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TIMBDOCTRONG SONAY

Tiéng trim bong ctia cdixecituithuong, khining
dinhvi cianhitng con'doiva tiéng né khi miy bay
situ am bay quaicd diém gi chung? Cau/tra l6i 1a:
Hiéu ving Doppler. Biiviét trong chuyén muc
‘Tim hiéuKhoathoc/gidi thicu nguyén ly cia hi¢u
\ing n6i tiéng niy cung nhiing iing dung ctia né it
th&gidi trnhién déninhitng congnghé hién dai.

Trong chuyén muc[IAMCHAB] moi cic ban doc
nho tudi gitp gidima mot bdo cio kyla d€ dyng lai
lichthop ciia thim tit Xuan Phong cung cic dicu
traivien cuaminh, vA nhiéu bai todn thi vi khic,
Tirong chuyén muc|MAHSIGIERELSh 13 phin tiép

theo ciia cic bi'todn\vé Perfect squares.

Nguoi ta hayndi “gidy tring muc den?, nhung véi
cic nhaitodn hoc “Muc tring Gidy den” mdi [a
hinhinh thin thudc gin gii. Bai viét trong chuyén
muc|Qu: anké/cau chuyén tim quan trong
citavién phin d6ivdi cic nha todn hoc va tinh yéu
ctia ho véiloai “muc tring” nay.

‘Thing Nim vifa qua, thé gi¢i mit di Jim Simons,

mottrong nhiing ngudi'cé anh hudng nhit dsi véi
cd toan hoc th&lgidi lin ng i

nay dugc dinh'dédiém lai cude doi, sunghiép va
anh hudng ctia nha todn hoc, nha diu tuf vi nha
hio tam huyén thoai,

Ngoai nhitng thit chich thudng I¢ crong chuyén
muc Théch thiic Todn hoc, ban doc hoc sinh phé
thong c6 thé thir siic vdi mét 56 bai toin trong
cudc thi Sao chdi tim 2024, duge gidi thiéu trong

GEetoanOlympicy

Chuyén mucmuC'p tyc ydi phin
ba ciia loge bii vé Hinh hoc phiEuclid, Con trong
chuyén mucfToan'hocya'cud gila ciu chuyén
v€ Charles Steinmerz, nha todn hoc va ky su'cé
nhitng déng gép doc phd, gitip xay ding nén ting
todn hoc cho viéc tinh todn vA thiét ké mach dién
xoay chiéu. ' .

Mgi cdc ban cing doc!
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CHARLES STEINMETZ:
SO PHUC VA MACH PIEN XOAY CHIEU

NGUYEN HOANG V(!

Mach dién xoay chidu I3 mét néi dung quan
trong trong mén vt Iy & bic phd thong cting
nhu trong bé mén ky thuit dién. Trong bai
viét ndy, ching ta hdy cling tim hiéu v& qud
trinh hinh thanh co s& 1y thuyét va tng dung
clia s8 phitc trong linh vuc ndy.

1. M& diu

Sinh nim 1865 & Breslau (nay 12 Wroclaw, Ba
Lan), Carl August Rudolph Steinmetz theo
hoc & Pai hoc Breslau véi thanh tich xudt sic
trong cdc mon hoc vé todn va héa hoc. Trong
thdi gian nay, 6ng ciing tham gia vio mot s6
hoat dong ciia ding X4 hoi, mét t6 chie bi
chinh quyén Dtc lac d6 dé y dén. Lo ngai
ve viéc bi bit, Steinmetz trén sang My vao
nim 1888. Nhin vién hii quan khéng mudn
cho 6ng nhip cinh vi thdy éng 6 chiéu cao
thdp bé (chi khoing 1,2 m). May thay, mét
ngudi ban di cling gidi thich ring trf tué ctia
Steinmetz c6 thé sé gitp ich cho nudc My
nén cudi cling dng cting dwgc nhip cu. Sau
d6 mét thoi gian, Steinmetz bit diu lam viée
& Eickemeyer & Osterheld, mét céng ty &
Yonkers, New York. Tai d4y, 6ng d4 ti€n hanh
c4c nghién citu vé dnh hudng cta tir thong
bién thién theo dang sin dén cng suit bi mt
di trong cdc vir liéu tr tinh. Céng thifc 6ng
dua ra cho vdn d& niy ngay nay dugc biét dén
vdi tén goi phurong trinh Steinmetz.

Cing trong giai doan nly, General Electric
dugc thanh l4p vao nim 1889 va trd thanh
c6ng ty hing d4u lién quan dén linh vyc dign
ning vi thiée b dién & My. Khi bi€t dén cic
nghién ctu cia Steinmetz, General Electric
d4 mua lai Eickemeyer & Osterheld vio nim
1892. C4c bing sing ché ctia Steinmetz dugc
chuyén giao cho General Electric v ban thin
6ng ciing bit dau lam viéc & déy.

Hinb 1. T8 hop nhi mdy vi trung téim nghién
ctén ciia General Electric tai Schenectady vao giai
doan diu thé ky 20.

Nim 1894, Steinmetz chuyén dén tru s& clia
General Electric & Schenectady, New York.
Trong sudt vii thip ky lam viéc tai ddy,
Steinmetz di 6 nhidu déng gép cho linh vue
ky thuit dién, trong d6 ndi bit nh4t chinh la
viée ting dung s8 phitc vio vige giai cic mach
dién xoay chidu.

1 Fx Ni.
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2. Phuong phdp s6 phiic ciia Steinmetz

Viéc gidi cic phuong trinh ton lién quan dén
mach dién gdm nhitu thanh phin nhu dign
tr, cudn cim vi ty dién 13 vén dé duge nhitu
nha todn hoc cudi thé ky 19 quan tim. Nim
1869, Maxwell di tién hanh giii phuong
trinh mach dién véi gid st ring nghiém
ctia phuong trinh ¢6 dang ham digu hoa:
x = Acos(nt + ¢). Sau d6, nhitu phuong
tinh vi phin lién quan dén mach dién di
dugc nghién cdu. Cic trudng hop c6 dao
déng didu hoa thudng duge biéu dién theo
dang ham mi cda s§ phifc dya trén cong
thitc Euler: ¢/ = cos ¢ +isin ¢. Mot trong
nhitng nha todn hoc di dau v& viéc ndy 1a
Heaviside. Trongkhi cdc nhi toin hoc hudng
dén gidi cdc phuong trinh mét cich chinh xéc
véi cc cong cu todn hoc phite tap tir linh vuc
phuong trinh vi phin thi cic ky su dién lai
khéng da trinh d6 dé ting dung cic phuong
phdp niy vio cdc bii todn todn thyc €.

Giai doan nhitng nim 1880 cing d4nh diu
mot sy chuyén déi quan trong trong nganh
dién. Sau mot thdi gian ddu tranh kéo dai v&
viée st dung dién mét chidu hay xoay chigu
(cdn dugc goi 1a “cudc chién dong dién”),
phe dién mét chitu, ditng dau 1a Edison, da
phii chiu rdt lui. Dién xoay chitu, véi kha
ning truyén tii xa ciing nhiéu wu diém khic
d4 tr& nén phé bién. Tuy nhién, véi cic ky
su dién thi cong viéc lai tr& nén phic tap
hon. Véi dong dién mdt chitu, ngudi ta chi
cin cong trir nhin chia cic con s8 ¢6 thé do
tryc tiép tit trong mach. Chiéu cia dong dién
ciing khéng déi va ¢ thé dugc xic dinh dé
dang tir cdng cy do. Cdc mach dién phic tap
cting ¢6 thé quy dugc vé hé phuong trinh

tuyén tinh nhd dinh luit Kirchhoff. Con véi -

mach xoay chiéu, viéc do dac cing phirc tap
hon nhiéu khi d6 16n cia dong dién thay déi
theo thoi gian vi cin thyc hién qua viéc do
gid tri hiéu dung. Cic dong dién hay hiéu
dién thé cting khéng thé tinh cdng tryc tiép
dugc do chiing cé su khdc nhau vé pha.

7t
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Mot phuong phip phd bién dé gidi mach
dién lac d6 Ia stt dung db thi d€ tién hanh
téng hop dao ddng. Cic két qua sé c6 do
16n dugc do tryc tiép tif cic doan thing ty 1é
trén gidy vé. Cdch JAm niy d& hiéu va d& thuc
hién nhung d6 chinh xic khéng cao. Nim
1885, Blakesley xuft ban mdt cudn sich vé
dién xoay chitu sit dung phuong phip vector
gibng véi cich gidi ma chiing ta hoc ngay nay
trong sich gido khoa. Phuong phip niy dya
trén cich mi William Thomson (tifc Nam
tuéc Kelvin) vi trg Iy Peter Tait cia ng mé
t3 dao dong ditu hoa duéi dang hinh chiéu
clia mdt vector quay. Tuong tng véi dao
dong didu hoa x = A cos(@t 4 ), ta c6 mot
vector quay trén dudng tron bin kinh A c6
tim & g6c toa 6. Tai thoi diém ¢ = 0, vector
ndy tao mét géc ¢ véi phurong Ox. Khi cho
né quay vdi vin tdc gbéc ciing bing  thi tai
thoi diém ¢ géc niy sé bing @t + ¢. Hinh
chiéu ctia vector niy lén phuong nim ngang
s€ludn c6 toa 6 bing véi ly d6 cra dao dong
ditu hoa. Do d6, véi mbi dao dong ditu hoa
ta cé mot vector twong ting biéu dién né theo
cdch trén.

Hinh 2. Biéu dién ciia dao déng dién hoa theo
dang hinb chiéu ciia mét vector quay. OMy la
vector quay téng véi thoi diém t = 0 con OM la
vector quay vng vdi thii diém t.

Trong trudng hop c6 nhiu dao dong véi
cling tin s6, cic vector déu chuyén dong véi
cling vin tdc géc, do dé vi tri twong déi gitra
chiing lu6n khéong d8i. Téng ctia hai hinh

chiéu s€ bing véi hinh chiéu cta téng hai
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vector. Do d6, d€ tdng hop hai dao dong ditu
hoa cling tin 58 ta chi cin xdc dinh vector
biéu dién dao dong téng hop bing cich tim
t6ng, theo quy tic hinh binh hanh, ctia hai
vector biéu dién hai dao d6ng ban diu.

o

Hinh 3. Tong hop dao déng ditn hoa béing cich
cdng cdc vector biéu dién dao déng theo quy tic
hink binh banh.

Trong trudng hop mach dién xoay chitu, do
léch pha gitta dong dién va cdc hiéu dién thé
trén tirng thanh phin cé vai trd quan trong
hon 14 pha ciia cdc dai lwgng nay nén phuong
phdp ctia Blakesley chi vé cdc vector cho cdc
dailuvgng trong mach va tinh todn trén ching
ma khéng cin phii vé hé toa db.

Uc

Hinb 4. Phuong phdp gidn db vector cho mach
dién xoay chitn RLC ndi tiép. Higu dién thé trén

dign tré cé cing pha vdi cwong dg dong dién. Higu

dién thé trén cudn cam sdm pha 702 so vdi cutong
d‘.o“a'o‘ng dién con bitu di¢n thé trén ty trépha m/2
s0 vdi cutong df domg dign. Ve mat dg ldn,
Ur=1IR,UL= 171, Uc = 1Z¢ vdi
Zy =L,Zc= Z)lf Céng cdc vector Up, UL, U ta
duge vector U biéu dién hiéu dién thé cia toan
mach.

Phuong phip sit dung gian db vector niy ¢4
thé cho ra d4p 4n chinh x4c vé ca d6 16n lin
d6 lech pha va cting quen thudc hon nhigy
so véi viéc stt dung phuong trinh vi phin.
Tuy nhién trong nhiéu trudng hop viée st
dung phuong phdp niy doi hoi ngudi ky sy
phii thinh thao vé cic cong thire lugng gidc
va trong nhiing bii toin phifc tap, lugng
tinh todn d& cho ra ddp 4n cudi la tong
d6i 16n. Ban thin Steinmetz ciing tién hanh
nghién cttu mot phuong phdp sit dung giin
db vector twong tu nhu cia Blakesley nhung
v6i mot phép chiéu khic ctia Zeuner thay vi
phép chiéu ctia Kelvin.

