dé
H (5]

Y.i-C,=p-) C
i=1 i=1
Vi thé

(4]
):; .Ch=0(modp?)

[5]
@):c' I =0(modp)

Pl
[E]
@E( 1)~=0

= [g-] =0(mod2)

¢ p=1(mod4) (do p 12 s6 nguyén t0).
Viy, céc s6 nguyén t8 cé dang 4k + 1, k € N,
[ t4t ¢4 c4c s8 nguyén t8 thda min yéu ciu dé
bai.
Binh luin va Nhin xét
1. Vi cédc ban doc chua biét B4 d¢, néu trong
Loi giai trén, cdc ban hdy ty chiingy minh Bé
de dé, xem nhu mot “bai tip vé nhia”, (Go? y:
St dung phuang phip qui nap tt.20 k < p.)

(mod p) (theo B8 de)
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2. Rit tiéc, trong s8 cdc loi giii Tap chi nhin
dugc tit ban doc, c6 mée 1i gidi khong ding,
do ngudi giai bai di xét sai truang hop p = 2.

Nguyén Khic Minh

P800. (Mtc A) Cho t gidc 16i ABCD c6
AB + CD > BC + DA. Cic dudng chéo
AC,BD cit nhau ti 0. Goi x,Y,2,t, tuong
ttng, 1A khodng cich tir diém O dén cic dutng
thing AB, BC,CD, DA. Ching minh ring

Vil 1]

Spas A,

- AR e REY
Li giai (dwa theo Ddp dn do BBT cung cip).

DPit AB=a,BC = b,CD = ¢, DA = d,
OA =k OB=1,0C=m, 0D =n,vi
ZAOB = a.

Goi Sg, Sp, S¢, Sg, tuong ting, 12 dién tich cia
tam gidc AOB, BOC, COD, DOA.

Khi d6, d& thdy, bdt ding thitc, cin chitng
minh theo yéu ciu d& bai, cé thé dugc viét lai
dudi dang:

& + i > E. + i (1)
Sa Sc Sb Sd.
Dé thdy, ta c6:

S 1 5 S_k_Si
Sd—n—Sc'Sb_m_Sc'

S, kl WY kn

a d (3)

PUrH, 4 S. mn' S, Im

TAP 8 - 5O 7 - 8 THANG 8/2024 f_’ l,

Ap dung dinh Iy cosin [in lugt cho cic tam
gidc AOB, BOC,COD, DOA, ta duc:

@ =2 +12 =2kl cosa =2 +12-45,cotat,
b =1 4+m*+2mcosa = Iz+rr12+4Sb cotc,
¢ =m2+n2—2mncosa=m2+n2—4Sccota,
d? =n?+ K2+ 2nkcoso = n? + I +4S5,cota.
Suyra
4(Sa+Sp+Sc+Sa) cot ot = —a? +bP — P +d>.
Tiép theo, ta cé:

2 2
a ¢ b d
SS(—+—) —SS( )
avc Sa Sc bod Sb Sd

2ac— —b*— —d“—2bd
Sa Sc x Sp S4

::; (k2+l2 48, cota)

+— (m +n ——4Sccota)
: 2(P+m? +4Sbcota)

S
- S—b (n2+k2+4Sdcota +2(ac—bd)
d

& Sc-kz_Sd'mz 1 Sc'lz Sb‘"z
3 Sp Sa Sa
+ Sa'mz_Sb-kz + Sa‘"z_sd'lz
S S4 Se Sb
~4(Sc+Sa+ S+ Sp) cota +2 (ac — bd)

=—4(Sc+Sa+Ss+Sp)cota
+2 (ac — bd) (do(3))

= (a*~b*+c*~d?) +2 (ac—bd) (theo(4))
=(a+¢)? = (b+d)>.
Tu dé, doa+c > b+ d (gii thiét) va

SaSe = S35 > 0 (theo (2)),

(48)> (802
Sa Sc Sb Sd 3

suyra
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THACH THUC TOAN HOC

Do dé

a ¢ _b d

—t= >,

Se S¢ S Sy
(1) dugc ching minh; va vi thé, ta c6 digu
phii ching minh theo yéu ciu dé bai.
Binh luin va Nhin xét
1. Theo thiy Trin Quang Hing (gido vién
trudng THPT chuyén KHTN, Dai hoc
KHTN - PHQG Ha Ndi), bai di ra i mot
hé qua truc tiép cia mét hé thic gida do dai
canh va d¢ dai duding chéo cia mdt v gide
16i, dugc Larry Hoehn dua ra trong bai bio
“A New Formula Concerning the Diagonals
and Sides of a Quadrilateral” (Tap chi Forum
Geometricorum, Vol.11(2011), trang 211 —

212). Hé thiic d6 nhu sau:

“Cho ut gic 1di ABCD. Goi P la giao diém

ctaACvABD.DjtAB =a,BC = b,CD =,
DA':d,PA:(’,PB:f,PC:g)PD:h~
Ta cé:

efgh(a+b+c+d)(a+c—b—d)

=(agh+cef +beh+dfg)

x (agh+cef —beh—dfg).”
2. Loi gidi ctia ban Tnin Minh Hoang (16p
11T1, trudng THPT chuyén Ha Tinh, tinh
Ha Tinh) 12 15 gidi duy nhdt, Tap chi nhin
dugc nir ban doc, va la moe 10 gidi ding.

Ha Vii Anh

DANH SACH HQC SINH CO LOT GIAI PUNG

Trong cdc ngodc don ¢ phan dudi ddy, sau tén ldp la ma biéu cia cdc bai todn ma boc sinh cd lot

gidi diing.

KHOI THCS

e Trudng THCS Nguyén Thdi Binh, Tp.
Ca Mau, tinh Ci Mau: Lé Nguyén Hoing
Nbhdt Dinh (16p 9C; P792).

e Trudong THPT chuyén Ha Noéi -
Amsterdam, Tp. Ha Noi: Ding Ngoc Anb
The (16p 7C; P796).

e Trudng THCS Thanh Xuin, Quin
Thanh Xuin, Tp. Hi Néi: Doan Hai Duong
(l6p 7A6; P792, P793).

KHOI THPT

e Trudng THPT chuyén Quang Trung,
tinh Binh Phuéc: D Viét Hoang Long (16p
11A; P792, P793, P794, P798, P799).

e Trudng THPT chuyén Nguyén Quang
Diéu, tinh Dong Thdp: Trin Thi Phuong
Thdo (16p 10T1; P796).
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e Truong THPT Chi Ling, tinh Gia Lai:
Phan Trinh Nguyén (16p 11A1; P798).

o Trudng THPT chuyén Ha Tinh, tinh Ha
Tinh: Trén Minh Hoang (16p 11T1; P800).
e Trudng THPT chuyén Hung Vuong,
tinh Pht Tho: Nguyén Phic Hung (16p 11
chuyén Todn; P798), Nguyén Thanh Trung
(16p 11 chuyén Toén; P794, P799).

e Trwong THPT chuyén Luong Vin
Chinh, tinh Pha Yén: Nguyén Tiin Nguyén
Chuong (16p 11T1; P797, P799).

o Truong THPT chuyén Quéc hoc Hué,
tinh Thira Thién - Hué: Nguyén Anb Minh
(16p 10 Ton 1; P791, P799).

e Trudng THPT chuyén Ty nhién, PH
Khoa hoc Ty nhién - PHQG Ha Noi:
Vieong Khdnh Toan (16p 11A1 Todn; P798,
P799).
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THE NAO LA TRONG TAM

NGUYEN HOANG VU

Ta c6 thé cin bing mdt miéng bia hinh tam
gidc trén dau mot chiéc bit chi néu diém tiép
xtc chinh la giao diém ciia ba dudng trung
tuyén. Giao diém ndy vin dugc goi 14 trong
tdm ctia tam gidc. Trong bai viét ndy, chiing ta
s€ cing tim hiéu vé khdi niém trong tim, cich
xic dinh trong tim cling mét s6 ¢ng dung
todn hoc lién quan.

Hinb 1. Trong tdm co hoc ciia tam gidc.

1. Trong tim va cin bing tinh hoc

Ta hdy xét mét hé gdbm n chit diém c6
khéi lugng my,ms,...,my,. Tai mdt thoi
diém, chung c6 vector toa do lin lugr 12
T, 'Fg, T Trong co hoc, trong tim cla
hé chit dlem ndy dugc dinh nghia la diém c6
vector toa do:

" omT
B=f=ml )
veiM=m +my+---+m,

Chuyén dong cta hé niy c6 thé dugc mé
ti dudi dang két hgp chia hai chuyén dong:
chuyén dong tinh tién cha trong tim va
chuyén dong quay clia cic chit diém trong hé
quanh trong tim. Cic chi tiét toin hoc lién
quan dén vin dé nay twong doi phitc tap nén
ching ta sé khong dé cip toin b & diy ma
chi néu mét sd diém ding cha y.

Thi nhit, theo dinh luit 2 Newton v6i méi
vat trong hé ta ¢6 phuong trinh m; a = ?, -

F;. E O diy, @] 1a gia tc chuyén dong clia chit
diém thi i, ? 13 hop luc cta tit ca cic luc

bén ngoai hé con F:’ 12 hop luc cta it ca cic
lyc bén trong hé chit diém tic dong 1én né.
Dong thai, ldy dao ha.m hai lin cta (1) theo
thoi glan ta dugc Mag = Y, m;a; véi ag
1 gia td¢ chuyén dong ctia trong tim. Do cic
luc bén trong hé ton tai duéi dang cic cip
luc tryic dai (theo dinh lujt 3 Newton) nén
T F' 0 vitacs Mag=Y", . Ttc
1a d;nh luit 2 Newton hoin todn ¢ thé dugc
dp dung truc tiép cho ci hé chir diém véi
tong khdi lugng M dit tai G.

Mit khic, tdng mémen luc déi véi G cla
cdc trong luc tic dung lén cic vit m; sé
bingO(do): lm,gxr,— ]?x
(m;7]) = 0). Méi cip luc truc d01 bén
trong hé ¢ cing phuiong va ngugc chitu nén
tdng mémen cua chiing déi véi G ciing bing

| Ha Néi.