Dot phd xdy ra khi Steinmetz doc mét cong
bé ctia Arthur Kennely v& viéc si dung s8
phtic dé tinh téng trg ctia doan mach. Theo
d6 céc thanh phin R, L, C (dién trd, cuén
cam, ty dién) clia doan mach s cé tic dung
cin tr& dong dién twong tng 13 RjOL va £
(trong ky thuit dién, i dugc dung dé biéu
dién dong dién nén véi s8 phitc ngudi ta
dung j thay cho 7). Khi d6, tdng trd toin
mach RLC mic néi tiép s& 1 téng ctia cic s6
phtc niy. Cich tinh téng cic s8 phic ciing
dugc Kennely minh hoa bing mét bidu db
tam gidc. Kennely khong néi r5 Iy thuyét clia
céch tinh nay nhung né cé thé c6 ngudn gdc
tlf cdc cong thitc todn hoc tinh ¢ 1¢ ui cho
todn mach dya trén viéc giai phuong trinh vi
phén, vi du nhut trong cic bai béo ctia Johann
Victor Wietlisbach. Tuy nhién, Kennely chi
8i6i han 8 phitc cho viée tinh téng tr& con
cudng d6 dong dién vi hiéu dién thé vin
khéng dugc ong biéu dién bing s8 phic.
Kennely cting cho rfing dinh lujt Kirchhoff
chi c6 thé 4p dung trong trudng hop tit ci
cdc dong dién trong mach I3 cung pha.

Steinmetz nhin thdy sy tuong ty gitta biéu
dd cho tdng trg ciia Kennely v phuong phdp
gian dd vector. Ong tién thém mét budc va
Chl’ ra rdng cudng d6 dong dién v hiéu dién
thé dutoc biéu dién theo dang vector cing 0
thé duge bidu dién bing s§ phic. Thay v

T
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mot vector cé toadé (a,b), tacé thésirdung  véi tu dién do hiéu dién thé trén tu tré pha
mot s phitc a + jb. Khi d6, ly d6 ciadao  7/2 so v6i cudng d6 dong dién nén ta cin
dong ditu hoa s€ dng véi phin thuc clia s8 hia cho i (do & +jb LT

G =b— ja),ticliuc=
phc. Véi cic thanh phian doan mach khic chiacho j{do — B jajvitc i
nhau, mét s8 phtic tuong tng sé dugc sit ( 1 ) ;

dung dé biéu dién su can trd dong dién, c6 joC

bao ham ca bién déi vé pha. Do Steinmetz

stt dung cich chiéu khic v6i gian dd vector g

nén dju cta céc dai lugng trong cong thirc )
a+ jb

ctia 6ng bi léch so v6i phuong phép gian do
vector. Sau ndy, khi Kennely thic ddy viéc
chusn héa v& d4u, Steinmetz d4 phii chdp
nhin vi stfa cic gido trinh ctia minh cho phi
hgp véi xu huéng chung. Tiép theo, cdc cong
thic lién quan dén s6 phic cho mach dién o
xoay chitu sé dugc trinh bay theo dang giong

v&i nhu trong cdc tai liéu hién nay.

b—ja

Hinh 5. Cho sé phitc z = a+ jb. Khi dé
jz = —b+ jasédwge biéu dién bé: diém la anb
ctia diém biéu dién 7 qua phép quay 90 dg ngige
chitu kim déng bb. Con =~ = b — ja dugc bi¢u
dién boi diém la dnb cia diém biéu dién z qua
phép quay 90 A6 theo chitu kim dong bo.

Theo phuong phép ctia Steinmetz, cdc dai
lugng trong mach d&u phai biéu dién bing sd
phtc dang a + jb. Tuy nhién, trong cdc tai
liéu hién nay, d€ tién cho viéc quy déi tir dao
dong digu hda, dang nay dugc ding két hop
v6i dang cuc ctia s phic (thudng duge ky
Charles Steinmetz (1865 — 1923) hiéu theo dang rZ6. Trong tinh todn, ngudi
ta c6 thé chuyén déi lin nhau gita cdc dang
Vi dién trd, hiéu dién thé trén né ludn cling ndy tity theo phép tinh. Dang a + jb cho
pha v6i dong dién, nén ta c6: ug = Ri. Tuy  phép cong va trir s8 phic d& dang con dang
?hié}?, Clgf)ﬂ Cim L V}(:i ldunf khing a()iL s€ /@ gitip nhan va chia nhanh hon:
am hiéu dién thé c6 phalén hon so v6i don
dién mot lugng la n/p2. Khi d6, vector tir g(‘)’% ((r1£61)(r2£82) =11 r2£(61+62),
toa d6 dén diém biu dién s8 phitc s¢ khong nZo_n i 92)) _
chi thay d8i d6 1én ma con phii quay mot rd6,
g6c /2 ngugc chitu kim dong ho. Délam  Ngdy nay, v6i sy trg gitip clia mdy tinh dién
viéc ndy, ta cin nhan thém j(do j(a+jb) = cim tay hogc phin mém mdy tinh, viéc
—b+ ja). Tt lauy, = (jwL)i. Twong ty,  quy dindy c6 thé dugc thyc hién dé dang.

TAP 8 - 5O 6 THANG 6/2024 (’] l )
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Hinl» 6. S6phiic z = a+ jb ciing cd thé due bicn
dién theo r vi 6 vdi r = /a2 + b2 con 0 la gic
5 a
théa man cos 0 = Z,sin 6= T
Dé hiéu hon cich ting dung s§ phitc cho
mach dién xoay chigu, ching ta hiy xét moe
mach dién xoay chigu RLC néi tiép c6 u =

T
12cos (200mf3—) V. Cic thanh phan cia

mach c6 gid tri R = 30Q,L = :jg_gmH,C =
1

6

Ta tinh t8ng tr& nhu sau:

-103F.

1
Z =R+ joL+—
+joL+ -5

=30+ 2007 - (? : 10—3)
1
2007 &-103
=30+ j60 — j30 =30+ ;30.
Hiéu dién thé hai diu mach s& dugc biéu dién
bi s8 phitc 12£Z. S8 phtic biéu dién cudng
d6 dong dién sé la:

(1228). 1225 .2, .8
30+430  30v24%  5V2 12
Cuong d6 dong dién twdng tng véi sd phitc

nay la:

2 T
j= i,
i 5\/5005 (20071,7 ]2>
Trong khi mét s6 nha toin hoc lén dn
phuong phdp sit dung s8 phifc cia Steinmetz

va kéu goi dua s6 phirc dang mG hay C’ﬁC khii
niém nhu quaternion vio cic s:’lch k).' thuic
dién thi nhing gido tinh mdicha Stemn.lctz
va nhitu téc gia khdc lai dian din dugc dén
nhin va tr& nén phé bién trong céc chuang
trinh dao tao ky su dién do viéc don gian héa
cong viéc tinh todn thanh cdc phép tinh s6
phtic d& hoc. Sau khi Steinmetz mit, ngudi
hoc trd Ernst Berg tiép tuc bé sung cic ndi
dung mdi tir cic Iy thuyét todn cla Heaviside
nhu bién d6i Laplace va bién d8i Mellin, giup
dinh hinh co bin v& mit todn hoc cho cic
gio trinh ky thuit dién cho dén by gio. Cé
thé néi & thoi diém hién tai, khong ky su dién
nlo t8t nghiép dai hoc ma lai khéng biét tinh
toén s§ phic cho mach dién.
|

—

v(ﬁ) L
T°

Hinb 1. Mach di¢n RLC mdc ndv tiép.

Viéc tinh todn véi s8 phiic dic biét c6 vu thé
so v6i cic phuong phap khéc khi dp dungcho
cdc mach dién phic tap véi céc thanh phén
dugc mdc theo ci dang ndi tiép va song song
bai khi diing s6 phitc dé biéu dién cudng do
dong dién va hiéu dién thé & cic nhanh thi
dinh lujt Kirchhoff vin ¢6 thé dugc dp dung
va ta dugc mot hé phuong trinh tuyén t.fnh
nhut véi trudng hop mach dién moét chizu
nhung céc bién & day c6 dang phitc. Ban doc
6 thé tim hiéu chi tiét hon vé cdc bii tip dang
ndy trong céc gido trinh ky thuje dien.
Mot vdn d& cdn lai cin ban dén véi s8 phuc
trong mach dién xoay chizy Iy cdng suit clia
mach dién. V&i mach dién mér chipy, con
Slfit c6 thé dugc tinh truc t.ié'p bin’ tfc}gl
cla cudng d6 dong dién vi hisu diéﬁ thé.

T
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Tuy nhién, véi mach dién xoay chieu, do sy
bién thién theo chu ky cting d6 léch pha gitta
cudng do dong dién va hiéu dién thé, viéc
niy trd nén phdc tap hon, dic biét 11 véi s8
phic. Ta hiy xét mét dong dién xoay chitu
i = Ipcos(wr + ¢) di qua mét dién e R.

T
Trong mét chuky ' = e nhiét lugng do
dong dién niy toa ra trén dién trd Ia:
T 3R
0= / 2Rdr = 2-T.
Jo 2,
Do d6, ngudi ta thudng sit dung gid tri hiéu
Io

dung I = —~ dé dugc Q = I*RT gién

ung V2 . giong
véi dién mot chieu. Tuong ty cho hiéu dién
U
7
Vé&i mach dién xoay chitu RLC, cudng d6
dong dién va hiéu dién thé c6 thé c6 pha
khéc nhau. Ta hay xéti = Ipcos(ot + 01)va
u = Upcos(wt + 6;). Cong sudt trung binh
trong mot chu ky s bing:

1 T

= %Vo]()cos(ez —6))

= Ulcos(6, — 6y).
Tuy nhién, néu ta ldy hai s6 phic bifu
dién u vi i nhin v8i nhau, tic 1 tich
(Up£6,)(10£6y) = Uplo4(01 + 6,) thi
phin thyc sé khéng cho gid tri twong dng
nhu trén. Dy 12 mot vin dé gy ra nhitu
tranh c4i khi Steinmetz dé xuit phuong phip
s6 phiic cho dong dién xoay chiéu. Ban d4u,
Steinmetz xtt Iy viéc ndy bing cich cho Jh=
1 thay vi —1 khi tinh todn cong suft. Ngay
nay, cdng suit phic dugc dinh nghia la tich
cta hiéu dién thé hiéu dung phuc véi dang
lién hop ctia cudng d6 dong dién hiéu dung
phuc:

thé, ta c6 hiéu dién thé hiéu dung U =

5= (%492) (%4 ~0,)
= -;—UOIOA(()Z—GI).
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Piy cting 12 mdt sy thoa hiép khéng thé
tranh khoi khi st dung s8 phtc trong mach
dién xoay chieu. Phin thyc ciia cong sudt
phttc chinh 12 gid tri cong sudt trung binh.
Phin 30 ciia cong sudt phic con dugc goi 1a
cong suit phin khing (reactive power). N6
dai dién cho phin ning lugng dugc cudn
cim va tu dién tich ty rdi tri lai ngudn dién
theo chu k.