TAP 8 - SO 7 - 8 THANG 8/2024 ﬂ
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| 0. Do dé, chuyén dong quay quanh trong  diém c6 cing mét trung diém chinh 12 tAm
tim cta hé vit chi phu thuc vio cic mémen déi xding. Do dé, theo cdng thirc (1 ), €6 thé
luc ctia cdc ngoai luc con lai (trit trong luc).  nhin thidy tim déi xéng chinh 1A trong tim
Tit nhitng nhin xét trén ta thiy hé vitsécan €42 céc hinh dang ndy, vidy:

bing (khong tinh tién cing nhukhéngquay) ~ ® Trong tim clia mdt doan thing la trung

khi: diém clia né.

e Tdngcic ngoailuc ticdunglénhécinbing e Dudng trdn hay hinh tron déu cé trong
vdi tdng trong luc ctia hé; tim chinh li tim cta ching.

o Tdng cic mémen lyc ciia cic ngoailyc d6i Hinh binh hanh c6 trong tim Ia giao diém
vdi G bing T)} cta hai dudng chéo.

Trong trudng hop vit cin bing chi <6 mot  ® Trong tim ctia mdt mit ciu hojc hinh ciu

diém tua, didu kién thir nhit wrong duong dicli tim cdané

v6i phin luc ﬁ tic dung lén vit i diém  ® Trong tim ctia hinh hop ch@ nhit chinh I3

tiép xtc sé phii cing phuong vingugc chitu  gia0 cua cic duding chéo chinh.

véi trong luc ? Ma theo ditu kién thit hai, 2.2 Dinh lujt don biy

momen lyc cia né d6i v6i G phiibingOnén  Véi nhitng trudng hgp phiic tap hon, ta c6

viéc nay chixiy rakhidiém ti€pxicviGeling  ché chia d6i tugng hinh hoc thinh cic phin

nim trén mdt dudng cé phuong thing diing. ¢4 trong tim di biét rdi xic dinh trong tim

Trong trudng hop miéng bia tam giic trong cta ci hé. Thay vi sit dung cong thic dang

Hinh 1, di¢u kién cin bing ndy ing véidiém  vector, ta c6 thé st dung dinh luit don bdy

tiép xtic chinh I3 G, con trong truding hgp dugc phit biéu nhu sau:

khic, vi du nhu cin bing ciamétcliblatchl  Gid s# bai vit khdi lugng M va m dwoc ddt

trén diu ngén tay, diém tiép xiicvitrongtim  trén mdt don by (mét thanh ngang kbing

ctia bit chi phii nim trén mét dwdng thing kb luyng dupe dit trén mée diém twa).

dirng. Khodng cdch tie M va m dén diém twa lin lugt
la D va d. H sé cin bing kbi va chi kbi:

©

Hinh 3. Dinb ludt don bdy.

M:-D=m-d

-0

8

D d

Hinh 2. Cin bang cdi bit chi trén ngon tay.
Diém tya dé cho hé cin bing trong dinh ludt

2. Mot s6 phuong phép xdc dinh trong  tr¢n cingchinh 1 trong tim G ciia h hai v4t.
tim Thit viy, diém tya ndy s thda min (1) eirc A
2.1 Trong tim vi tim ddi xi'ng Miy; = miy,

Véi nhitng hinh c6 tim d6i xiing, ta c6 thé  Ta hiy xét trudng hop mét hink: ~udng bi
coi chiing nhu nhitng tip hopvo hancdccip  cft di mot phin e, Hinh vudng @ d3u cé

2 ’"L TAP8-507-8TH " iG 8/2024



trong tim [ giao diém G clia hai duting chéo.
Phin bj cit di (mau cam) ¢6 trong tim K
cting 1A giao diém clia hai duding chéo ctia né.
Trong tim ctia phin con lgi (mau xanh) phii
théa min dinh luit ddn biy sao cho trong
tdm ctia hé gdm ci hai (tdc hinh vudng ban
dau) 13 G. Do phiin cdn lai c6 dién tich gip 3
phin bi cit di nén trong tim K’ ciia n6 phai
nim trén duding thing GK, khic phia véi K

vic6 GK' = %GK.

Hinh 4. Trong tém cia phin mau xanh cé thé
duwge xdc dinh thing qua dinh lugt don biy.

Ta hidy thiét lip cich dp dung dinh luit
don bﬁy cho hé c6 nhiéu vit. Gid s ring
he gom n vit c6 trong tim § G,. Khi dé:

o mi 7 =(m+m+-+ m,,)_r’(;n
Gla st ta thém vio mot vit thi n+ 1 véi
khéi lugng my4 1. Trong tam mdi Gn+l cia

hen+1vatsethoaman ):" lm, ri —(m1+

my + «++ 4+ Mpy1) 7 G,,,- Trit hai vé clia
phu‘dng trinh diu khéi hai vé ciia phuong
trinh sau ta ¢é m,,.,.l?nﬂ
i mn) (_?Gnl n) + mn+170,+|
hay Mus1 (Pns1 = P Gony)
cer m,,)( i —'?G"B. Phuong trinh
cudi niy cho thiy ta ¢6 thé xic dinh G4
bing cich 4p dung dinh luic don biy cho vit
thit n 4 1 v mdt vit twong duong dit tai G,
c6 khdi lugng bing téng n vit ban diu.
Tuong ty nhu viéc cudn sich Co sd cia
Euclid liéc ké c4c tién dé cho hinh hoc cling
cdc dinh ly dugc xdy dung tif nhiing tién de
ndy, cudn V2 su cdn bing cia cdc mdt phing
cta Archimedes lai liét ké cic tién d2 lién

TAP 8 - SO 7 — 8 THANG 8/2024 ‘1 l ;

(ml +my +

= (my +my +

quan dén sif cin bing ciia don biy, vi tri ciia
trong tim cting cc dinh lf lién quan. Dinh
luit don biy di dugc Archimedes sif dung
dé ching minh ring giao diém ciia ba duoing
trung tuyén ctia tam gidc chinh la trong tim
co hoc ctia né.

AT

Hinh 5. Ching minh cia Archimedes cho trong

tdm tam gidc.

Ching minh cta niy dugc thuc hién bing
phin chitng. Gia sif ring trong tim (cd hoc)
H cta tam giic ABC khéng nim trén trung
tuyén AD. Pudng thing qua H song song véi
BCcitADtil.

Chia déi doan thing BC tai D, rdi lai chia déi
lién tiép hai nira thu duoc, lip lai cho dén
khi dugc doan thing DE ngin hon HI (viéc
chia d6i doan thing c¢6 thé dugc thuc hién
chivéi cic cong cu [a thude thing vi compa).
Ta chia cic doan thing BD vi DC thinh cic
doan thing lién tiép nhau c6 46 dii bing DE
nhu trong hinh rdi ké cic dudng thing song
song vdi AD qua céc diém diu cia ching, cit

AB i cic diém nhu K, L, M, ... vi cit AC tai
cic diém nhu N, P,Q, ...
N&i MN,LP,KQ, ... ta dugc cic hinh binh

hianh (dugc t6 mau khic nhau) nhv trong
hinh vé&. AD sé di qua giao diém ctia hai
dudng chéo, ciing [3 trong tim co hoc cla
cic hinh binh hinh ny. Do trong tim cta
tdt ci cdc hinh binh hinh d&u nim trén AD
nén trong tim O ciia hinh ta0 béi cic hinh
binh hinh niy gdp lai cing nim trén AD.

Qua C ké dwdng thing song song véi AD, cit

dudng thing OH tai V. Djtn = 2C.
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Tam gidc ADC va cdc tam gidc miu ving ddng
dang nén dién tich tam gidc ADC: tong dién
tich cdc tam gidc miu ving = AC? : (AN* +
NP +...)=n*:n=n:1=AC:AN (1)
Tuong ty, dién tich tam gidc ABD: tong dién
tich cdc tam gidc miu xanh = AB: AM (2)

MiAC: AN = AB: AM nén tir (1) va (2) ta
6 dién tich tam gidc ABC : téng dién tich cic
tam gidc nho = CA : AN. Do DE < HI nén
déthiy CA : AN > VO : OH.Goi X ladiém
trén OV sao cho CA : AN = X0 : OH. Khi
dé, téng dién tich cic hinh binh hinh: téng
dién tich cic tam gidc nhé = XH : HO.

Do trong tim tam gidc nim & H con trong
tim cdc hinh binh hinh nim & O nén theo
dinh luit don biy, X chinh li trong tim cla
hinh do cdc tam gidc nhé (ci miu ving lin
mau xanh) gop lai. Mit khéc, tit ci cic tam
gidc ndy nim cling mét phia cia duding thing
qua X vi song song véi AD (X0 > VO do
X0:0H =CA: AN >VO0: OH).Haiditu
nay khéng thé cling xiy ra nén X khéng phai
1 trong tim cta cic tam gidc nho.

Do dé, theo phin chitng thi gii dinh trong
tim co hoc H khong nam trén AD li sai. Lam
tuong tu véi hai dinh con lai ciia tam gidc, ta
s€ dugc giao diém ciia ba dudng trung tuyén
1a trong tim co hoc clia tam giic.

2.3 L4t cit va cdc khéi trong khong gian
ba chiéu

Vi cic khéi trong khdng gian ba chiéu, trong
mdt s3 trudng hop, ta ¢ thé tién hanh cit vit
thé bing cic mit phing khic nhau vi xem xét
trong tim cta cic ldt cit. Vi du véi hinh try,
ta ¢6 thé cit né bing cic mit phing vudng
géc véi truc chinh clia né. Céc ldr cirséla cic
hinh trdn ¢4 cling bén kinh véi ddy hinh try
vi ¢6 tim nim trén truc chinh cta hinh tru.
Tap hop quy tich cic trong tim clia cdc ldr cit
s& la doan thing ndi tim hai ddy cta hinh try.
Cicldt cit cting 06 khéilugng bing nhau nén
trong tim clia chling cting chinh I trong tim
ctia doan thing niy tic trung diém G clia nd.
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Hinb 6. St dung lt cdt dé tim trong tdm bink
tru.

V6i hinh nén, ta ¢4 thé cit né bing cdc mjt
phingdi qua truc chinh ctia hinh nén va xoay
quanh truc ndy. Méi l4t cit 13 mét tam giic
cin c6 ddy 12 mét dudng kinh ctia ddy hinh
nén. Cic lit cit deu bing nhau v c6 chung
trong tim I3 diém G trén doan thing n6i dinh
hinh nén va tim ctia ddy hinh nén, cich dinh
hinh nén mét khoing bing % d6 dai doan
thing niy. Diy ciing 14 trong tdim cta hinh
nén.

Hinh 7. Sit dung lit cit dé tim trong tdm binb
non.

L cit cting c6 thé dugc két hgp véi dinh
lujt don by dé tinh thé tich. Archimedes
di diing cich ndy dé tinh thé tich hinh ciu
ma khong cin tich phin. Ong 15ng hinh ciu
vio trong mot hinh tru ¢ bin kinh ddy v
chiéu cao bing véi duding kinh cia hinh ciu.
Truc chinh ctia hinh try di qua tim hinh ciu.
Hinh ciu ti€p xtc v6i hai d4y hinh try tai tim
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cta hai ddy ndy. Sau dé, ta dyng mét hinh
non cé ddy 1 mot ddy ctia hinh try vi dinh
non 13 tim ctia ddy con lai. Céc hinh khéi &
diy duogc coi nhu lim tit cung mot vit liéu.

/

Hinh 8. Tinh thé tich binh ciu sit dung dinb ludt
don bdy.

Khi diitng mét mit phing vudng géc véi truc
chinh ctia hinh try dé cit hinh nén, hinh ciu
vi hinh try, ta duoc cic hinh tron ddng tim
nhu trong Hinh 8.

Ta hiy xoay céc hinh [dng nhau & trén dé cho
truc chinh ctia hinh try tring véi phuong
nim ngang. Tai diém R trén tryc chinh AC
cta hinh try, khi cit bing mét mjt phing
vudng géc truc chinh, ta dugc cic hinh tron
bin kinh RQ, RP vi RM. Ta cé:

AC . AG* . ACY
RA "RA-AC QA
clia tam gidc vuéng AQC)
. AC?
" AR? 4 QR?
MR?
R (MR=AC
va tam gidc APR vudng cin)

(OR la dudng cao

(dinh ly Pythagoras)

TAP 8 — SO 7 - 8 THANG 8/2024 TE

Do dé:

MR?-RA = (PR* + QR?) . AH
v6i H 1a diém déi xitng v6i C qua A.
Khi diing mét mit phing cit vudng géc truc
chinh hinh tru, dién tich cta cic thiét dién
tron sé ty Ié véi binh phuong bin kinh. Do
d6 cong thitc trén tuong dudng véi viéc khi
ta doi lit cde hinh ciu v ldt cdt hinh nén t6i
diém H cdn lit cic hinh tru gi@ nguyén thi
hé 3 ldt cit sé cin bing theo dinh luit don
biy. Ta c6 thé cit vo s8 lit cie khi R chay tit
A dén C. Khi ta doi tit ci ldt cdt cia hinh ciu
va hinh nén v& H cdn cdc lit cic hinh tru gii
nguyén vi trf (tlc gitt nguyén hinh tru) thi
hé vin cin bing. Trong tim cua hinh tru la
trung diém AC nén theo dinh luit ctia don
by:

1
(Mnga + my,)-AH = Mery * (EAC)
ViAH = AC vi khéi lugng cia cic vit ddng
chit ty 1¢ thudn vdi thé tich nén:

1
Vaén + Vciu = 'Z'le

Coéng thic tinh dién tich hinh nén di duoc
dugc nhi toin hoc Hy Lap Eudoxus chitng
minh trudc d6. Bin thin Archimedes ciing
di chiing minh dugc cng thic thé tich hinh
tru. Goi § la dién tich ddy hinh try, ta cé:

1
Vatn = 38-AC;Viey = §-AC.

1 1 1
Vau = 55-AC— 3§-AC= 2§-AC
Goi R a ban kinh hinh ciu. Vi § = 7(2R)?,

AC = 2R nén:
4

Vdu = §7TR3

Xic dinh trong tim bing tich phin

Cong thiic (1) ¢6 thé dugc viét thinh dang
toa do trong trudng hop khéng gian mot
L mixi

chitu xg =
v M

. Dang lién tuc cuia
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cong thic niy ¢ dang: 1 = % f‘:’ pxdx véi
p la ham mit d¢ trong khoing [a.b]. Tich
phin niy cho ta toa d trong tim clia mét
thanh khong dong chit khdi lugng M. Dé
tim trong tim trong nhing truding hop phic
tap hon, ching ta sé cin sit dung tich phin
2 16p cho hinh phing, tich phin 3 16p cho
khéi ba chitu, tich phin dudng cho dudng
cong (trong mit phing vi khéng gian), va
tich phin mit cho mjt cong. Ban doc c6 thé
tham khio cic cong thifc tuwong ting trong
cdc gido trinh gidi tich.

Bai tip

1. a) Cho tam giic ABC. Trén cic canh AB
va AC lan lugt ldy cic diém D vi E sao cho

AD
DE || BCva Vi k.Hiy xicdinh trong tim
ctia hinh thang DBCE.

b) Hiy dm trong tim ctia hinh thang cin ¢6
do dai hai ddy Iin lugt i a vi b(a < b) vadd
diicanh bénlad.

2. a) Hiy xic dinh trong tim clia miéng bia
hinh cha L duéi dy.

9cm

6cm

10cm

b) Hay tim trong tim ctia phin dugc t6 miu
biét duwdng tron tim A va dudng tron tim B

c6 bn kinh bing nhau.
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3. Trén ba canh k€ tiép nhau ctia mot luc gige
deu, dung thém cdc tam gide deu nhu hink
vé. Hay tim trong tim ctia hinh nay.

4. Cho mét hinh it dién ABCD. Tam giic
BCD c6 trong tim 3 M.

a) Cit ut dién bing mot mit phing song
song v6i mit phing (BCD) dugc tam giic
B'C'D'. Chiing minh ring trong tim tam
gidc ndy luén nim trén AM.

b) Liy diém K di chuyén trén CD. Tim quy
tich cic trong tim clia tam gidc ABK.

¢) Tit hai ciu trén, hiy chi ra vi trf trong tim
ctia hinh tir dién.

5. a) Tit két qué cdu 4, hdy néu cich tim
trong tim ctia hinh chép ¢6 ddy 1a mot da gidc
n canh.

b) Hiy néu cich xic dinh trong tdim ctia hinh
chép cut va hinh nén cut.

6. Cho mdt hinh ciu vi khoét khoi né mét
hinh ciu c6 dudng kinh chinh 13 mét bin
kinh ctia hinh ciu ban diu. Hiy tim trong
tim phin cdn lai.

3. Dinh Iy Pappus — Guldin

Cic lién hé gitta trong tim vi viéc tinh dién

tich clia mjt trdn xoay hay thé tich ctia khéi

tron xoay dugc nhi todn hoc Hy Lap c6 dai

Pappus phit biéu vio thé ky thir 4. Ching

cing dugc nhi todn hoc Thuy S Paul Guldin

néu va chiing minh vio théky 17. Ngay nay,

chiing ta biét dén cic cdng thitc nay dudi tén

goi dinh Iy Pappus - Guldin,

Dinh Iy Pappus - Guldinus bao gom hai
cong thitc d€ tinh dién tich bé mit va ihé tich
cua cdc vit thé tron xoay:
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* Cho mot duding cong C d¢ dai L véi trong
tim tai G vd mdt tryc quay ddng phing,
khong cit duding cong. Khi quay duéing cong
C quanh tryc quay thi dién tich bé mit cia
mdt tron xoay duge tao thinh sé L:

A=L-d

véi d 12 d6 dai cung tron mi G di di chuyén
trong qud trinh quay (néu C quay hét vong
tron thi d 13 chu vi cda ci vong tron) (Hinh
9).

Hinh 9. Dinh ly Pappus-Guldin cho di¢n tich bé
mdit kboi tron xoay.

Cho mét hinh phéng dién tich A, trong tim
tai G quay quanh mét truc quay dong phing
va khéng cit né. Thé tich khéi trdn xoay
dugc tao thianh sé la:

V=A-d

v6i d 12 d dii cung tron md G di di chuyén
(Hinh 10).

Hinh 10. Bjnb ly Pappus-Guldin cho thé tich

khdi tron xoay.

Trong khi ching minh ctia Guldin cho dinh
ly ndy rdt phdc tap thi mot cich ching

TAP 8 - SO 7 - 8 THANG 8/2024 7[

minh khdc sit dung khdi niém cic dai lugng
khong thé chia clia Cavalieri di dugc John
Roccha thyc hién. Cich chdng minh niy
xuit hién trong cudn sich hinh hoc Opera
Geometrica cha Torricelli. Né cfing rit gin
véi cich chitng minh sit dung gidi tich ngay
nay.

Dé hiéu cich 4p dung dinh Iy Pappus-
Guldin, ta hiy diing né cho truding hgp dién
tich mt tru va thé tich hinh tru.

-

A
i
W 2 l

Hinb 11. Ap dung dinb ly Pappus-Guldin d¢

tinh dién tich mdt tru.

Khi quay mot doan thing quanh mét truc
quay ddng phing vi song song vdi né (Hinh
10), ta thu dugc mdt mit tru. Goi do dii
doan thing la h vi khoing cich tir doan thing
dén truc quay la r. Quing dudng trong tim
cta doan thing (titc trung diém cta nd) di
dugc sé 1a 27tr. Do dé dién tich ciia mit tru
A 2xrh.

Hinb 12. Ap dung dinh Iy Pappus-Guldin détinh
thé tich binb tru.
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Khi quay mét hinh chir nhit quanh mt
canh cta nd, ta thu ducc mot hinh tru. Goi
dd dai canh song song véi truc quay la /i con
do dai canh con lai la r. Trong tim cua hinh
chi nhir (nic giao diém ctia hai duding chéo)
¢6 khoang cich dén truc quay la g vi quing
3
duongdi chuyén ctia trong tim la Tr =27,
Dién tich hinh ch nhit 13 rh. Theo dinh ly
Pappus-Guldin, ta dugc thé tich hinh tru I3

V=rh-ar=nar. b) trong tim cua mién 6 hinh bdn nguyg;
Bai tip biét thé tich hinh ciu bén kinh r 12 gm-".

7. Hay dung dinh Iy Pappus-Guldin cho

dién tich bé mit khéi tron xoay dé tim: @

a) dién tich xung quanh ciia hinh nén. = A

9. Khéi torus (xuyén) 12 hinh thu dugc bing
cich quay mdt hinh tron bin kinh r quanh
mot truc dong phing khéng cit né, véi
khoing cich tif tim dudng tron dén truc
b) trong tim ciia cung bén nguyét biér dién quay 12 R. Hiy ding cic dinh ly Pappus-
tich xung quanh cia hinh chubinkinh 73 Guldin dé chi ra ring né c6 dién tich xung
4mr. quanh 13 A = 472Rr vi thé tich I V =
27°Rr.