Gifta Steinmetz va Henry Ford, ngudising
lap hing xe Ford, di titng x4y ra mét ciu
chuyén tht vi. C6 mdt lan, cic ky su clia
hing Ford khéng gidi quyét duoc vin de
v6i moét méy phit dién o8 16n bi hong.
Steinmetz dugc mdi dén nha méy. Ong tit
chéi moi sut trg gitip va chi yéu chu mot céi
btit chi ciing mét quyén s6. Steinmetz ngdi
nghe tiéng phit ra tit mdy v tién hanh céc
tinh todn nhi nhiing trén gidy trong sudt
hai ngay lien. Vao dém ctia ngy thit 2, 6ng
yéu ciumét cdi thang déleo 1én va vach cic
vét phin vio cd mdy rdi bio cic k su dang
t6 vé nghi hojc thio tim thép taivitridé ra
déthay ciclinh kién ctia cudn ddy. Vathéla
méy phét dién dugc sira xong. Sau dé, khi
nhin dugc mét t& héa don 10.000 dollar
(mét con s8 tuong ddi lén thai d6), Henry
Ford yéu ciu mot danh sich chi ti€t cdc chi
phi. Steinmetz tra 13i:

- Dinh d4u bing phin trén mdy phdt: 1
dollar.

— Biét ddnh ddu & d4u: 9999 dollar.

VA Ford lign l4p tc thanh todn héa don.

3. Hanh phuc cudi doi

Trong giai doan & Schenectady, Steinmetz
thudng di xe dap doc con phd hojc ngdi trén
mot thuyén ca-nd trdi doc séng Mohawk
hang gi® lien ngdi tinh todn trén gidy. Lic
nio ciing cé diéu xi gi trén miéng, ding vé
thdp lin ciing khiu 4m Dic lo 16 cla ong
lam cho tré con hoing sg. Steinmetz ciing
mudn c6 mét gia dinh vi nhing dira con,

%



TOAN HOC VA CUOC SONG

tuy nhién 6ng khong d4m l4p gia dinh vi sg
rang cin bénh bién dang cot s6ng ma ci cha
lin 6ng ciia Steinmetz ddu bi sé lai tiép ndi
cho cdc thé hé sau. Steinmetz sdng mot minh
trong mét ngdi nha 16n & khu vyc danh cho
cdc lanh dao General Electric cu tri. Ong cé
mot nha kinh véi cic loai phong lan, duong
xi va xuong rong khdc nhau cling cic con vit
nuéi ding sg: cd siu, rin dusdi chudng, nhén
doc, ...

Hinh 8. Steinmetz va Edison cing nghién ciu
mot thiét bi chiéu sdng.

Su tréng réng clia cudc sdng két thic khi
ngudi trg ly thin thi€c & cong ty, Joseph
Hayden cuéi vg. Mdi t8i, vg chdng Hayden
déu niu in vi ngdi dn t6i cling Steinmetz
& trong nha cha éng. Sau mét thoi gian,
Steinmetz m&i ci hai ngudi dén nha & cta
minh & ludn. Joseph thdy diy Ia de xudt
thuin tién cho céng viéc nghién cifu con vg
anh ddng ¥ v6i yéu ciu ring it ci moi ngudi
phai ding btta dtng gio di1 bin dén miy. Vo
chbng Hayden c6 ba difa con: Joe, Midge va
Billy. Steinmetz nhin Joseph lam con nuéi
va chim séc ba dtra tré nhu 13 chdu ndi cta
minh. Dic biét, éng con sir dung cic phan
tng héa hoc dé tao cic hiéu tng khéi lira
va tiéng né khi ké chuyén c6 tich hay trong
céc bita tiéc sinh nhét ctia ching. Steinmetz
cing tham gia vio iy ban veé gido duc cia
Schenectady. Véi sy nd luc ctia éng, di c6
nhiu cii thién trong cdc co s& gido duc vé
bita in & trudng hoc, chim sécy té hoc sinh
cting nhu viéc phét sich gido khoa mién phi.

Vio miia thu nim 1923, Steinmetz ciing gia
dinh Hayden di du lich ngim phong cinh
khu vic mitn Tay nuéc My cting nhut thim
Hollywood. Co thé mét mdi cta Steinmetz
di khéng con chiu dung dugc mot chuyén
di nhu viy. Vio dém truc ngly 26 thing 10
nim dé, trdi tim ctia 6ng d4 ngling dap. Khi
Billy mang bia sing lén phong thi Steinmetz
dd qua doi, v6i mét cudn sich vit ly & bén
canh.

4. Li két

Ciu chuyén v sy ra doi cla phuong phip
s6 phic trong dién xoay chitu cho thdy khi
ttng dung toin hoc vao cic linh vuc khic, ¢6
nhitng ltc ta phai cin nhin nhin vin dé wr
phia nhitng ngudi st dung todn hoc trong
thuc tién ctia linh vuc d6. Liéu ¢6 cich nio
don gian vi thuin tién hon dé€ gidi cing mt
bai todn hay khéng? D6 14 ciu hoi mi khéng
phai lic ndo ching ta ciing y thitc dugc
tim quan trong khi nghién citu céc bai toin
thuc té.
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i Toan hoc Viét Nam

i‘ap chi Toan hoc cho moi nguoi

Tap chi Pila moét &n phdm cla Hoi Toan
hoc Viét Nam, véi muc dich quang bé Toan
hoc t6i cong déng. A/ dugc xudt ban hang
thang, va duoc in mau toan b (ké tir thang
1/2020). Tap chi mang vé dep toan hoc,
ki€én thic toan hoc t6i moi nguoi qua cac
chuyén muc da dang véi cac ndi dung
phong phu, than thién va nhiéu mau sac.

Chung t6i hy vong rang méi doc gia, tu tré
em t6éi nguoi 16n tudi, voi cac kién thuc vé
Toan hoc khac nhau, déu tim duoc nhing
didu Iy tht vé Toan hoc clung nhirng ich lgi

cda n6, qua cac chuyén muc phu hop trong ~i




TINH DIEN TICH
Phin I'V: Phép d&i hinh (tiép theo)

NGO VAN MINH, PHAN NGOC MINH VA NGUYEN THI NHUNG

4. Phép tinh tién

M6 ta phép tinh tién

Phép doi hinh cudi cung duge gi6i thiéu
trong bai viét niy 1a phép tinh tién. D& hiéu
thé nio 12 phép tinh tién, chting ta cing xem
vi du minh hoa sau.

Trong Hinh 1, khi gat hinh ABCD sang bén
phii 7 don vi ta dugc hinh MNPQ va trong
Hinh 2, ta ddy tiép hinh MNPQ lén trén 4
don vi va dugc hinh A’B'C'D'.

A B M | N
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Hinb 1.
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Hinh 2.
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Khi d6, ta néi hinh ABCD dugc tinh tién
thanh hinh A’B'C'D’.

Hinb 3.
Nhut viy, mot hinh A dugc goi 12 tinh tién
dén hinh A’ néu A’ c6 dugc tit A bing
cdch gat sang tréi/phii mot s8 don vi va diy
lén/xuéng mét s8 don vi.
Biéu dién phép tinh tién
Cdc vi du sau gitip cdc ban nhé luyén cip dé
hiéu thém ve& phép tinh tién.

mw
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Vi du4.1: Hinh 4 1a mét biéu dién ciia phép
tinh tién. Hinh binh hanh di dugc dichuyén
tit trén xudng g6c dudi bén phii. Cu thé, méi
diém ctia hinh binh hanh gatsang phai 3 don
vi rdi ddy xuéng dudi 2 don vi.

Vi du 4.2: Hiy m6 ti phép tinh tién bién
hinh tam gidc ABC thanh hinh tam gidc
A’B'C’ & hinh vé sau:

Hinh 5.
Lyi gids: D& diém A bién thanh diém A'tacin
gat A sang bén phii 5 don vi vi ddy lén trén
2 don vi. Nhu viy phép tinh tién bién tam
gidc ABC thanh tam gidc A’B'C’ bing cich
gat tam gidc ABC sang phai 5 don vi roi ddy
lén 2 don vi.

Hinb 6.

b= 3

Hinhl.

TAP 8 — 56 6 THANG 6/2024

o Viécgatmothinhsang trdi/phaia don virdi
ddy lén/xudng b don vi tong duong véi viée
d4y 1én/xudng b don vi rdi gat sang trdi/phai
a don vi. Néi cich khc, viéc thay d6i tha tu
ddy lén/xudng va gat tréi/phai 12 khong quan
trong.

o Viéc gat sang trdi/phéi a don vi rdi ddy
1én/xuéng b don vi titang duong véi viéc tinh
tién hinh d6 theo dudng chéo ctia hinh chi
nhitcda X b.

Hinh 8.

o Phép tinh tién chi di chuyén mét hinh ma
khéng xoay, l4t, hay thay d8i hinh dang cting
nhu kich thudc clia né v do d6 khong lam
thay d6i dién tich cia hinh d4 cho. Mé&i diém
dugc di chuyén theo cling mét khoang cich
vi cing mét hudng.

Hinb9.

Bai tip 4.1: M6 td phép tinh tién tir tam gidc

ABC sang tam gidc A’B'C’ trong hinh duéi

day.

11
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Hinb 10.
Vi du 4.3: Hiy tinh tién hinh thang ABCD
sau bing cdch di chuyén sang tréi 7 don vi va
lén trén 3 don vi.

Hinh 11.
Loi gidi: Ta lan lugt gat 4 diém A,B,C,D
sang trdi 7 don vi rdi ddy Ién trén 3 don vi
(hoic 1én trén 3 don vj rdi sang trdi 7 don vi)
dé thu dugc hinh thang A’B'C’'D’ nhu sau:
| | T
e e v_-.:__..'.‘ ‘ ey

Hinh 12.

Hinb 13.

12

Hiy tinh tién Hinh 13 bﬁng

Bai tip 4.2: vi va ddy Ién trén 2

céch gat sang phai 5 don
don vi.

Lién hé phép tinh tién va nhitng phép doj
hinh khic

Vi du 4.4: Hinh vé sau diy cho thdy cich m3
céc hinh nho (ddnh s6 tir 1 dén 9) dugc ghép
lai v6i nhau d€ tao ra moét hinh méi 6 kich
tixu’é’c 16n hon. M&i hinh deu dugc sinh ra
tir viéc két hop hinh 1 véi cdc phép tinh tién,
phép phan xa hodc phép quay.

e

1
|

S

Hinb 14.
Hay m6 ti cdch ma cdc hinh tir 2 dén 9 dugc
sinh ra tit hinh 1 théng qua phép tinh tién,
phép phan xa hoic phép xoay.
Lid gidi: Bit dau tit hinh 1, ta ¢6 thé lam theo
cdc budc sau:

o Xoay hinh 1 mét géc 180 dd dé thu dugc
hinh 2.

o Phin xa hinh 1 theo truc nim ngang dé thu
dugc hinh 3.

e Gat hinh 1 sang 2 don vi rdi ddy xudng 2
don vi dé thu dwoc hinh 4.

e Gat hinh 1 sang 4 don vi rbi ddy xudng 2
don vi, sau d6 xoay mét géc 180 do dé thu
duge hinh 5.

e Ddy hinh | xudng duéi 4 don vi dé thu
dugc hinh 6. .

o Dé’y hinh 1 xuéng dwéi3 don virdi gatsang
phii 1 don vi dé thu dugc hinh 7,
e Dy hinh I xudng dusi4 don virdigatsang

phii 2 don vi, sau d6 phin 2
dting dé thu dugc b .+ L T T8

T =wox
dU _TArg_ g 6 THANG 6/2024




TOAN CUA BI

e D4y hinh 1 xuéng du6i4 don virdi gatsang
phai 2 don vi dé thu dugc hinh 9.

Bai tip 4.3: Hinh vé sau ddy cho thdy cich
ma céc hinh nhd (d4nh s8 tir 1 dén 9) duge
ghép lai véi nhau dé tao ra mdt hinh méi ¢
kich thudc I6n hon. M&i hinh d&u dugc sinh
ra tit viéc sit dung cdc phép tinh tién, phép
phan xa hoic phép quay chohinh 1.

| ‘4[ 10

Hinb 15.

Hiy m6 ti cich ma cdc hinh tir 2 dén 9 dugc
sinh ra tit hinh 1 théng qua phép tinh tién,
phép phin xa hoic phép xoay.