8. Hiy diuing dinh Iy Pappus—Guldin cho thé
tich khdi tron xoay dé tim:
a) thé tich hinh nén.
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10. Diing két qua tif cdc bai trude dé tim
trong tim ciia hinh du6i diy biét phin cung
tron ¢6 hinh bin nguyét:

b) Hinh arbelos (“Iudi dio ciia thy gizy”)
xudt hién tlf todn hoc Hy Lap ¢6 dai. N6
dugc tao thanh tif viéc khoét hai hinh bin

/\\
~
N\

9m

11m

11. @) Tim trong tim cta hinh dudi diy
biét phin hinh tron bi khoét di ¢6 bén kinh
bing mét nia bin kinh cia hinh trdn ban
dau. Hiy giai theo hai cich: sit dung dinh
luit don by hoic dinh Iy Pappus-Guldin véi
truc quay nim trong mit phing, khéngcitca
hai hinh tron vi vuéng géc véi dudng thing
ndi tim ctia ching (cich niy cin sit dung
cong thitc vé thé tich khéi torus).

TAP 8 — 5O 7 - 8 THANG 8/2024 T[

nguyét khoi mot hinh bin nguyér ban diu
nhu trong hinh dudi. Hiy xic dinh trong
tim ctia hinh arbelos theo hai cich.

5. Loi két

St dung don bdy vi trong tim trong chiing
minh hinh hoc 2 mét néi dung thi vi gidp
hoc sinh lién két cic kién thitc vit If véi todn
hoc. Tic gia hy vong ring bai viét niy c6 thé
gitp ich cho viéc day vi hoc todn & cic cha
de c6 lién quan.

Tai liéu tham khio

[1] Archimedes. (1897). The Works of
Archimedes. Cambridge University Press.

[2 Koch, A. (2008). Archimedes, the Center
of Gravity, and the First Law of Mechanics.
Apeiron Montreal.

[3 Morin, D. (2008). Introduction to
Classical Mechanics. Cambridge University

Press.
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Trong phan diu chuyén muc, ching téi sé
trinh bay véi cic ban 13 gii ciia cic bai toin
trong Ky thi Toin Harvard-MIT 2/2024,
ding trong s6 bdo 4/2024.
0C67. Cho ABCD 4 hinh vuéng va { Iz
dudng thing di qua trung diém ctia doan AB
vi cit doan BC. Cho khoing cich et A vaC
dén [ lin lugt 12 4 vi 7, hiy tinh dién tich ctia
ABCD.
P
AN

4 ~

D C

Loi gids, Xér dudng thing (' qua B song song
v6i L viha cic dudng vudnggéctit A vi C dén
£'. Cht ¥ ring vi £ di qua trung diém doan
AB nén khoing cich tit B dén £ bing 4. Nhu
vy, khoing cich tir A vd C dén ¢’ lin lugt 1
AY4=8vad4+7=11.

Goi P va Q lan lugrt 13 chin dudng vudng
géctit AviCdén {'. Do ZPBA+ ZQBC =
90°, ta suy ra ZPAB = ZQBC. Nhu viy
hai tam gidc vuéng PAB vi QBC bing nhau
vi ¢6 canh huyén vi géc nhon bing nhau.
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P i p

Ta suy ra BP = CQ = 11. Viy d6 dai

canh cta hinh vuéng 2 \/AP?+BQ? =
V82 +112 = /185. Ta c6 dién tich hinh
vuongla 185.

OC68. Tinh téng cta tit ci cic s6 nguyén
duong 71 thoa min 50 < n < 100 va 2n + 3
khong 13 wéc ctia 2™ — 1.

Li gidi. Trude tién ta chitng minh khéng
dinh: néun > 10 thi 2n+ 3 khéng 13 uw6c ctia
2" —1khivichinducin+1vi2n+3 dau
13 s8 nguyén td.

Gid sit ci n+ 1 v 2n + 3 deéu I s8 nguyén
t0, ta cin chiing minh 2n + 3 khéng 13 uéc
ciia 2" — 1. Gié sit phin ching ring (21 +
3)|(2* - 1). Theo Pinh Iy nhd Fermat,
(2n+3)|(22"*2 — 1). Tuy phién, i n + 1
12 s8 nguyén t6 nén ged(2n + 2,n!) = 2.
Sir dung tinh chit ged(2¢ — 1,26 — 1) =
2ecd@b) _ 1 tasuyra (2n43)|(22—1) =3,
miu thuin.

Chigu ngugc lai, ta ¢6 21 + 3 khéng 13 uéc
ciia 2" — 1. Gid sif phin chitng ring két lun
bai todn khong ding, ta xét 2 trudng hgp
nhu sau,

Trwong bgp 1: 2n+31ahop s6 thi (21 +3)
la 56 chdn va khong qué I3 2n, vi viy ¢ (2n +
3)[n!, theo dinh Iy Euler ta suy ra di¢u mau
thuin ring 2n 4+ 3 A u6c ctia 2" — 1.,

Truing hgp 2: 2n + 3 14 58 nguyén t8 nhung
n+ 11ahop s8. Khi d6 2n + 2|n!, viy 2n +
3](2"! = 1), miu thuin. Nhu viy khing dinh
dugc ching minh,

TAP8-58 787 1ANG 8/202¢



Cdc s6 nguyén ¢6 tir 50 dén 10012 53;59;61;
67; 715 73;79; 83; 89; 97. Néu mét trong 53
ndy la n+ 1, thl nhitng s6 thoa man 2n 4 3
nguyén t612 53,83 v 89. Viy c6 3 gid tri clia
n thda min diu bai: 52, 82 vi 88. Téng cic 58
nay 12 222.

| 0C69. Mgt con 8¢ sén bd trong cic 6 clia
\ mdt bing 6 vudng ¢d 3 x 24 (3 hang va 24
cot) nhu hinh vé minh hoa. Méi [in ¢ sén
di tir 6 hién tai dén mot 6 ke bén c6 chung
canh vi muén di qua tdt ci cic 6 cia bang,
mdi 6 diing 1 lin. Gia sit éc sén xudt phdt tir
6 & hang thit 2 ¢t thdt nhit nhu trong hinh,
hoi c6 bao nhiéu dudng di khic nhau ma ¢
sén c6 thé di.

Lo gidi. 'Ta ddnh s6 cic hang 1,2,3 tif trén
xudngdudiviciccdr1,2,--- 24 drtriiqua
phai. Ta goi 6 vudng 6 hang i cot j1a 6 (i, j).
O lugt diu tién, dc sén khong thé tiép tuc di
chuyén trén hang 2 vi nhu viy s€ ta0 ra hai
dudng cut & hang 1 va 3. N6 ¢6 2 cich la di
chuyén 1én hing 1 hojic xudng hing 3 (xem
hinh vé bén dui).

TAP 8 - SO 7 - 8 THANG 8/2024 ’Tc

Tiép tuc mé rong dudng di, ta thiy c6 2 cich
di trong hai ct 2 vi 3 nhut hinh v&, Nhy viy
vdi mbi cip 2 cdt tiép theo ta ¢6 2 cich mé
rong duding di vi & cot cudi ciing hai diu cia
dudng di ndi véi nhau theo mét cich duy
nhit. Nhu viy c6 it ¢i 2'2 = 4096 duing
di khic nhau.

Trong phin cudi cia chuyén muc kj niy,
chting t6i s€ gidi thiéu véi ban doc ba bai
todn trong Cudc thi Phin thudng Toin hoc
cho Nitsinh nim 2023. iy I cuc thi dinh
cho nit sinh cdp THPT dugc t8 chiic boi cic
cong ty Advantage Testing Foundation/Jane
Street tai Hoa Ky. Cic bai todn sau phi1 hop
véi cic hoc sinh 16p 8 — 10.

OC76. Giasir c6 5000 tip hgp hitu han phin
biét mi giao clia tit ci cic tip niy [ réng.
Tuy nhién, giao diém ctia hai tip hop bt ky
trong d6 1 khic réng. Hoi hop ciia tdt ci cic
tip niy c6 tdi thiéu bao nhiéu phin vir?
OCT77. Tim x biét:

v—w+x—y+2z=179
v+w+x+y+z=-1
v42w+4x+8y+16z= -2
v+3w+9x+27y481z=-1
v+3w+25x+ 125y + 625z =19.

OC78. Mot tam gidc dugc tao ra mée cich
ngiu nhién nhu sau. Tung mét cip xic xic
tiéu chudn balin dé c6 dugc basd ngiu nhién
tir 2 dén 12, bing cich cdng hai s3 xuit hién
trén mdi cip dugc tung ra. Goi ba s8 ndy lin
lugt 13 a, b vi t. Xét tam gidc 6 hai canh ¢6
d6 dai @ va b véi gbc xen giifa ching bing
15(¢ — 1) d6. Héi xic suit dé tam gidc ndy
1 tam gidc vudng 1A bao nhiéu? Viét ciu trd
04 ctia ban duéi dang phin 3 t3i gian.
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PHUONG PHAP UOC

NG

UQONG

MOT SO SO PAC TRUNG
CUA MAU SO LIEU GHEP NHOM

NGO HOANG LONG'

Noi dung Thong ké & cic16p 11 v 12 trong
Chuong trinh phd thong mén Toin nim
2018 tip trung vio viéc xic dinh cic s6 dic
trung do xu thé trung tim vi do micdé phin
tin ctia mau s6 liéu ghép nhém. Thuc té khi
trién khai chuong trinh cho thiy giio vién
gdp nhiéu khé khin khi giiang day cic cong
thic tinh s6 dic trung do chua duge im
quen vdi viéc xiy dung cic cong thiic niy.
Trong bai viét ngin niy, chiing ta s& tim hiéu
mdt cich tiép cin dé xdy dung cong thitc udc
lugng mét s8 s§ dic trung clia miu s6 liéu
ghép nhém. Tru6c tién, chling ta sé nhic lai
mot s6 kér qua ciia Iy thuyét xdc sudt. Sau do,
ching ta sé xiy dung lai hai cdng thite dugc
quan tim nhit la cong thic uéc lugng cic ot
phin vi vi céng thitc uéc lugng mét chia miu
s6 liéu ghép nhém.

1. Miu ngiu nhién

Trong thuc t€, ngudi ta thudng quan tim
dén mot dai lugng X nio d6 clia cic c4 thé
trong mdt quin thé. Vidu X 13 cin ning cta
tré 5o sinh & mot dia phuong hay X 13 twéi
tho clia mot thiét bi dién tir do mét nhia miy
san xuit. D¢ dm hiéu quy ludt cta dai lugng

X, ngudi ta tién hanh chon ngiu nhién N
déi tugng tir quin thé vi xic dinh gid trj X
ca titng d8i tigng duge chon. Goi X; 1a gid
tri xic dinh dugc ctia d6i tugng th i. Diy
X1.X2,..., Xy dugcgoi lamdn ngau nhién
quan sit dugc tir X .