Néu chiing ta quan sit mot cht sé thdy ngay
mot két qui rit thd vi d6 Ja: Khi mét hinh
dugc ly phin xa lién ti€p qua hai dudng
thing song song thi s& thu dugc mot hinh Ia
tinh tién ctia hinh d4 cho. Vi du duéi ddy cho
ta hiéu r6 hon khing dinh nay.

Vi du 4.5: Cho mét tam gidc ABC va hai
dudng thing m va n song song vi nhau.

I~
e Ll
|

T

|

‘
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[

Hinb 16.

Thuc hién phép phin xa lin thi nhit qua
dudng thing m dé thu dugc anh Ia tam gidc
A1B1C.

"l[:"'

Hinb 17.

TAP 8 — SO 6 THANG 6/2024

Sau dé thyc hién phép phin xa lin thd
hai qua dudng thing 7, thu dugc tam gidc
ArBrC.

Hinb 18.
R& ring néu tinh tién tam gidc ABC sang bén
phai 12 don vi, tacing sé nhin dugc tam gidc
ApBrCy.

Hinb 19.

Bai tip 4.4: Tim inh ctia phép phin xa lin
lugt qua hai dudng thing m va n cia hinh
chit nhit ABCD sau. Liéu cé thé tim anh
ctia hinh ch nhit ABCD mét cich truc tiép
bing phép tinh tién khong?

Hinh 20.

Ung dung ciia phép tinh tién trong cudc
song

Hinb21a.

Chiing ta ciing nhin thdy nhigu vit dugc xdy
dung bing phép dung phép tinh ti€n trong
cudc séng. Nhitng vién gach trén nhiing bite

13
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Cic vien gach duge iy,
A hing ngang, véi mg;
heo truc doc.

tadng, gach Ift trén sin nha hay nhetng bic o Tiong xdy so le:
trén chu thang A nhiing minh hoasinh dong  tién theo hang dgf v
cho phép tinh tién. vién gach durge phin xa. ¢

1 — R
sl e
. 3
! a4

Hinb 21b. Hinb 24.

T nhting vién gach ciing kich thuéc ban
dli, khi két hop véi cdc phép tinh tién, phép .
phin xa v phép xoay, ching tacé thé wora e Tung xdy hinh gi6 dan: Cdc vitn gach
nhiing biic twdng rdt dep va da dang. Ching  dudgc sip xép theo ki€u xen ké gitta hang
han nhu bing cdc vién gach hinh chrnhitcd  ngang v hang doc, tao ra hoa vin giéng nhu
1 x 2 c6 thé tao ranhitu kifu twdng nhusau:  gioé dan.
e Tuong xdy ngang truyén thong: Cdc vién

gach dugc tinh tién theo hing ngang, v6i méi

hing dugc dit xen ké véi hang bén dudéi.

O e I (g e O

Hinh 22. _
o Ticong xdy hinh xuong cd: Mét phan cic

vién gach dugc xoay mot gdc 90 do va tinh Hinb 25,
tién theo mét miu hinh chit L, tao thanh hoa

vin xuong ¢4 doc ddo. -

Bai tdp 4.5: T mét vién gach c6 hinh dang
nhu'sau, cdc ban nhé hdy t tao ra nhing biic
tudng clia riéng minh nhé,

|
|

Hinh 23. Hinb 26,

i e
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CAC PIEU TRA VIEN CHUYEN CAN

GIA DUONG

Thém tit Xuin Phong c6 m¢t ddi ngh cdng
thc vién gdm 5 nhan vién ditu tra, bao gdm
ong Anh, 6ng Bitu, 6ng Chdt, 6ng Duy va
éng Déng. Theo lich hen, trong nim ngiy
lién tiép tif thit Hai t6i thit S4u, ci nim dieu
tra vién d2u phai dén hop véi thim t& Xuin
Phong vio ltic 8h30 séng dé cap nhit tin tic
phé 4n. Tuy nhién, céc dieu tra vién lai deu
¢6 lich riéng, nén ho khéong thé tham gia diy
d ca nim budi hop véi thdm tir. Duéi diy 1a
béo cdo cha thu ky vé tinh hinh tham gia hop
clia moi nguidi:

e Vio mbi ngly trong s& nim ngly deu c6
dting 3 ditu tra vién tham gia hop va c6 ding
2 didu tra vién ving mit;

o Khéng c6 ditu tra vién ndo ving mjt hai
ngdy lién tiép, va ciing khéng c6 ai tham gia
hop 3 ngay lién tiép;

Ong Déng ving mit nhiu hon 6ng Biru 2
ngay;

Chi c6 duy nhdt mét nghy mi éng Anh vi
6ng Chét cing dén tham gia hop;

Ong Chit c6 tham gia hop vio hém thit Hai.
Duta vio béo cdo trén, em c6 thé gitp Xuin
Phong nhdé lai ai trong s8 céc diéu tra vién di
tham gia budi hop hém thir Sdu dugc khong?

CAC BAI TOAN

CHO HOC SINH NHO TUOI

1. B Hoa ¢6 5 r8 dung chanh, méi 8 c6 s8
Iugng chanh bing nhau. Ba d4 bén dugc 36
qua tit mbi 16, vi thé tdt ci s6 chanh con lai
chua bin clia bd Hoa bing ding s8 chanh
dung trong hai r8 ltc ban dau. Héi lic dau
ba Hoa ¢6 bao nhiéu qui chanh trong méi
18?

TAP 8 - 56 6 THANG 6/2024
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2. Cb gi4o phdt mot s6 sich gido khoa cho
hocsinh trong16p. Mét nita sé hocsinh duge
cb phét cho méi ban mét cudn sich gido
khoa. Mét phin tu s8 hoc sinh dugc ¢6 phdt
2 cudn cho méi ban, con mét phin tu s6 hoc
sinh con lai méi ban dugc nhin 4 cudn.

15
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Cb gido lai mudn dén lén méi cudn séch gido
khoa ma cic em hoc sinh dugc nhan 1 chiéc
sticker hinh logo ctia nha trudng. Hoi trong
16p ¢6 tit ca bao nhiéu hoc sinh néu cé gido
cin phai d4n diing 24 chiéc sticker?

3. Hai ban An va Bich cting tham gia mot tro
choi. An s& dua ra mét s6 ciu hoi danh cho
Bich. Néu Bich tra Ioi ding mét ciu hdi nio
d6 thi An lai dua cho Bich 7 chiéc keo. Con
néu Bich trd 18i sai mét ciu héi nio dé, thi
Bich phai dwa An 3 chiéc keo. Sau khi An dua
ra 50 cu héi, thl s8 keo ctia méi ban bing
ding s6 keo ma méi ban d4 c¢6 lic bit diu
trd choi. Hoi Bich d4 tra 14 sai bao nhiéu ciu
hoi?

4. Dtc dang ding trén mét bic cla ciu
thang va chot nhan thdy ring s6 bic thang
& phia trén ciu ta bing dting 8 bic thang &
phia du6i ciu ta. Bic lai tiép tuc di 7 bic lén
trén vi di 15 bic xudng dudi. Két qua 1a Dic
dting & bic thang thit 8 (tinh tir duéi lén).
Haoi cau thang d6 c6 bao nhiéu bac?

An, Bic; Chly Dﬁng,

7 inh
5. Séu ban hoc st h vong tron trong mét

Di¢p, Giang xép thiu?, ;
budi tap vin nghé. Biét rang

o Di¢p dting canh Chi va vé phia tay phii cta
Chis :

o Diing dting vé phia d6i dién véi Giang;

o Giang ditng canh Diép;

o AnvaDangkhong mudn ding canh nhau,

Hbi ban nio ding canh Bic?

6. C6 3 chi€c hop rdng x€p thanh hang ngang
va dugc ddn nhan 1A A, B, C (theo thit ty tit
trdi qua phai). Bé Tit bo Iin lugt titng chiéc
keo vio cic hép theo thi tu: A, B, C, B, A, B,
C.,B, A, ..Tit s ditng lai néu hop B c6 diing
13 chiéc keo. Hbi trong hai hop A va C, hép
120 s& c6 nhiéu keo hon? Em hay giai thich
13p luin ctia minh.,

16
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TOAN CUA BI

LOTI GIAI CAC BAI TOAN
CHO HOC SINH NHO TUOI
(S6 3 nim 2024)

1. Hai doan tau xudt phdt cing mét thdi
diém trén mot tuyén dudng sit, mot tiu di
@ A t6i B véi téc d6 80 km/h, tau con lai di
& B t6i A véi van t6c 70 km/h. Hoi truée
khi gip nhau mdt gid hai tau cich nhau bao
nhiéu km, cho biét quing dudng tir A t6i B
dai ft nh4t 13 350 km.

(_ >)

Loi gidi. Trude khi gip nhau 1 gio tau thd
nhit cich diém gip nhau 80 km, tau thi 2
céch d6 70 km. Viy tai thdi diém truée lic
gip nhau 1 gid, hai tau cich nhau 150 km.
2. Anh Son xudt phdt tif chin déc va di Ién
déc véi tdc dd 2.5 km/h. Lén dén dinh déc,
anh di xuong véi tdc d6 12 5 km/h. Téng thoi
gian di vi vé ciia anh Son [a 6h. Em hiy tinh
quing dudng ti chin déc 1én dinh déc.

L gidi. Do vén tdc lic xudng ddc gip doi
léc 1én d6c nén thai gian anh Son di lén déc
gp d6i lic xudng. Téng thdi gian 12 6h. Nén

70
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thdi gian ldc xuéng déc la 2h. Viy quing
dudng tif chin déc t6i dinh déc 12

2% 5 = 10 (km).

3. Ti di mua bénh rin hét 45 ngin dong.
Banh rén c& to gid 7 ngan dong/chiéc, cdnhd
gid 5 ngan ddng/chiéc. Ti di in luén mot
chiéc banh to sau khi mua, hdi Ti con lai miy
chiéc binh rin?

Léi gids. S8 banh loai to khong thé 16n hon
6 do 45 chia 7 bing 6 du 3. Do s8 tién 45
(ngan) chia hét cho 5, gid bin binh nhé cling
chia hét cho 5 nén s6 binh to A mét s6 ciing
chia hét cho 5. Do Ti di mua it nhit mét
chiéc banh to nén s8 banh to phii1a 5 chiéc.
S8 ti2n mua binh rin loai to 1A
57 = 35 (ngan dong).

$8 titn mua binh loai nhé la:

45 — 35 = 10 (ngan dong).
S8 banh nho 12

10 : 5 = 2 (chiéc).

Tong s6binh Tidimuala5+2=7 (chlec)
Viy 56 binh con lai cia Tila 6 chiéc.

4. Bic Tim c6 100 qui triing gi. Bic bo
chiing vio 5 chiéc r8. Téng s6 trifng trong
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ré thit nhét vi thit hai I3 52, 58 triing trong
£d thit hai v thit ba 13 43, trong r8 thit ba va
thit tu 13 34, t8ng s triing trong hai ré cubi
cling 1 30. Héi s8 triing trong méi 16 1a bao
nhiéu?