Khi cd miu N rit16n, dé thuin tién cho viéc
Iuu eri¥ va xit Iy s6 liéu, ngudi ta biéu dién lai
miu s8 liéu X1, X;...., Xy dudi dang bang s§

! !

liéu ghép nhém nhuf sau

Nhém Tin s0
[ay,a2) mj

jaz.as) | my

lags 1) | my

Bing 1: Bing s li¢u ghép nhom quan sat dugc tic
dai lnong ngdu nhién X.

Ch y ring theo ludt 53 I6n, x4c suit dé dai
lugng X € [aj,a;.1) xdp xi bing xdc suit
thuc nghiém mNj khi cd miu N di l6n.,

2. Tit phan vi cia miu s6 liéu g1 ép nhém
Xét bing biéu dién miu s6 liéu ghép nhém

VKbhoa Todn~Tin, Trucim g Dai boc S pham Ha Nii.
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quan sdt dugc tif dai lugng X.
Trong bang trén, a; = ay + (i — 1)hvéi h =
ai+1 — a; 12 d6 rdng cha mdi nhém. Dai
lugng N = my + -+ + my 14 ¢ miu.
Trudc tién ta sé trinh bay mét cich tiép cin
tryc quan dé xdc dinh t phn vi cia miu s6
liéu ghép nhém trén.
Goi cfi = my + -+ m; 1A tan 56 tich luy
cua nhém [a;,a;.). Khi d6 cf; 12 6 cic
gid tri nho hon a;, | trong miu 58 liéu ghép
nhém. Biéu dién cic diém (a;;0), (az;cfi).
-+ (@k415¢fi) lén mit phing toa d Oxy v
ndi ching lai véi nhau béi cic doan thing
ta thu duoc dudng gip khiic nhy hinh dudi
diy.

N=cfy @----u 9

:I
)
o Pl PR O oF) $5CN)

a, L, Qi QA %Q: 3 3 AN

Do thi cia duong gdp khiic dugc gm 12 biéu

do tan 56 tich luj cha miu 8 ligu ghép
nhém.,

Do cic diém it phin vi chia miu s6 liéu
thanh 4 phin, méi phin chtta khoing 25%
s0 cdc gid tri clia mAu s8 liéu nén déwdc lugng
cdc vl phin vi, ta vé dudng thing ¢6 phuong
trinh y =
diém ctia c4c dwong thing ndy véi biéu dd cin
s tich luy lin lugt 14 cdc wée lugng cho ba i
phén vj ctia miu sé lidu ghep nhém.

%Y véi £ = 1,2,3. Hoinh d¢ giao

Gid sif dudng thingy = — cit biéu db tin

50 tich luj tai diém 6 ho%mh do Q{ thudc
nira khoing [a;,a;41). Do dudng thing di
qua hai diém (a,-;cfH) va (ﬂj+1;(‘fj) co
y=cfi-1 _ X—g;

cfi—cfj-1

phuong trinh la Bre 0]

TAP 8- 56 7 - s THANG 8204 ]

IN
T ~d;
sy LEL . S Tt db tathy
m; Ajs)—d;
dugc cong thifc udc higng cita tit phin vi this
£ nhut trong sich Toan lop 11 I3

IN
’ T —CJj-1
Qf :(Ij+ 4

(dj-1~a;).
J

Tiép theo, ta sé giii thich kf hon co 56 todn
hoc ctia cich tiép cin tryc quan trén.
Giisit Q) < 0 < (s lacic sé thuc thod min

r 1 4 P 1 [
PX<Q2 EVGPEXEQAE - — véi
£ =1.2,3. Khi dé Q; duoc goi la ti phin
vi thi £ cta X. D€ don giin, ta xét X 1a dai
luong ngiu nhién lién tuc, vi du nhe X i
cin ndng, chiéu cao, thdi gian, vv. Khi dé

(

PX< Q= —vdlé—l 2.3

; ‘"
Néu cf;_| < 'y < cfj thi [aj.aj,l) la
nhém chifa vt phin vi thit £ cia miu 58 liu
ghép nhém. Khi dé,

{
Z:P{1Y<Q[}
=PX<aj]+Plaj <X <Qd. (1)

Ap dung lui s3 16n, khi c& miu N 16n, ta c6
cong thic x4p xi

P[X < a,] ~ 'f—j'
m;
=

Pla; <X <aj. |] (2)

Ap dung cng thic nhin xic sudt,

P[a,- <X< Ql]
=Pl(a; <X <Q)N(a; < X <ajsy)]
=Pla; <X <Q|aj <X <ajy]
P[aj§X<aj¢|].
Do X Ia dai lugng ngiu nhién lién tuc nén véi
h di nho, khi biét X € [aj;a;4), ta c6 thé
xdp xixdcsudt dé X € [a;; Qy) bingty 1é gitta
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dé dii nira khoing 'a;: (/) vi nia khoing
aia;.y),uiclh
Plaj <X <Q¢laj<X<aj4]

g 2 (3)

aj.) —a

Kéthap (1), (2) va (3), tac6

cfi-1 mj Qi—a;
N Naj.y—a; 4

Tirdiy suy ra
(N
T“ijvl

m; (aj-l—aj). (4)

Qi=aj+

Tit cich xiy dung trén ta thiy ring cong thitc
(4) vin c6 thé dp dung dugc khi cic nhém dir
liéu & Bang 1 c6 d6 dii khic nhau.

3. Mot ctia miu s6 liéu ghép nhém
Trudc tién ta cin két qua so cip sau vé uéc
lwgng diém cuc tri cia mét hiam s8 khi vi
lién tuc dén cdp hai khi biét gid tri ciia né tai
3 diém cdch déu nhau xung quanh diém cyc

tri.
B8 dé: Cho him s8 y = f(x) khi vi lién tuc
dén cdp hai trén khoing / C . Gidsit f(x)
dat cyc tri tai xo € (a;a+2h) C 1. Khidé

i fla+h)—f(a)
Xomat bt e T @) —fat 2R

Chiing minb:
Xét khai trién Taylor dén c4p hai ctia f tai xo.
Tacd

f(a) =f(x0)+ (a—xo)f (x0)
+ 2 (a—x0)f"(x0) + (1),
fla+h) =f(xo) + (a+h—x0)f (x0)
| +-;—(a+h—xo)2f "(x0)+o(h?),
fla+2h) =f(x0) + (a+2h—x0) [ (xo)
+%(a+2h—xg )2 1" (x0)+o(l?).

Vlf’(l'()) =0 nén

2f(a+h)— f(a) - f(a+2h)

=—h*f"(x0) + o(h?),
Vi
fla+h)—f(a)
:%h(2a —2x0+ ) f" (x0) + o(h?).
Do dé

fla+h)—f(a)
2f(a+h)—f(a)—f(a+2h)

Hay

L fla+h)—f(a)
Nt )~ (@) flaram)

B§ d& dugc chitng minh xong.

Sau diy ta sé 4p dung b8 deé trén d€ tim mét
ctia miu s liéu ghép nhém. D€ don gidn, ta
s€ chi xét miu ngiu nhién quan sit duge tir
dai lugng X c6 phin phdi lién tuc tuyét ddi
v6i him mit d§ f kha vilién tyc dén c4p hai.
Néuham mjtdd f cta X dat gi4 tri lén nh4t
tai x = Mo thi My duge goi la mét ctia X.
Trong miu 58 liéu ghép nhém cho & Bing 1,
gid sit nhém [aj,aj;1) c6 tin s8 16n nhit.
Khi d6 nhém nly dugc goi 12 nhém chira
mét. Ta quy udc mg = my. ;| = 0.

Trudc hét ta xét trudng hgp ba tin s8
mj_y,mj,mj; khdng ddng thai bing nhau.

Apdungluitsdlon, Pla; < X < ajy ] = %

Mit khic, theo tinh chdt cia him mit do

diy|

P[a"sx<ai+l]=ff(x)dx::f ((li+2a,-+1)h'

a;

+d; :
Suyraf(g‘—z‘—”)’rv"ﬁ%.Diw aj_ +%h
la gid trj dai dién ca nhém [ - .a j). Khi
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DIEN DAN DAY VA HOC TOAN

dé gid tri dai dién clia nhém (aj.a;. () v
ajir,ajo)Aathvia F2hvitachd

2 mijy
f(“)"“ Nh '

Mijiy
) ~ L,
e )~

(a+h) =L,

Ap dung bé de trén, ta ¢

fla+h)-fla)
2f(a+h) fla)—fla+2h)

M"’+h+

Raj+

2mj—mj_y—mjs)

Viy ta thu dugc mét cong thite uéc lugng
mdt ctia dai luong ngiu nhién X tif bing s6
liéu ghép nhém 13
mj—mj—|

l.
Mo ~a;+ 5 !
Mmj—mj_y —Mmjs|

Chi ¥ ring néu y = f(x) la da thic bic hai
trong khoing (a;,a;.2) thiMy = a+ %h +

fla+h)—fla)
h. Do dé,
2f(a+h)—fl@)—flat2m) - "
c6 mot cich tiép cin khdc, mang tinh tryc
quan hon, dé wéc lugng My nhu sau.

y

e - - - ———

] T—* I
Xdpxihim mtdy = f(x) tréndoan [a;a+
2h] bdi hAm s8 y = P(x) c6 db thj 12 parabol

- ._-_-_-}. Ly

4

3 S— el
,—ﬁ
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(aje1-a)).

di qua 3 diém A (a;5) B la+ 1
Cla+2n '”' ) Khldé hoinhd@dxémct!c
dgi.rucuahamsé) = flx) sé duge xdp xi bir
hoanh d¢ dinh clia ctia parabol y = P/x).

St dung cdng thitc ndi suy Lagrange, ta c6

Pls) = (x—a)lx—a-h) mi.
¥ “(a+2h-a)(a+2h-a—-h) Nh
(x—a)(x—a-2h) m;
+(a~'—h ajla+h—a-2h)Nh
,(x-a*h)(x a-— Zh;m,;
(a—a—h)(a—a-2h) Nh~
Hay
INI*P(x) =(x—a)(x—a—h)mj.
—2(x—a)(x—a-2h)m;
+(x—a—-h)(x—a-2h)mj_;.
D20 him hai vé, ta dugc
INK*P (x) =(2x —2a - h)m;j.

—2(2x—2a—2h)m;

+(2x~2a-3h)mj_y.

Gidi phuong trinh P'(x) = 0 ta tim dugc
hoinh d dinh clia parabol y = P(x) la

1 mip—mij_\
a+=h+ d h
2 ij—mj_l—qu
m;—mij-_|
: j T ] £
=a;+ (aj-1—aj).