Loigiai Tac6 4 cipré dungertinglacip 1,2
cdp2,3;cdp 3,4, vacip 4, Strong d6s6 tritng
ctia méi cip lan lugela 52, 43, 34, 30.
Cong s6 tring trong 4 cip ré niy ta dugc
52+43 434 +30 = 159 (qua)

S& tring niy bing tdng s6 tring & ¢i 5 18
cdng véi s8 tring trong nhitng r6 thit 2,3, 4.
Do tit ci bic Tam c6 100 qui tritng nén s8
triing trong 3r6tht2,3,41a

159 — 100 = 59 (qua)
Ta c6 s8 tritng trong 16 thit 213

59 — 34 = 25 (qui)
S8 tritng trong rd thit 414

59 — 43 = 16 (qud)
S8 tritng trong 18 tht 312

59 25— 16 = 18 (qui)

S6 tritng trong 18 tha 112

50 —25 =27 (qud)
S3 tritng trong 18 thd 514

30— 16 = 14 (qud)
Viy s6 triing trong céc ré Ian lugt 1a: 27, 25,
18, 16, 14 (qua).
5. C6 3 dia dung nhiing qua tdo, trong d6
mét dia c6 11 qua, 1 dfa c6 7 qua v dfa con
laic6 6 qué tdo. Ngudi ta mudn chuyén ché
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4c diasao chosd to trén
ba dia bing nhau v6i digu kién rf!éi Fﬁf‘, thfm
tho vio mot dfa, s6 tdo thém vao phii bing
o8 téo hién c6 trén dia d6 va it ci nhitng quj
tdo du’dc‘ thém vio ldy ra tir chi mot dia trong
hai dia con lai. Em hay cho biét c6 thé thyc
hién véi 3 [an chuyén ch& nhting qua tdo hay

khéng?

nhfing qué tdo gitfac

Loi gidi. Téng s6 qua tdo la 24 qua. Ta cin
chuyén sao cho két qué 1258 tdo trén mdi dia
deu 12 8 qua.

Ta ddnh s& dfa 1, 2, 312 dfa ban dau dung 11,
7, 6 qua téo. Ta cé thé thuc hién chuyén téo
v6i 3 IAn nhu sau.

— Chuyén 7 qué téo tir dia 1 sang dia 2 -
Chuyén 6 qui téo tir dia 2 sang dia 3 -
Chuyén 4 qua t4 tir dfa 3 sang dfa 1.

Dia 1 2 3

Ban dau 11 7

Lan chuyén 1 4 14 6

Lan chuyén 2 4 8 12
Lan chuyén 3 8 8 8

Viy 2 ci ba dia deu c6 8 qua tdo sau 3 lan
chuyén.

6. Ban diu bén ban An, Bich, Coéng, Diing
m’6i ngudi cé mot s8 vién bi nh4t dinh trong
dé Congcd nhié]u hon Diing 10 vién bi. Néu
CéngchoBich i $6 bi cia minh, An ldy % s6
lii ctia An cho Béch, ti€p dén Bich cho Cong
] 5‘? bi Bich hién c6, i Cong lai cho é s6
bi ctta minh dang cé cho Diing vi cudi cing
Bidch ldy — s8 bi chia d2y cho 3 ban con lai

thi bdn ban ¢6 6 vien bi by B
enbe s an bi bling nhau. Ban diu
mdi ban ¢é bao nhiéu vien bi?
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Léi gidi. Téng congcd 5 I4n cdc ban cho nhau
nhitng vién bi. Nhin thiy ring néu sau khi

1
mét ban cho di — s6 bi cia minh ma con lai
n

n .
m vién bi thi truéc d6 ban dé c6 g X m

vién bi.

Gia stt s6 bi cudi cing cdc ban c6 Ia x. Viy
truée d6, s6 bi ctia Bich 1a 3 X X va 7 s6

1

bi ctia Bich lac nay la: 3 XgRE=gRE
S8 bi niy dugc chia déu Iam 3 phin cho An,
Cuding, Diing nén mdi ban nhén dugc s6 bi

1
I = X = xx = = X x. Trudc lan chia bi thit
5 ba ban An, Cudng, Diing c6 s6 bi deu la

1

X § XX = § X X.

Tuong ty nhu vy, ta sé tinh ngugc vé dé im

7T
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s6 bi titng ban c6 sau mbi Iin céc ban cho
nhau bi theo bang sau

Ban A
Lin5 X % x X
& 8x 4x 8x 8x
La = i ox
s
X X X X
Li BE -« o Bl RS
il 0 i o Bl
X X X X
Y 2 — g i e
= 9 9 9 |9
Lin 1 4x T2x 6x 6x
A g 9 9 | 9
g | 12 [ 10x [ & [ or
an aau 9 9 9 9

Theo gii thiét lic diu Cudng cé nhiéu hon
Ding 10 vién bi viy
2
% == %10 nén o 10.

Suy rax = 45.

12
Ban diu s6 bi ctia An 1a £ x 45 = 60.
Tuong tu s3 bi cia Bich, Cudng, Diing lin
lugre 1a 50, 40, 30 (vién bi).
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PERFECT SQUARES
ARE EVERYWHERE (Part III)

NGHIA DOAN'

This article is the third part of the series on
expedition to find Perfect Squares.

Example 11. Prove that, for all distinct
values of a,b, and ¢, such that

1 1 1
b—c s c—a a—b
isan integer (not necessarily positive), then
the expression
il 1 1
-7  (c—a? ' (@a=by
is a perfect square.

1 1
Solution 1. Let x = P el i
1
aTb7 then
a—b)+(b—c)+(c—a)
xy+yz+zx = ( Jhs =l

(a—b)(b—c)(c—a)
=Py 422 = (x+y+2)>
1 1 1
2B tlemar @by

1 1! )2
:(b~c+c—a a—b

Solution 2. Let A=b—¢,B=c— a,C =
a—Db,thenA+B+C=0, therefore:

(esed)
ATETE

1 1 1 2ABC(A+B+C)
:F+§2—+E§ (ABC)2
E o, 1-c0

1 1 1

=G-0r T c-a?  @-b7

The conclusion follows.

Example 12. Find all (including negative)
integer solutions of
n*(n— 1)?= 4(m*—1).

Solution 1. The left hand side of the equation
is a perfect square, thus the right hand side
must be a perfect square, too. It means that
m? — 1 is a perfect square. Since M is a
perfect square and the only pair of perfect
sqzuare with difference 1 is (0,1). Thczrefore
m? =1, orm = %1. Now, n*(n—1)* =0,
son?=0,o0r(n— 1)2=0,thusn=1.
Hence, the solutions are {(m,n)} =
{(07'—1)7 (07 1): (17 _1)7 (17 1)}

Solution 2.

n*(n* — 1) = 4(m* — 1)
=(n(n—1))>—(2m)* =4
=(n(n—1)=2m)(n(n— 1) +2m) = 4.

Note that both n(n — 1) and 2m are even,
thus their sum and difference are even, too.

Therefore
{”("‘1)-2m=2,n(n—1)+2m =-2, o
n(n—1)—2m = —2,n(n—1)+2m =2, 9|
= n(n—1)=0,m=—1or
n(n—1)=0,m=1

Hence, the solutions are {(m,n)} =

{(07_1)7(071)7(1»‘1)7(1, 1)}

anmple 13. Prove that for n positive
integer the following number is a perfect
square:

m= 177...79288...8921.

n

n—1

1 Ottawa, Canada.
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Solution. Note that,

7 -
T7...7=599...9=5(10"=1),
n n

8 n—1
= n=1_1
88...8=5(10 )

n—1

m=1-10""+ ;(10" =1« TS
+92~10"+2+g(10"-‘ —1)-10°+921
:é(m. 10274 4136 - 102 +289)

2

23(4.10"+2+17) .
4-10"2 + 17 is divisible by 3, (4 - 10"+2 +
(4‘ 1011+2+17)2

17)?2 is divisible by 9, thus 5

is a perfect square.

Example 14. N is 4—digit perfect square
all of whose decimal digits are less than
seven. Increasing each digit by three we
obtain a perfect square again. Find N.

Solution 1. Let n> = N = abcd = 10%a +
102b + 10c + d, where a, b, ¢, d are integers
and 1 < a < 6,0 < b,c,d le6, then there
exists integer m such that:

m? = 10°(a+3)+10(b+3)+10(c+3)
+(d+3) =n?+3333
=(m—n)(m+n)=3-11-101.

Since m < 99, n? < 6666 = n < 61, thus
m~+n=101,m—n =33, orn =34, hence
N =1156.

Solution 2. Note that the unit digit of the
perfect square N must be one of 0, 1,4,6,9.
Since N + 3333 is also a perfect square thus
the unit digit of N must be 1 or 6. By testing
all 4-digit perfect numbers between 1000
and 9999 where its unit digit is one of 1, 6
and none of its other digits can be larger than

TAP 8 - 5O 6 THANG 6/2024 ,’1 l

6, we find N = 1156.

Example 15. 1 is a non-negative integer,
prove that

3’1 + 2 - 1711

is never a perfect square.

Solution 1. First 3" +2-17" =3 ifn =0, so
itis not a perfect square.

For n > 1, 17" = 1 (mod 8), 3% =
1 (mod 8), 3%+! = 3 (mod 8), thus
3 (mod 8), if niseven
5 (mod 8), if nis odd.
However, for m integer,
0 (mod 8), if4| k
m?>={ 4(mod8),if2 |k, 4 fk
1 (mod8), if2 Jk
Hence, 3" 42 - 17" is never a perfect square.
Solution 2. First 3" +2-17" =3ifn =0, so
itis not a perfect square.
For n > 1, 17" = 2" (mod 5), thus the
sequence of remainders of 2 - 17" when
divided by s is periodic:
4,3,1,2,4,3,1,2,4.
———

34217 = {

period
The sequence of remainders of 3" when
divided by 5 is also periodic with period
3,4,2,1.
Therefore the sequence of remainders of 3" +
2. 17" when divided by 5 is periodic with
period 2,2,3,3.
However any perfect square when divided by
5 leaves a remainder of 0, 1, or 4.

Hence, 3" +2- 17" isnever a perfect square.
Vocabulary

(Xem tiép trang 36.)
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MUC TRANG GIAY DEN

PHUNG HO HAI'

Ditng xda: Cdc nba todn boc va nbitng chiéc
bdng cia bp 1a mét cudn sich anh v& nhiing
chi€c bing phin clia cic nha todn hoc. Céc
bitc anh trong sich dugc chup va bién tip
boi Jessica Wynne, gido su nhiép inh tai
Vién Céng nghé Thoi trang Thanh phd New
York. Y tudng vé dy 4n niy ndy sinh tif
nhitng trao ddi gitta ba v6i cdc nha todn hoc
Amie Wilkinson v Benson Farb ctia Pai hoc
Chicago, cing nhu qua mét chuyén di t6i An
D6 noi ba di chup nhitu 4nh vé bing phin
trong cic trudng phd thong.

Hinb vé todn hoc vdi ghi chii “ditng xoa” & gdc

dsdi bén phai. (Anb: Wynne)
Tiéu d& ciia cudn sich nhdc ching ta v&
huyén thoai Archimedes yéu ciu nhing ké
dén giét ong dirng x6a nhiinghinh vé cia dng
trén cdt. Ngay nay ghi cha “ditng xéa” trén
nhiing chiéc bang phin 1a mot cich quen
thuc dé yéu ciu luu gitt nhitng noi dung
trén do.

Nhiing bic inh ciia Wynne md ta mot cich
sinh dong ddi séng todn hoc hién dai.

Cc hinh vé ciia Benson Farb, Dai hoc Chicago.
(Anb: Wynne)
Benson Farb chia sé: “Céng cu chinh ma hiu
hét ching ta stt dung d€ truyn dat y tudng
ctia minh l3 bang phdn. Mét chiéc mdy tinh
khéng gidp dugc gl nhigu véi 40.000 chitu,
nhung trén bang den, t5i ¢ thélap so db tinh
hudng, gidi thich né theo thi gian thuc cho
hoc sinh hojc cong téc vién.”

Mt chiin g.mz'nb cia gido swe Amie Wilkinson,
Dai hoc Chica g0. (Anh: Wynne)

1 Tong hop tir Internet.
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f
l,

Con gido su Amie Wilkinson gi6i thiéu:
“Trén tdim bing den niy 12 l4p luin trong tim
trong bai bio tdi viét véi Keith Burns (gido su
todn hoc, Pai hoc Northwestern) vé cd ché
clia dong luc hoc hén loan.”