2mj—mj_y—mj-|

Trong truding hgp m;_y = m; = mj. tacd
thé udc lugng My twong t nhu trén bing
cich xét khai trién Taylor tai Mo cia him

1 l
6y = f(x )vo‘nlinlﬂo’tbing" =L
a,«aA, |, @j+2%0j.3

) 3 .

55



M L T L R L e S

HINH HQC PHI EUCLID
Phan IV: Hinh hoc trén dia Poicaré

LE VU MINH TRI VA NGUYEN DUY ANH!

Mo hinh dia Poincaré

Poincaré (1854 — 1912) 13 mét nhi toin hoc
da ning, tic gid clia mét trong biy bai toin
thién nién ky. Trong mé hinh dia Poincaré,
nhitng diém cta hinh hoc hyperbolic 12 cic
diém nim trong mét dudng tron cd dinh ¥
nao do, y nhu mé hinh ctia Beltrami-Klein.
Tagoi diy 12 mé hinh Poincaré cho ngin gon,
di1 6ng cdn mdt md hinh khic ctia hinh hoc
hyperbolic 13 mé hinh nita mit phing.

Cic “dudng thing” sé dugc dién giai khic.
Cu thé, véi hai diém A, B cing nim trén mét
dudng kinh nio d6 clia ¥, “dudng thing” di
qua A va B & diy dugc dinh nghia la dudng
kinh clia ¥ di qua A va B va bo di hai diu
miit. Trong cdc trudng hgp con lai thi cung
mo trong ¥ cila dudng tron truc giao véi ¥ va
di qua A vi B s la “dudng thing” dang néi.
(01) vi (02) dugc goi 12 truc giao néu nhu
chiing ¢6 giao diém Y v Z0,Y0, =90.Ta
goi nhitng duong thing dinh nghia nhu trén
la duding thing Poincaré, viét titla duong P.
Quan hé “nim trén” c6 nghia nhu trong
hinh hoc Euclid. Mét lgi thé 16n cia mé
hinh Poincaré 14 tinh chit “bao giic” hay bao
toan géc ctia nd, bdi ta chi cin don gidn quy
udc géc giita hai dudng thing trong hinh
hoc hyperbolic 14 géc giita hai dudng P theo

nghia trong hinh hoc Euclid. Ve sau, ching
tdi s chi ra géc gitta hai duong khong phai
duding thing [ gi, va tinh chit bao gidc va
tir d6 11 bio todn ty s6 kép ciia phép nghich
dio. Diy chinhla diém then chétlam nén mé
hinh dfa Poincaré.

Sau ddy A mot vai hinh vé minh hoa cho mét
s6 diém khdc biét so véi hinh hoc Euclid ctia
hinh hoc hyperbolic.

Luu ¥ nho tru6e khi di tiép: ta c6 thé chitng
minh dugc ring moi md hinh ctia hinh hoc
hyperbolic déu Iz “ding cfu”. Nom na diéu
d6 nghta 12 hai md hinh ¢4 cdu tric twong
dong, con cy thé 13 s& tdn tai mot quy tic
ghép doi 1 — 1 cdc diém vi dwdng thing tir
mo hinh nay sang mé hinh khdc sao cho cdc

YTHPT chuyén Ha Nii - Amsterdam.
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quan hé “ndm trén”, “di qua”, “nim gidta”
vd “bing nhau” dugc bio toin. Ta sé gin
tiép dinh ngha quan hé “bing nhau” trong
mo hinh Beltrami-Klein nhds vio mé hinh
Poincaré, dong thoi ciing sé c6 chling minh
cho cdc tién dé vé cdc quan hé “nim trén”,
“di qua”, “nim giita”, vi tién d& Dedekind
trong md hinh Poincaré, béi cdc két qui d6
c6 thé dugc dé ding kiém ching & md hinh
Beltrami-Klein vi lai c6 phép ding cdu trén.
M3t trong nhiing phép ding ciu nhu viy c6

ndi dung nhu sau:

Dung mét mit ciu tiép xic v6i mit phing
chita dudng tron ¥ cia mé hinh Beltrami-
Klein tai tim dudng tron. D& chuyén déi
tif mé hinh Klein sang mé hinh Poincaré, ta
chi€u vudng géc diy ma trong mé hinh Klein
1én mit ciu. T diém N trén dinh mit ciu,
v6i méi di€m M trén hinh chiéu vudng géc
ctia ddy ma [én mit ciu, ta chiéu xuyén tim
N dé dwa M tr& lai mit phing chita y thanh
diém M' 2 giao diém ctia dudng NM véi mit
phéng 4y. Khi niy mét ddy mé ctia mé hinh
Klein sé trg thainh mét duding Poincaré trong
dudng tron dong tim va ban kinh gip déi 7.
Ta vi ty tim O ty s6 1/2 12 dwa dudng tron
mdi vé .

Tiép theo la dinh nghia d6 dii doan trongmo
hinh Poincaré:

DPinh nghia 1, V&i hai diém A, B nim bén
trong dudng tron ¥ va M, N 1 hai “giao
diém” cta dudng Poincaré di qua A, B véi
7. Khi 4y d6 di trong md hinh Poincaré cta
doan AB a:

d(AB) = |In(AB,MN)|

TAP 8 — SO 7 - 8 THANG 8/2024 T[

Khongkhé déchiralatyss kép naylasé thuc
duong, do A, B nim bén trong duing tron
¥. Ditng déky hiéu logarit thém vio lam cho
hoang mang, n6 & d6 chi dé bién nhin tinh
thanh cong tinh, diéu ndy sé ré trong chiing
minh. Gid trj tuyét doi dugc thém vio dé bit
kéthtrty ctia Pva 0, ciia A va B, d) daikhong
déi du sang im.

Ta dinh nghia doan AB bing doan CD
trong hinh hoc hyperbolic néunhu d(AB) =
d(CD). Khong khé chiing minh dugc ring
quan hé bing nhau ¢4 tinh bic ciu, va mét
doan bing chinh né. C8 dinh 1 diém A trén
dudng Poincaré c6 hai diula M va N, dé diém
B chay lién tuc tir A t6i M sao cho thi tuf cic
diém la N, A, B, M nhu hinh duéi. Ty s6 kép
(AB,MN) sé tinglién tuc tir 1 dén duong vo
cing, do ’% c6 dinh, BM tién t6i 0 va BN
tién t6i MN. C3 dinh B vi cho A chay lién
tuc tif B téi N ciing twong tu. Do chay lién
tuc nén ty s6 kép trén c6 thé nhin moi gid
tri 16n hon hodc bing 1, ta chiing minh dugc
ring: v6i mot doan cho trudc vi mét tia nio
do, liy duge mét diém cich goc tia d6 mét
doan dai bing doan cho trudc.

Ta sé dugc phép cong trit canh thoii mai mot
khi chiing minh duoc 13 véi didm C nim
gitta A vi B (trong mé hinh Poincaré) thi
d(AC)+d(CB) = d(AB). Ly hai dau M, N
cta dudng Poincaré qua A va B dé thi tu cic
diémlaN —A — C—~ B — M. Khi 4y cic ty s6
kép sip dugc dé cip deu 16n hon 1 vi ta ¢6
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thé bo diu gid tri tuyée déi. Lic niy:

d(AC)+d(CB) =In(AC.MN)+1n(CB.MN)
s MA NA EE)
~ " \MC NC MB NB
(MA NA)
=ln{ = e
MB  NB
=In(AB.MN) = d(AB).

chinh la diéu ta cin.

Ve phin cic tién d& vé sy bing nhau ctia géc,
ta cin ndi qua vé phép nghich dio vi cic tinh
chit lién quan t6i hai dudng tron truc giao.
M¢ rong ciia dinh nghia géc. So lugc vé
phép nghich dio

Trudc tién ta m& rong khdi niém géc trong
hinh hoc Euclid. C8 cic trudng hop sau
diy: Puong thing d véi dudng tron @: néu
chiing khéng c6 giao diém thi sé khong tao
goc v6i nhau. Néu c6 giao diém X, thi géc
gitta d va @ dugc dinh nghia 13 géc gitad vi
tiép tuyén cta © tai X.

Gitta hai dudng tron (0)) vi (02), hay gita
hai duding cong ¢4 tiép tuyén tai giao diém:
néu ching c6 gizo diém 13 ¥ thi géc gitta
chiing la géc gitta hai tiép tuyén cfia chiing tai
Y. Djcbiét néu géc 4y 12 géc vudng thi ta goi
hai dudng tron 13 tryc giao. Dinh nghia niy
pht hgp véi dinh nghia ta dua ra liic tréc.
Phiin bén dudi sé 13 gidi thiéu vé phép nghich
dio. Nhitng déc gia d2 quen thudc véi phép
bién hinh ndy c6 thé bé qua.

Phép nghich dio 1 mét phép bién hinh trong
hinh hoc Euclid, dugc ghi nhin [in diu tién
trong cong trinh clia Apollonius x& Perga,
thudc Hy Lap c8 dai, vi dugc phit trién siu
hon bdi nhitu ngudi khic.

V6i mét diém O v s8 thuc k khic 0 bitky, ta
dinh nghia phép nghich dio tim O, phuong
tich & 14 phép bién méi diém Q khdc O trén
mit phing thinh diém Q' sao cho Q' nim
trén dudng thing diqua 0, 0,vA00- 00’ =
k. Néi chung ta cting ky hiéu Q' 11 inh ciia
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diém Q qua phép nghich dio ta dang xét
trong vin canh. Phép nghich dio qua duding
tron tim O bin kinh R dugc dinh nghia 13
phép nghich dio tim O phuong tich R,

Sau diy 12 mét s6 tinh chit ¢6 thé dugc dé
ding suy ra tif dinh nghfa vi xét cic tam gidc
dong dang theo truding hgp c-g-c:

- Phép nghich dio I3 mét involution(ty
nghich/ déi hop), tirc 13 tic dong cing mét
phép nghich dio hai [in thi tré v& trang thdi
ban dau (hgp hai Iin cia mét phép nghich
dio la phép ddng nhit). Néi cich khdc thi
mt phép nghich dio 6 him ngugc i chinh
nd. Téng quit hon thi hgp ctia hai phép
nghich dio cling tim 13 mét phép vi t tim
dé
- Tap hop tit ci cic diém bdt dong qua phép
nay 3 dudng tron nghich dio.
— Cich dung dnh clia mét diém qua phép
nghich dio dudng tron:
+) P nim trong dudng tron: vé diy TU di
qua Pvivudnggéc OP, P’ chinh I giao diém
ctia hai tiép tuyén tai U vi T ctia (O, R)
+) P nim ngoii dudng tron: vé 2 tiép tuyén
PT, PU t6i dudng tron. P = TU N OP
— Phép nghich dio bién P thinh P/, Q
thinh (', vi O, P, Q khéng thing hing, thi
AP'0Q' ~ AQOP
-A'B' = k|.5225
- Anh clia mét dudng tron truc giao véi
dudng tron nghich dio 13 chinh né.