Di dao, hinh vé ciia A. Borodin, gido su Vién
Céng nghé Massachusetts (Anb: Wynne)

Trong hinh & bing trén, méi dudng gip khuc
minh hoa dudng di ctia mét ngudi di bé. Gia
bt ctt khi nao hai ngudi gip nhau, ho phai
quyét dinh mé&i ngudi sé ré theo mét hudng
khéc. Quyét dinh ré theo hudng nio c6 thé
thién léch - vi dy, nhitng ngudi di bd trén
dudng 6 mau lanh hon ¢6 thé ¢é nhigu khi
ning di vé phia déng hon phia bic so véi
nhting ngudi di bé trén dudng cé mau 4m
hon. “Mic di m6 td don gidn, hanh vi trong
quy mé 16n ctia né rdt phiic tap va lién quan
chit ché dé€n mot s6 hién tugng todn hoc va
vitly”, gido sw Borodin cho biét. M6 hinh c6
thé m& rong dé bao gom nhitu dudng di véi
nhiéu mau sic hon. “Su két hgp gitta sy don
gidn 1ira déi, chizu sdu 4n gidu v hiéu qui cha
toin hoc trong phin tich 1am cho hé théng
nay tr& nén hdp din déi véi t6i.”

Ciu chuyén tinh cfia nhitng vién phin
Hagoromo Fulltouch Chalk 13 tén goi ctia
mét loai phdn khong bui néi tiéng trén thé
gidi. Cong ty duge thanh lip vio thing 10
nim 1932 véi tén Nihon Chalk Seizosho.
Nhi mdy ban diu dugc dit tai Naka-ku,
Nagoya, nhung da bi phd hiy vio thing 8
nim 1944 trong Thé chién II. Cong ty dugc
thanh I4p lai vio nim 1947 vi déi tén thinh
Hagoromo Bungu.

TAP 8 — SO 6 THANG 6/2024

Coéng ty di bin dugc hon 90 triéu vién phdn
m&i nim vio thdi ky dinh cao vio nim 1990
va chiém 30% thj phin noi dia Nhit Bin.
Nha todn hoc Satyan Devadoss di viét vio
nim 2010 ring phin Hagoromo c6 thé dugc
goi 12 “Michael Jordan cta ph4n, Rolls—
Royce ctia phén”.

V2 trong cdng dong hoc thuit, Hagoromo
Fulltouch Chalk 12 bi mit dugc gitt kin nhét
thé gidi todn hoc.

“Né khéong d& gay, viér rdt thit ray” -
Max Lieblich, gido su todn hoc tai Dai hoc
Washington.

“N6 gidng nhu trugt trén tuyét méi” — Dave
Bayer, gido su tai Trudng Barnard, thuéc Dai
hoc Columbia, New York.

“Truyeén thuyét xung quanh loai phin nay la
khéng thé viét mét dinh 1y sai bing phin,
nhung t6i nghf t6i d bdc bo dieu d6 nhieu
lan” - David Eisenbud, gido su Pai hoc
California & Berkeley.

Théng 10 nim 2014, Hagoromo théng bio
cong ty sé ngirng sin xudt phin vio thing 2
nim 2015 vi ngiing bin hing vio thing 3
nim 2015, vi thyc t€ 12 bing den khéng con
phé bién trong 16p hoc va s6 lugng hoc sinh
ciing dang suy gidm.

Thong béo di giy ra sy hoing loan trong
cdng ddng todn hoc tai My. Trong con hodng
loan, cdc nha todn hoc trén khip nuwéc My bit
dau tich trit tai nguyén dé d6i phé.

AT WP s

BAte DAFT HTF et
e

Phin Hagoromo sdn xudt tai Nbdt Ban.

“T6i goi n6 1a ngy tin thé bing phin” -
Brian Conrad, gido su Dai hoc California &
Berkeley.
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“Toi di tinh todn xem t6i s& cin bao nhiéu
hdp dé tdn ti it 10 dén 15 nim vi t6i d mua
nhitu hop nhu viy” ~ Max Lieblich.

Dave Bayer da dua moi thit di xa hon — “Tbi
dd mét minh mua phin cdn lai cia ngudn
cung Amazon vio gitta dém.”

“T6i c6 day mot ti & nhi. Thitkhé dé néinéd
s€ diing dugc bao lau, nhung t6i nghi {t nhit
10 nidm véi tdc d6 st dung hién tai clia t6i” -
David Eisenbud khoe.

Nhung trong khi céc nha toin hoc My tich
tri¥ Hagoromo, & phia bén kia thé giéi, mot
gido vién & Han Qudc da c6 mét cich tiép
cin khic. Shin Hyeong-seok Iin d4u tién gip
Hagoromo trong mét chuyén di nghién ctu
dén Nhirt Ban, vi thé gidi ca éng mai mii
rung chuyén.

“Thic tuyét vdi”, Shin nhé lai. “N6 mém
hon rit nhitu so véi phin théng thudng ma
chiing t6i dang s dung & Han Qudc.”

Ong di mang mét vai hop tré lai Han Qudc
va thim chi con c6 ging tim cich riéng dé
sin xuit phin, nhung khdng gip may. Vi vy,
6ng di diing dén viée nhip khdu phin tir
Nhit Ban.

Hagoromo di bin chuyén nhugng céc dan
mdy lam phin Hagoromo vi ca thuong hiéu
cho cbng ty Sejongmall ctia Shin H,yem}g_
seok. Hagoromo tiép tuc dugc san xudt Han
Qudc. Con khung hoing di qua.

Brian Conrad ké lai: “Mat sinh vién clia toi
tir Han Quéc quay lai sau chuyén v& thim
nha véi mét hop phin... khoéng thé phin
biét duoc. Va mot dong nghiép Nhit Bin
cita t6i, mot ngudi him mé nhiée thinh cla
phé’n Hagoromo, cling kh'c‘)ng th‘e phfm bllt_:-t
duoc su khéc biée gita phin ctiva phin nl.dl.
Khong thé phan biét, vin tt nhw moi khi.”
Cam xtic clia cic nha todn hoc tht‘z’ néo}chi
phin Hagoromo lai tiép tuc duge sin xudr?

“Qua la nhing cim xtic lin 16n,” Lieblich

061 “Toi rdt vai khi biét ring né vin s€ dugc
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sin xudt, nhung hai thit vong vi minh kém

théng minh hon minh tudng.” .

“T4t nhién, né 3t hon cho cong ﬁong, cho
mdt phin nhd cong dong yéu t}{fCh 10}*‘1 ,I;)hin
nay, déloai phin nay vin dugc sin xudt,” dng
néi.

Diu nim nay, vio ngiy 31 /7, Takayasu

Watanabe, ngudi cht cd ctia Hagoromc?
Bungu, qua doi. Nhd Shin Hyeong-seok, di
sin phin ctia dng s€ s6ng mdi.

“Cé nhitng gido vién chua bao gid st d?ng
phin, nhung khong cé gido vién 1.1510 chi st
dung né mét lan,” Shin tu hio néi.

David Eisenbud, Gido s todn tai Pai hoc
California tai Berkeley.

VA cdc nha todn hoc yéu phin tiép tuc méi
tinh cta ho.

“Toi cim thiy minh nhu mét nghé nhan khi
ding phin,” Bayer néi. “Nhung né khéng la
gi so véi sy ngudng méd cha t6i d6i v6i nghé
thuft [im ph4n.”

Tham khao

(1] Trisha Gopal, Jacqueline Omanoff
and Evan Chung. How 4 brand of chalk
achieved cult status among mathematicians.
hteps://edition.cnn.com/2020/08/22/us/

hagoromo—chalk-great—big-story-tmd/ index.
heml

[2] Wikipedia, https:// en.wikipedia.org/
wiki/Do_Not_Erase:__Mathema
and_Their_Chalkboards

3] Wikipedia, hetps://en.wikipedia.org/
w1k1/Hag0romo_Bungu
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* M&i bai todn d& xudit (kém theo 1i gidi) cin dugc néu 16 12 bai séng téc hay bai suu tim.

* Bai gii cho m&i bai todn cin dugc trinh bay trong mot file riéng hodc mdt td gidy riéng.

* Ngudi dé xudt bai todn hojc giri bai gii cho cic bi todn trong muc “Thich thirc ky nay”
cin ghi 15 ho, dém, tén vi noi lam viéc/hoc tip, s6 dién thoai lién hé. Néu 1 hoc sinh
(hoic sinh vién) cin ghi r& 1a hoc sinh 16p méy (hoic sinh vién nim thi miy).

* Cdc bii todn trong muc Thich thitc ky niy huéng téi céc docgiala hoc sinh phd thong;
dugc phin chia thanh cic mitc d6 B, A, vi dugc sip xép theo do khé ting din, theo dinh
gid chl quan cia Ban bién tip. C4c bai todn mitc d6 B khong doi hoi cic kién thic vugt
qué chuong trinh mén Todn cdp THCS; cdc bai todn mirc dd A khéng doi hoi céc kién
thidc viugt qui chuong trinh mén Todn cip THPT.

* Cich thitc gfri bai todn de xudt hojc 16i gidi: giti file thu dugc biing c4ch scan, anh chyp
(r nét) cia bin viét tay, hoic dugc soan thio bing cdc phin mém Latex, Word téi bbt@
pi.edu.vn hojc gitti qua dudng buu dién t6i Toa soan (xem dia chi tai bia 2).

* Han giti 16i gidi cho cdc bai toin P811-P820: trudc ngay 15 /7/2024.

THACH THUC KY NAY

P811. (Mirc B) Trén bang c6 23 s6 nguyén
duonglién tiép. Ban Pi xo4 di mot s6, vanhin
thiy téng cic s6 con lai bing 2024. Hoi ban
Pi d4 xo4 di s6 nao?

Duy Minb, Ha Ngi

P812. (Mirc B) Tim cic s6 nguyénm dé
m? 4 3m? +2m

12 mét s6 chinh phuong.

Truvng Quang An, Qudng Ngai (St)
P813. (Mic B) C6 9 ban hoc sinh ding
chanh mot vong tron. C6 gido mudn phit
cho m&i ban mét l4 &, mau xanh hoic mau
48, sao cho khéng c62 banlién tiép ndo cling
aim ¢S d6, va khong ¢6 3 ban lién ti€p nio
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Y W iy 2. A Cye z 25
cung cam c& xanh. Hoéi ¢d gi4o cé bao nhiéu
céch phét c& cho céc ban?

(Hai cdch phat c& dwoc coi 1 kbdc nhan nén

1Y . A
ton tai mét ban boc sinbh cim ¢ mau khic
nhau 6 hai cdch dd.)

Nguyén Thanh Haii, Thanh Hod
814. (M1:1’c B) Cho a,b,c 1a cic s8 thuc
duong ‘thoa min ab + bc + cq = 1. Chitng
minh ring
1
3@ +0 4241y > !
1 (a+Va2+1)?

+—_ 1
2 t— >1
(b+m)2 (C+m)2 =

Newyén Vigr Himg, Ha Nbi

p
.
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MR

P815. (Mitc B) Cho hai dudng tron (0) va
(03) citnhau tai A, B. Qua B ké mét dudng
thing d bdt ki cit (O1) va (O2) tuong Gng
tai cic diém M,N (d khong tring véi AB
va M, N khic B). Pudng thing di qua A va
trung diém ctia MN cit dudng tron ngoai
tiép tam gidc AMN tai di€ém thd hai X khic
A. Chiing minh ring, khi d thay déi, nhung

ludn di qua B vakhéng tring v8iAB, thi };—%
khéng déi.

Pham Nbdt Nguyét, Hii Phong
P816. (Mtic B) Cho m,n la cic s8 nguyén

duong thod min n chia hét cho m. Chiing
minh ring v8i mbi s6 nguyén a ta c6

(a7m) = ((a’n),m) +

((x,y) ky bi¢n woc chung ldn nhét cia bai s

ngunyén x,y.)
Nguyén Tho Tiing, USA
P817. (Mtic A) Tim tit ci cdc sd nguyén
duong d, sao cho ton tai céc 6 nguyén a, b
dé1++/d 1a nghiém ctia da thic |
P(x)=x>+ax+bx—1.

Hi Duy Hung, Ha Ngi

P818. (Mitc A) Cho céc s3 thuc khéng 4m
a,b,c thoa min a? + b% + c* = 3. Chiing
minh ring

Va+b+vVb+c++/c+a>2va+b+ec.
Nguyén Minh Tho, Tp. Hé Chi Minh

P819. (Mtc A) Tim tit ci cic ham s8
f:N* = N* théa min

¢(m)+ f(n): f(9(m)) +n
v8i moi s& nguyén duong m, n.
(@(n) la s cde s6 nguyen duong khéng vuot
qud n va nguyén t8 cang nhaw vdin.)

Nguyén Phic Hung, Phi Tho

P820. (Mtc A) Cho hai tia song song Of,
0’7 v6i 00'F' < 90°, 0t, O't’ nim khéc phia
so v6i duding thing OO0, Trén tia Ot ldy hai
diém B,C (khic O') véi B nim gitta O’ va
C. Hiy néu céch dlmg diém A trén tia Ot
sao cho: ABC ACB 1a cdc géc nhon; AB,AC
cit 00 lan lugt tai M,N va B,M,N,C cung
thudéc mot dudng tron.

Thanos Kalogerakis, Greece and Ichung
Chen, Tatwan

GIAI BAI KY TRUOC

P781. (Mirc B) Chuin bj qua ting cho nhin
vién dip Tét Gip Thin, hai doanh nghiép, A
vi B, dén mot co sd sin xudt rugu vang dé
mua hing. Co s§ ndy c6 6 thiing rugu vang:
Thiing 1 chita 310 lit, thiing 2 chita 200 lit,
thiing 3 chtta 190 lit, thuing 4 chira 180 lit,
thiing 5 chtta 160 lit, thiing 6 chia 150 lit.
Doanh nghiép A mua2 thiing, doanh nghiép
B mua 3 thiing, vi s6 lugng mua cia doanh
nghiép B gip d6i s6 lugng mua ctia doanh
nghiép A. Theo ban, cos& sin xudt ruigu vang
con thiing nao chua bin? M&i doanh nghiép
d2 mua bao nhiéu lit rugu vang?

Loi giai (dua theo da 6 o7 gidi Tap chi da
nbdn dupc tir ban doc).

¥ y
TAP 8 - 56 6 THANG 6/2024 /" I ;

Vi lugng rugu doanh nghiép B d mua gdp
déilugng riugu doanh nghiép A d4 mua (tinh
theo don vi lit), nén t8ng lugng rugu chita
trong 5 thiing, ma hai doanh nghiép da mua,
13 mét s8 chia hét cho 3. 1)
Nhén thdy, 180 vi 150 chia hét cho 3; 310,
190 va 160 chia 3 dur 1; 200 chia 3 du 2. (2)
Do dé, tdng lugng rugu chita trong ci 6
thiing cla co s& sin xudt 1 mét s8 chia 3
du2. (3)
T (1) v (3) suy ra, thuing con lai chua duge
bén I thing, ma lugng rugu chita trong d6
1a mot s6 chia 3 du 2. Tl ddy va (2), ta dugc:
thiing chua dugc bén la thing 2 (ti¥c, thing
chira 200 lit).
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Viviy, tén.
dd mua l3:

31041904180+ 160 + 150 — 990 (lft).
la:
990 : 3 =330 (liv);
va lugng rugu doanh nghiép B d4 mua la:

330 x 2 =660 (lit).

Ddp 56

- Thuing chua bén: Thuing 2;

— Doanh nghiép A d3 mua: 330 Ifg;

— Doanh nghiép B &1 mua: 660 lit.

Binh luin va Nh4n xét
1. D& thdy, hai thiing ritgu ma doanh nghiép
A dd mua I thung 4 v thing 6; ba thiing
rugu ma doanh nghiép B di mua 1a thung 1,
thiing 3 vi thung 5.

2. Thiét nghi, bai todn s& tr& nén thd vi hon,
néu gia thiét cta né dugc chinh sita theo
huéng sau:

- Gitt nguyén gid thi€t vé s§ lugng thung
rugu clia cd s sin xudt, vé s6 lugng thing
rugu mbi doanh nghiép di mua, v& twong
quan gitfa lugng rugu (tinh theo don vi lit)
m3 hai doanh nghiép d mua;

— Chinh stra dung lugng rugu cia mbi thiing,
sao cho téng dunglugng rugu ctia cd 6 thiing
12 mét s8 chia 3 du 2, va trong 6 thiing ¢4 hai
thl‘ln'g, ma dung lugng rugu clia méi thung
deu 12 mot s chia 3 du 2.

3. Tit ci céc 15i gidi Tap chi dd nhin dugc
tit ban doc déu 14 10i gidi ding; tuy nhién, cé
vai, ba 191 gidi kh dai dong, do ngudi gidi b
hoic d4 st dung céc cong cu phirc tap hon
muic cin thiét (nhu, gidi hé phuong trinh, ...),
hoic thi€u nhin xét t8ng quan, vdi vang sa da
vao viéc xét chily cdc trudng hop.

Nguyén Khic Minh

P782. (Mtic B) Cho tam gidc ABC cin tai B,
c6 ZABC = 40°. Goi M la diém nim trong

28

g luong rugu ma hai doanh nghiép

Suy ra, lugng rugu doanh nghiép A di mua

tam gidc, sa0 cho BM=ACva ZABM =1(r,
Tim s6 do cﬁagécAMC. N
Li gidi (cia ngui chdm bai).

B

A C
Tt céc gid thiét vé tam gidc ABC, ta cé:
1
£BAC = /BCA = 3 (180° —40°)

=70°. (1)

Tir 46, do 60° < 70°, suy ra, ta cé thé ldy
diém J, nim trong tam gidc ABC, sao cho
AJC 1a tam gidc deu.

Khidé,doJA =JCvABA = BC (vi tam gidc
ABC cin t3i B) nén BJ I dudng trung tryc
cta AC. Suy ra, BJ 13 phén gidc trong clia
ZABC. Vi thé, vy gia thiét ZABC = 40° ta

Co:

1
ZABJ = 3 +40° =20°. (2
Ma ZABM = 10° (gia thiée), nén
£MBJ =20°—10° = 10°.  (3)
Do AJC 1 tam gide dey, nen:

—tr (1) suy ra
£BAJ = £BAC — LJAC = 70° — 60°
=10° = ZABM: ©)

- it gi/:?x thi€t BM = Ac suy ra BM = AJ. (5)
Goi J' 1a diém dg; xtng clia M qua dudng
trung trwc d cia AR,

V. -w
Q-E TAP 8 - 58 6 THANG 6/202%




Khi d6, do A va B ddi xitng véi nhau qua d,
nén té gidc ABJ'M 12 mét hinh thang cin, véi

hai ddy A ABvaMJ'. (6)

Suy ra
/BAJ = ZABM = ZBAJ (theo (4)), (7)
AJ' = BM = AJ (theo (5)). (8)

Do M nim ciing phia véi J, déi véi dudng
thing AB, nén J' ciing nim cing phia véi J,
d6i v6i dudng thing d6. Vi thé, tix (7) va (8),
suy raJ = J's do d6, theo (6), ABJM 1a mét
hinh thang cin, vé6i hai ddy 1 AB vA MJ. Suy

ra
ZBAM = /ABJ = 20° (theo (2)), 9)
LMAJ=/LMBJ
=/BAJ (vi cing bing 10°, theo
(3)va(4)

= /MJA (hai gbc so le trong). (10)
Tit (10) suy ra, tam gidc AMJ can tai M; do
d6, MA=MJ.MaCA =CJ (doAJClatam
gidc dtu), nén CM la trung truc cia AJ. Suy
ra, CM 13 phin gidc trong ctia ZACJ. Do d6

LMCA = %-60° =30°.
Tir (1) va(9), suy ra

£ZMAC = 70° —20° = 50°.
Vi viy
ZAMC = 180° — (LMAC + ZMCA)
=180° — (50° +30°) = 100°.

Ta c6 digu phai tim theo yéu ciu dé bai.
Binh luin vA Nhén xét
1. Qua Li gidi trén, ban doc ¢4 thé ghi nhén
két qua hitu ich dudi day, lién quan dén phép
ddi xitng tryc:

“Has diém phin bi¢t U, V doi xiing vdi nbau,
qua dubng trung tritccia doan thing XY, kbi
04 chi kbi chiing ndm citng phia 465 vdi duiong
thingXY, LXYU = LYXV,0aXU =YV.”
2. Trong s& cac 10i giai Tap chi dd nhin duoc

TAP 8 — 5O 6 THANG 6/2024
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¢t ban doc, rit tiéc, c6 mot 15i gidi khong
dting, do ¢6 nhim l4n trong tinh todn sé do
ctia géc MAC.

Ha Vii Anh

P783. (Mtic B) Cho cic s8 httu tj a,b,¢
thoa min (a+ bc)(b+ac)(a+b) #0va
1 s i g

a+bc ' b4ac a+b’
Ching minh ring, c2—1labinh phuong ctia
mot s8 hitu ty.
Lo gidi (dwa theo y gidi cila da si 107 gidi Tap
chi di nhin dwoc tir ban doc).

Ta cé:
1 Leid 02
a+bc  b+ac a+b
(a+b)(c+1) 2

(a+bc)(b+ac) a+b
S(c+1) (a+b)? =2(a+bc) (b+ac)
& (c+1) (a*+2ab+b?)
=2 (ab +ca®+cb* + abcz)
& 2abe +a® + b* = ca® + cb? + 2abc?
& (c-1) (a2+b2+2abc) =0
. [ c=1
a* +b* = —2abc.
-Néuc=1thic?—1=0=02 Vithé
¢? — 1 1a binh phuong ctia mot s6 hitu t.
- Xéta® 4+ b* = —2abc. (1)
Nhién thdy, néu ab = 0 thi tit (1), ta ¢6
a2 +b =0 suy ra, a = b = 0, trdi véi gia
thiét ctia bii ra. Vi vy, ab # 0. Suy ra

a® +b?
MNec=—r—F
2ab
Do dé
24 12\ 2 232\ 2
Pel= a’+b _1=(¢ b @
2ab 2ab
a2—b2

Vi a, b la céc s6 hitu ty, nén

12 mot

s8 httu tf. Do d6, (2) cho thidy ¢ — 1 la binh
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phuong ctia mét s6 hiru ty.

Kft qué xét hai truding hop c6 thé xdy ra trén
day cho ta diu phai chiing minh theo yéu
ciu d& bai.

Binh luin vA Nhin xét

Trong s8 cdc 1&i giai Tap chi dd nhan dudgc it
ban doc, rit tiéc, cé bdn 15i gidi chua dung,
do ngudi gidi bai khdng chitng minh ab # 0,
khi biéu dién ¢ qua a, b.

Luu Thi Thanh HA

P784. (Mttc B) Ton tai hay khong 2024 s6
nguyén t5 1¢ d6i mot phin biét, sao cho téng
cia 11 58 bt ky trong 2024 58 d6 1 hgp s8?
Loi giai (dua theo loi gidi cda ban Trin
Khdnb Hung, ldp 10T1, truong THPT
chuyén Hung Vicong, tinh Binb Duong).