T

u

Tiép theo ta s¢ tim hi¢u hinh dan¢ inh cia
dudng thing vi dudng tron qua ph; nghich
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dio dudng tron. Vin xét phép nghich dio
qua (O, R) nhu trén:

- Mot dudng thing I di qua O sé bién thinh
!

- Mot duding thing [ khong di qua O s bién
thanh dudng tron dudng kinh OA',véi A1
chin dudng vudng géc tir O xudng I.

- Mot dudng tron di qua O sé bién thinh
dudng thing ! vudng géc voi OA" tai A,
trong d6 OA 14 duding kinh duding tron trén.
Do tinh chit ty nghich ctia phép nghich dio,
dieu ndy s cé ngay sau khi chting minh tinh
chit thi 2.

— Mot dudng tron (01) khéng di qua O sé
bién thinh mét dudng tron (02) khéng di
qua 0. O ciing [a mt tim vi tu cia hai dudng
tron.

Qua dy ta thidy phép nghich dio hiu nhu
khong bio toin hinh dang cia dudng thing
va dudng tron, nhung né bio toin dugc hai
dic tinh quan trong khic I géc gitta hai hinh
va ty s6 kép ctia cdc bd diém. Thit viy, phép
nghich dio bio toan géc nhung dio ngugc
chieu ctia géc d6. N6 lai ddng thdi bio toin
cdc quan hé nidm trén, di qua, nim giita. Do
da c6 hé thic vé do dii mot doan qua phép
nghich dio A'B’ = |k| - 55255 , ta sé chiing
minh dugc 13 ty 58 kép bao toin qua phép
bién hinh ndy. Git diy viéc mé rong dinh
nghia clia ty 56 kép va géc cho cdc déi tugng
phd quét hon t6 16 sy hitu dung, khi ma
hai dudng thing qua phép nghich dio 6 thé
bién thinh mét dudng thing v mét dudng
tron, hoic 2 dudng tron, by 4 diém trén
dudng thing thi bién thanh bg 4 diém trén
dudng tron. Diém thd vi 1 trong m6 hinh
Poincaré, bio toin ty s6 kép din dén bio toan
dd dai Poincaré.

Sau ddy A mot tinh chdt quan trong vé dudng
trdn tryc giao cung véi chiing minh.

Dinh Iy 2. Cho duing tron (O,R) va diém
P khdc tim va kbong ndm trén duing trin.
Duwirng trom (0') di qua P sé truc giao vdi (O)

TAP 858 7 - 8 THANG 8/2024 I,

< (0')diqua P - anbcia P bhi nghich dio
gua (0).

Chiing minh.(Dio) Gidstt (0') di qua P, 6
ngay O’ thudc trung truc PP, tit viéc P nim
gitta 0, P, tasuy ra dugc O'P < 0’0, nghia
[4 diém O nim ngodi (0). Diéu 6 cho phép
vé tiép tuyén OT t6i (0), tit d6 chiing minh
dugc hai tam gidc OPT vi tam gisc OTP'
dong dang. Tt ty 1é canh béng nhau c6 I
OT* = OP- OP' = R* (dinh nghia nghich
dio), tiic T nim trén (O,R). Laicd OTO' la
goc vudng, ta c6 dugc sy trufc giao.
(Thuin) Goi T, U 13 hai giao diém cia (0) va
(0) truc giao. B4 hai tiép tuyén tai T va U
giao nhau tai 0, O nim ngodi ((). Viy nén
OP citlai (0') tai Q khdc P, tit tam gidc dong
danglai 6 OP.0Q = OT? = R* cho thiy 0
1 anh ctia P qua nghich dio (O, R).

H¢ qua 3. Quj tich ciia tém cdc duing tron
trucgiao (O') va di qua P chinh la trung tricc
PP'. Dio las, vdi | ndm ngoai (O.R), ha 00’
vuing goc 1. (O') true giao (0) cit 00’ tai
diém goi la P. Khi @y quj tich & trén chink la
L

Dinhly niy cho phép tamét cic dung dudng
Poincaré di qua hai diém M, N khong thing
hang véi tim ctia ¥ nhut sau. V& M’ [ anh
nghich dio M qua ¥, vé dudng tron qua ba
diém M, M', N. Pudng tron dy sé truc giao
v8i yvitacd cung cin tim. Do M, N xdc dinh
duy nhit, M’ ciing thé, vi dudng trdn qua 3
diém ndy s la duy nhit.
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LICH'SU TOAN HOG

Cic tién dé vé sy bing nhau

Di dén lic chitng minh cdc tién d& cdn lai v
quan h¢ bing nhau trong mé hinh Poincaré
ding la dinh Iy trong hinh hoc Euclid.

Vi géc dugc do nhu ¢ hinh hoc Euclid nén
nd clng ¢ tinh chit bic ciu v mét géc
bing chinh né. Ta cin chi ra: véi mot gée
cho trugc vi mot tia AB thi dung duge C
dé ZCAB bing géc d6 (cdc d6i tugng & diy
hiéu theo nghia ctia md hinh Poincaré). Néu
A trung véi tim 7 thi cic dudng Poincaré di
qua A chinh la cdc diy mg, viéc dung sé nhu
& hinh hoc Euclid.

Néu khong, bii todn quy vé: cho truéc mét
duong thing I di qua A vi khong di qua tim
O cta ¥, khi 4y ¢6 dting mot dudng tron (0')
trutc giao véi ¥ va tiép xidc véi ! tai A. Dudng
thing [ nay chinh I3 dudng tao véi tiép tuyén
ctia “tia AB” g6c bing géc di cho.

Dinh Iy ta vira chitng minh cho thiy (0’) s&
phii di qua A’, do d6 O’ nim trén trung truc
AA'. Mit khic (0') tiép xtc [ tzi A, nén O’
nim trén dudng vudng géc vdi I tai A. Tém
lai, O’ s& dugc xic dinh duy nhit la giao diém
ctia hai dudng ké trén.

Dé sin siang ching minh trudng hop bing
nhau cgc ciia cdc tam gidc Poincaré, ta cin hai
budc dém nita:

Pinh ly 4. Cho (O) truc giao (O'). Kbi 3y,
phép nghich dao qua (O') s¢ bién (O) thanb
(O) va bién phin bén trong (O) thanh chinb
nd. Ding thoi phép nay bdo toan cdc quan hé
ndm trén, di qua, nim giita vi bing nhau
theo md hinh Poincaré. Tz goi phép bién hinb
nay la phép P-doi xing vdi (O'). Tuong tw
vdi mét dudng thing d di qua O, d cing goi
la true giao vdi (O), va xét phép bién hinb la
doi xsing truc d. Phép nay ta ciing goi la phép
P—-ddi xsing vdi d.

Dinh ly 5. [v¢ xdy dung phép P-ddi xing]
Vii méi bai diém A, B trong , tbn tai duing
Poincaré 8 sao cho phép P-dsi xsing vdi & bién
A thanh B. Giao diém cda dwiong Poincaré
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ndi A va B vdi 8 1 trung diém theo nghia
Poincaré ciia AB. Trung diém ¢ ddy la diém
nam trén doan va cdch déu bai dau miit.
Chiing minh. Xét cic trudng hop:

- Hai diém cich déu O. Chon 0 1a dudng
kinh m& clia ¥ vudng géc véi dudng thing
(theo nghia Euclid) AB

— Mot trong hai diém triing véi O, gid st 13 A.
Dudng Poincaré di qua A, B sé 1a dudng kinh
md qua OB. Chon 8 13 (CC'), trong d6 C 1a
trung diém OB theo nghia Poincaré.

T

— A vi B khéng nim trén ciing mét dudng
kinh ctia 7. Goi ¥’ la dudng Poincaré di qua
A va B, diy |2 mét dudng tron truc giao voi
7,801 X, Y i giao diém cta ¥ vi ¥. D€y ring
A, B 1 giao diém tht hai cha OA, OB véi
Y. Goi M, N 14 giao diém cta OA, OB véi
XY.Tit OX, OY la hai tiép tuyén véi Y, tachi
raduoc (OM,AA’) = —1=(ON,BB’),din
dén AB, A’'B’ (c6 giao diém do trudng hgp
1 di xét) va XY dong quy tai diém goi 12 7.
Chon 6 1a (T, VTA.TB).
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- A, B cling ndm trén mét dudng kinh XV
cia ¥ va khong cich deu O, Liy 1 diém D
trén ¥ sao cho DB vudng géc XY, goi E I
giao diém thit hai ctia (ABD) véi v. E ton
tai vl hai duding tron di sin c6 diém chung
D, va ching khong thé tiép xdc ti D do
trung di€m AD khéng nim trén OD. Goi C
la giao diém ctia duding thing DE v6iXY, c6
CD-CE = CA - CB do ABDE la tt gidc noi
tiép. Chon 6 14 (C,vVCA - CB).

Trudng hgp bing nhau canh—géc—canh
Ta phét biéu lai trudng hop bing nhau niy.

Dinh ly 8. Cho hai tam gidc ABC va XYZ
o: LA = /X,d(AB) = d(XY),d(AC) =
d(XZ) Kbhi dy bai tam gidc nay bing nhau,
nghialad(BC) =d(YZ),/B= £LY,gcC =
gcZ.

Chiing minh. Diu tién ta dua bii toin vé
trudng hop dic biét A vi X triing O. Theo
ching minh dinh Iy xiy dung phép P-ddi
xting, ¢ mét phép nghich dio bién A thinh
O néuA khdc O. Phép dy sé bién AABC thanh
AOB'C’, vi do tinh bio ton géc va dd dai
canh kiéu Poincaré ciia phép niy, hai tam giic
nay bing nhau. D€y quan hé bing nhau ctia
tam gidc s€ c6 tinh bic ciu tlf viéc quan hé
bing nhau clia géc vi canh 12 bic ciu. Mot
cich tuong tw taddy AXYZ ve AOY'Z'.

B4 de sau ddy sé chuyén sy bing nhau clia cic
doan Poincaré thinh doan Euclid:

B6 d89. Tu cd: OB = r(e? —1)/(e* +1), ¢
ddy r la bdn kinh cia y,d = d(OB).
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Chitng minh. Goi hai diu cta dubmg
Poincaré OB 12 P va () thoa min Q- 0 -
B—P,thid = In(0B,PQ),

Cho hai gid tri qua him mfi co sé e

¢! =(0B,PQ)
OF BO o pain

——@ "BP (tdt ca dé dai dai s0)

:%—% (do dai thutng)

_r+0B

" r=08B
Tit d6 ta thu dugc két qui trén. Ta chd § vio
hé qua caa né:

d(0X) = d(0Y) <> 0X = 0.

theo nghia Euclid.

Tircickérqui trén, tacé: OB’ = OY',0C' =
0zZ',/B'oC = £Y'0Z'.

Litc nay s€ tdn tai mot phép quay tim O, hop
v6i mdt phép ddi xiing qua mét dudng thing
ndo d6 qua O néu cin thiét (cic phép bién
hinh ctia hinh hoc Euclid) bién B’ thanh ¥/,
C' thanh Z, va béi cic phép niy bio toin
géc va dd dai canh, dudng Poincaré qua B'C
sé bién thinh dudng Poincaré qua ¥'Z’, cho
ta hai tam gidc OB'C’ vi OY’Z' bing nhau,
hoan tit chiing minh.

Y tdng ndy thit ra chinh la dén tir lip luin
“dich chuyén” ctia Euclid trong Dinh Iy 4!

Thé méi thiy ta c6 thé hoc hoi dugic ké ca af
nhiing chiing minh chua chinh xc!

Thit ra két qué ta vira chitng minh con chi

tiét hon phdt biéu ban diu. Cu thé la:

Hai tam gidc bing nhau trong mo hinh

Poincaré khi v chi kbi cd bitw han phép P-dor

xing ndo dd dé bién tam gidc nay thanh tam

gedc kia.

Diém cudi ciing la Tién de vé tinh lién tyc.
May cho chiing tali cé mdt két qua St trong
md hinh Poincaré nhut sau:

Dinh 1y 10. Mgt duing tron kiéu Poincaré
chinh la mot dwong tron kiéu Eudid trong ¥,
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va nguoc lai. Tuy nhién tdm cia duing tron
kiéu Poincare chi trang vdi tdm duong tron
kiéw Eudid kbi néla O.

Chsing minh. Nhin dinh sau dugc ching
minh nhd vio hé qua tlr bd de trong chiing
minh trudng hgp cgc kiéu Poincaré phia
trén. Xét tnrdng hop dlrcmg tron Poincaré
0 cé tim P li O' khic O, sé ton tai phép P-
déi xding f bién O’ thinh O. B&i phép P-
doi xting bio toin do dii kiéu Poincaré, f
() sé la mot duding tron P ¢b tim 12 O, nhu
vifa chi phia trén, diy chinh l2 mét dudng
tron ki¢u Euclid tim O. Tic dong [in nia
thi f(f(6)) = d chinh 1A mét dudng trdn
Euclid, tuy nhién 6 tim khic O'.

Dio lai véi mot duding tron Euclid 8 ndo d6,
goi A, Bla hai giao diém cta 00’ v6i 6, vaM
12 trung diém clia AB kiéu Poincaré. Khi dy
phép P-dai xing bién M thanh O c6 vai trd
twong ty nhyt f & trudng hop trén. Thim chi
taching minh duge M chinh 1 tim Poincaré
cta é.

H¢ qua 11. Nguyén ly lién tuc duing trn -
dwong tron diing trong mé hinh Poincart.

LOI GIAL DAP AN

D6 vui

Meo c6 thé sit dung chién lugc sau dé bic
duoc chudt. Trwdc tién, ddnhsd 1,2, 3,4 cic
cin nha tif trdi qua phi. Diu tién, méo lin
lugt tim chudt § cic cin nhi: ngly diu & cin
1,ngay 2§ cin 2, ngiy 3 &cin 3, vingiy 4§
cin 4. Néu méo chua bit dugc chudt sau khi
tim & cin 4 thi ¢6 nghfa l2 mét trong 4 dém
dé6, meo vi chudt di di chuyén theo chitu
ngugc nhau 62 cin nhi lién k& ndo d6. Viviy
trong 4 dém d6, cic s8 cia cin nhi mi méo
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Tém lai, qua nhiing phét trién khong ngdn
gon ldm viia rdi, ching ta di dich duge cdc
tién d& cia hinh hoc hyperbolic thanh dinh ly
ctia hinh hoc Euclid trong mé hinh Poincaré.
Ditu d6 13 di dé khing dinh: néu hinh hoc
phing clia Euclid khéng chita méu thuin,
thi hinh hoc hyperbolic cho mit phing cling
viy.

Tai liéu

(1] ET. Bell, Men of Mathematics The
Lives and Achicvements of the Great
Mathematicians from Zeno to Poincare.

[2] David M. Burton. The History of
Mathematics An Introduction.

[3] M. J. Greenberg, Eudidean and Non-
Eudidean Geometries - Development and
History.

[4] Wikipedia ti€ng Anh.

[5] https://www.youtube.com/playlise?list=P
LjLK2cYur-VBSBvthxx-DW3ZwinOQHVZ
[6] https://rosettavn/lequanganh/wp-conte
nt/uploads/sites/7/2018/07/Riemann.pdf
[7] https://www.cut-the-knot.org/triangle/py
thpar/Drama.shtml

& vi cin nhi mi chudt khic tinh chin 1é véi
nhau: khi méo d cin nha s8 chén thi chuét &
cin nhi s8 Ié v ngugc lai. Sau khi khéng im
dugc chudt 6 cin nhi s6 4, méo sé & lai d6
thém 1 t8i nia, khi ndy cic cin nhi c6 méo
va cin nhi cd chudt sé c6 cling tinh chin I¢.
Biy gids, méo sé di chuyén theo chitu ngugc
lai, tim chudt [in lugt & cdc cin nhi 4, 3, 2,
1. Véi cich niy, méo vi chudt sé & cing mét
cin nhi vio mét dém nio dé, vi thé meo sé
bit dugc chudt.

TU 40 8- 5675 THANG 872024
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Phan IV: Lam long dén Trung thu ti chai nhva

NGUYEN THUY VIET ANH!

“Chg Bu'di ngay chin, ngay t«
Riéng mét thang Tdm lai dw phién ram
- Ai 0 nhd iy kéo nhim

Di mua hoa qud choi rim Trung Thu”

Tét Trung Thu dién ra vio ngly 15 thing 8
im lich hing nim vi déng mét vai trd quan
trong trong tim thifc ciia méi ngudi din Viét
Nam. Hinh 4nh nhitng em bé vé w1, hon
nhién, twoi cudi vui vé, trén tay cim chiéc
16ng dén ruc 1 sic mau 13 mét hinh anh rét
quen thudc va thutng xuit hién vio méi dip
Tét Trung Thu.

Ho6m nay ching ta sé cing nhau lim mét
chiéc 16ng den Trung Thu tif chai nhya nhé!
Chuin bi: Chai nhuya (tii ché tit chai nhya
di qua sit dung), kéo, dén nhip nhdy (loai
nho) hoic nén, dao, kim, diy thép, diy tua

rua.
Cic budc thuc hién:

Buéc 1: Dung dao cit phin trén va phin
dui ddy ctia chai nhya nhu hinh minh hoa.
Buéc 2: Sit dung kéo dé cit nhitng doan
nho bing nhau trén thin chai, sau d6 tiép
tuc ding kéo d€ lim trdn phin nhya vira cit.
Tiép dén, ding tay bé nhitng miéng nhya
ra ngodi (nhu céc hinh minh hoa) nhim tao
hinh cinh hoa cho long dén.

| Quing Tri.

TAP 8 — SO 7 — 8 THANG 8/2024 g'E
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Buédc 3: Duc mét 16 nho trén ndp chai. Sau
dé dung kim cit mot doan thép ngin dé gin

diy tua rua vao nap chai.

Bay gi¢i thi cic em ¢4 thé ruée dén Trung Thu
di choi roi!

Buédc 4: Dit phin trén clia chai nhya vio
phin thin cta chai nhu hinh minh hoa.

Buéc 5: Dung kim cit mét doan diy thép dé
1dm quai xdch cia ldng dén. Gin doan diy e -
5 thép ndy vio long dén nhu hinh minh hoa. Tai ligu tham khio

Sau d6 dé dén nhip nhdy (hodc nén) viobén  https://www.youtube.com/shorts/bnOEJ
trong long dén. ZhnBTs

T 740 5-567 -5 TG 82026
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MINH VIET

SCHOOL OF MATH

MySM
NI UG MANE
TOAN HQC TRE

Trong bdi canh cach mang céng nghé
phat trién nhu va bao, thi trudng lao
dong thé gigi ngay cang thém “khat”
nhan su qidi Toan va tiéng Anh.

Trudng Toan Minh Viét - Minh Viét School
of Math (MVSM) da két hgp véi The Arts
of Problem Solving (AoPS) - Chuong trinh
giao duc Toan hoc nang cao s6 1 tai Hoa
K va hang dau thé gidi, d& mé ra mé hinh
hoc tap Toan vu viét nhat.

e em e e — e = e e e e e - o e - e S s e R EE ER TR O e e e e o e e - -
—— o —— -

CHUGNG TRINH DAO TAO

. D5i tugng: Hoc sinh ti€u hoc tir16p 1 t6i ldp 5
» Giao trinh hoc: Beast Academy ctia AoPS
» Phuong thire: Hoc sinh hoc Online cung giao

vien M{

. Thai gian hoc: *M& ding ky: 1/4/2024
- L&p Toan: 1 budi/ tuan, chi véi 5 triéu ddng/ndm + Khai gidng: 24/6/2024
- L&p Tiéng Anh b8 trg: 4 budi/tuan, 6 triéu dong/ndm.

Nhirng hoc sinh xudt sdc ciia MVSM sé& dugc tang hoc Phu huynh c6 thé déing kg CJ’O
b8ng mét phan hodc toan phan va dugc gidi thiéu hoc con chi hoc Toédn, chi hoc Tiéng
Cau lac bd Toan Ky Lan véi nhirng Gido su Toan hoc hang Anh hoédc hoc cd Todn va Tiéng

dau Viét Nam. Anh.
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Qué Chi (st)

S —

Trong mot day phé cd 4 can nha xép thanh mot
hang, c6 mot con chudt va mét con meo sinh séng.
Mbi dém, chudt di chuyén tir can nha ma né & toi
hom trwéc sang mot can nha bén canh va ¢ do
suot dem. M6i dém, méo chi dwoc phép chon moét
can nha bat ky va tim kiém chudt ¢ dé: néu can nha
c6 chudt, n6 sé bat dwoc chudt. Héi meo cé cach
nao chac chan bat dwoc chudt hay khong?

Tai tr bdi
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