Do ¢6 v6 s8 s6 nguyén t3 (theo dinh ly
Euclid), va do 2 13 s nguyén t8 chén duy
nhit, nén ¢ vo s8 s6 nguyén t6 I&. (%)
Do chi ¢6 11 s6 du cé thé trong phép
chia mét s8 nguyén cho 11, 3 0, 1, 2,
3, 4,5 6,7, 8 9, 10, nén néu véi méi
s € {0;1;2;...;10}, chi c6 hitu han s8
nguyén t6 [é, ma mbi s& déu chia 11 du
s, thi s& cdc s6 nguyén t8 1é 12 httu han,
mau thuin v&i (*). V1 viy, phdi ton tai s3
re {0;1;2;...;10}, sao cho c6 v6 s6 s8
nguyén t3 1& d6i mot phén biét, ma mbi s6
d8u chia 11 du 7. Hién nhién, téng ca 113
bit ky, trong s cic s nguyén t6 nhu viy, la
mot s6 16n hon 11 vi chia hét cho 11; vi thé,
tdng d6 1a mot hop s6.

Nhu vdy, 6 v6 s6 s6 nguyén t6 1é d6i mot
phan biét, sao cho t8ngctia 1156 bitky trong
chiing 12 mét hgp 6. V1 véy, ciu tri 18i cho
cau hoi clia bii ra la “Cd”.

Binh luin va Nhin xét

1. Khing dinh “cd 06 5656 nguyén t6” dugc
Fuclid tim ra vi chiing minh vio Thé ky 3
Trudc Cong nguyén. Dé ghi nhin déng gép
niy ctia Ong, céc nha todn hoc sau nay di dit
tén cho khing dinh d6 1a Dinh Iy Euclid.
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én day, khi thay 11 bai
10 bdi k£ — 1, 9 bgi
o Bii todn khii

2. Trong Loi gidi tr
k, va ddng thdi, thay
k—2,...,taséc6 Ligial ch
quiét sau: ] . %
Bai todn khdi quét. Chitng r:lm/f ring, vdi
mbi 58 nguyén dwong k>1, diﬂ ton tai Ui 56
56 nguyén 0 ¢ d6i mot phin ‘bttff; sao Chtltong
ciia k 56 bit ky trong chiing la mgt bop s6.

3. Trong s6 cic 18i giai Tap chi &1 nhin dugc
tit ban doc:

_ C6 mot loi gii sai, do ngudi gidi bii
da ching minh sai khing dinh “tdon tai
r e {0;1;2;...;10}, sao cho co vo sE‘S 56
nguyén t6 1é doi mot phin biét, ma méi s
deu chia 11 du 7’

— Ngoai trir 15 gidi ctia ban Twin Khdnh
Hung, tit i cic 10i giai diing khdc deu khd
cdng kénh, ning né (do ngudi giai bai d4 st
dung cic khdi niém, két qui qud manh).

Luu Thi Thanh Hi

P785. (Miic B) Cho 6 56 thuc a, b, c,x,,2,
théaminax+by+cz=0va

P+ +1=c%
Chting minh ring, X%+ y2 —Z>0.
Loi giai (duwa theo loi gidi ciia cdc ban: Bii
Hoang Nam, lop 9410, trurng THCS Ngb
Quyén, Tp. Hii Phong; va D§ Viér Hoing
Long, l6p 114, truitng THPT chuyén Quang
Trung, tinb Binb Phudc).
T a® +b2+1=c2 suyrac#0.

Do d6, tt ax + by + ¢z = 0, suy ra
_ _ax+by

- Vivay

2= (axtby?
2

< ([@+8) (2 4y7)
c2

GRS
c2

(@ +y?

S c\z) =x2+y2-

)
; .
g.E TAP 8 - 56 6 THANG 6/202¢

r



Suy ra, x2 +y2 -z2>0.

Ta c6 ditu phai ching minh theo yéu ciu dé
bai.

Binh luin vi Nhin xét

1. Bai d ra 1 mot bai todn don gian, rdt co
ban. Huéng giai bai todn bing cich biéu dién
z qua x, y ]a mét huéng gidi rdt tuf nhién.

2. Tit ca cdc 181 gidi Tap chi dd nhin dugc tir
ban doc deu 11 13i gidi ding va ngdn gon.

Nguyén Khic Minh

P786. (Miic B) Cho s6 nguyén duongn > 4,
vi cho n diém phén biét trén mit phing, sao
cho khéng c6 ba diém ndo thing hing. Ban
Trungvén+ 1doan thing, sao cho mé&i doan
deu 6 ca hai dau mut 1 cic diém di cho.
Chitng minh ring, ton tai hai doan thing
khéng c6 diém chung.

Loi gidi (dwa theo Ddp dn do BBT cung cap).
Dé tién cho viéc dién dat, ta quy wéc:
- O 1 giai nay, ngoai trit “diém” trong cau
“hai doan thing khong c6 diém chung”, khi
néi “diém”, ta hiéu d6 14 diém nim trong s6
cic diém d3 cho;
- Goi hai diém 13 ké nban, néu ching 13 hai
du mut cia cling mét doan thing, trong s8
n+ 1 doan thing ban Trung d4 v&
- Néi diém X k& v6i diém Y, hoic diém Y k&
v6i diém X, néu X va Y 13 hai diém ke nhau.
Tiép theo, ta s& giai bai d4 ra bing phuong
phip quy nap theon > 4.

e Xétn=4.

Khi d6, do s3 doan thing dugc vé 12 5, nén
phai 6 it nhit mo6t diém k& véi ci ba diém
con lai (Vi néu méi diém chi k& véi t6i da hai
diém khic, thi s doan thing dugc vé khong
vugt qui i g 4). Goi A 1a mét diém nhu
viy, vi goi ba diém con laila B, C, D.

Do khéng cé ba diém ndo thing hang, nén
trong ba tia AB, AC, AD, phii c6 mét tia nim
gitra hai tia con lai. Khéng mit téng qud, gid
st tia AB nim gitta tia AC va tia AD (xem
Hinh 1),

7T
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(o

Hinb 1.

Do s8 doan thing Trung d4 vé1a 5, nén trong
hai doan thing BC, BD phii c6 it nhdt mét
doan thing nim trong s8 nim doan thing
d6. Khong mit téng qudt, gia stt BC la doan
thing Trung di vé (xem Hinh 1). Xhi do,
AD vi BC 13 hai doan thing khéng c6 diém
chung, do A # Bva hai diém C, D nm trong
hai nita mit phing déi nhau, by AB.

Vi viy, ta 6 ditu cin chiing minh theo yéu
ciu de bai, khin =4.

o Gii stt, ta cé diéu cin chitng minh theo yéu
ciu d& bai, khi 7 = k, véi k [a mot s6 nguyén
duong khong nho hon 4.

oeXétn=k+1.

Khi d6, s6 doan thing dugc véla k+2.

Xy ra cdc trudng hop sau:

o Trutong bop 1: Ton tai mgr diém, goi la X,
khéng ké vdi bat ky diém nao.

Khi d6, x6a diém X, ta s&€ c6 mot h¢, gdm k
diém va k + 2 doan thing. Xét k+ 1 doan
thing tlly y, trong k + 2 doan thing d6. Theo
gia thi€t quy nap, trong k+ 1 doan thing nay,
ton tai hai doan thing khéng c6 diém chung.
Vi thé, trong k+2 doan thing dugc vé, c6 hai
doan thing khéng c¢6 diém chung.

© Trutng hgp 2: Ton tai mgt diém, goi la X,
ké vdi diing mot diém khdc.

Trong trudng hop ndy, x6a diém X va doan
thing nhin X [am d4u mdt, ta sé c6 mot hé,
gdm k diém vi k + 1 doan thing. Theo gii
thiét quy nap, trong k + 1 doan thing nay,
tdn tai hai doan thing khéng c6 diém chung.
Do dé, trong k + 2 doan thing dugc vé, c6
hai doan thing khong c6 diém chung.
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© Trutng bop 3: Méi ditm déu ke véi it nbit
bai diém kbac.
Nhin thdy, néu méi diém deu ke véi dtng hai
diém khic, thi s8 doan thing dugc vé la:
2(k+1)
2
Viviy, phai ¢6 ft nhdt mét diém ke véi it nhét
ba diém khdc. Goi A 1a mét didm nhu vay, va
iié stt B,C, D 12 ba trong s6 cic diém k& v6i
Do khéng ¢6 ba diém ndo thing hing, nén
trong ba tia AB,AC, AD, phii c6 mét tia nim
gitta hai tia con lai. Khéng mit téng qudt, gia
sU tia AB nim gita tia AC vi tia AD (xem
Hinh 2).

=k+1<k+2.

E o

Hinb2.

Dok+1>5MWik> 4), vado Bk véi it nhit
hai diém khic, nén phii c6 diém E # A, mi
B ke véi E (E khong nhit thiét phai khdc C,
D).

Do khéng c6 ba diém nio thing hang, nén E
nim trong cling mdt nifa mit phing bo AB
v6i C, hoic véi D. Khéng mit tdng qudt, gid
s E nim trong ciing mot nifa mit phéng bs
AB v6i C (xem Hinh 2). Khi dé, AD va BE
12 hai doan thing khéng cé diém chung, do
A # B va hai diém D, E nim trong hai nita
mit phing d8i nhau, b5 AB.

Keét qué xét ba truding hop trén day cho thdy,
ta c6 ditu can chitng minh theo yéu ciu de
bai, khin=k+1.

Vi véy, theo nguyén 1y quy nap, tacé dieu cin
chitng minh theo yéu ciu de bai, véinlamoée
58 nguyén duong ey ¥, khong nho hon 4.

32

Binh luin va Nhin xét . e
Quy nap 12 mot hudng gidi t nfnenﬁcua bai
a2 oo Tt ca chic 161 gidi Tap chi dd nhin duge
tif ban doc deu 12 &0 giii the?.hl.{(?ng’ ndy,
Tuy 'nhié;l, £t tiéc, tét ca cdc 10’1 g’1a1 ?o déAu
12 161 giai sai, do ngudi gid bai d4 mic mot
trong céc 16i sau:

— Chitng minb mét khing dinh, k{adc vdi
kbdng dinb cia bai ra. Cu thé, thay vi chiing
minh tbn tai hai doan thing khong c6 diém
chung, ngudi gidi bai da chiing minh ton tai
bai doan thing khing cb dau miit chung.

- Chiing minh sai ménh de quy nap (uic,
ching minh khing dinh ctia bii ra, khi
n = k+ 1) trong trudng hop c6 mot diém 3
d3u mat chung ciia diing hai doan théng, vi
méi diém, trong s k diém con lai, deu 1a dau
mut chung ctia {t nhit hai doan thing.

Nguyén Khic Minh

P787. (Mirc A) Xét cic s8 thuc a, b, c, théa

main

ab? +bc® + ca® = 673 +ac? + cb® + ba’.

Tim gié tri nhd nhdt ctia bidu thac
P=a’+b*+c2.

Loi gidi (dua theo cdch gidi ciia ban Nguyén

Tén Nguyén Chuong, lop 1171, truomg

THfT chuyén Luong Vin Chinb, tinb Phi
Yén).

Tacé:

ab*+bc*+ca? =6v/3+act +-cb?+ba®
& ab(b—a)~c (b*~a?) +2 (b—a) =63
©(b—a) (ab—aC—bc+c2) =6v3
“b-a)(ab—c)—c(b—c)) =613
41’(‘1_17)(l7—c‘)(c—zz):6\/5, *)

I?o Efnlg .czoi xt’r’ng vong quanh ciia hé thic (%)
va cia biéu thitc P, d8i véi a,b, c, nén khong
mat tong quit, gid sit g = max{a, b,c}

. I’ i ’ )
Khids,a > b;suyra g — > 0. Do dé, tf

e =
gE TAP 8 - 56 6 THANG 6/2024
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(), bing cich 4p dung bit ding thic

(x+y)
=

chox=b—cvaiy=c—a,tacé:

(b—c)+(c—a))*
4

xy < Vx,yeR

6v3 < (a—b)
(a—b)®
I
Suyra,a— b> 23 vi viy, véiluu y
(x+y)?

x2+y2 > T Vx,y € R,

ta cé:
P=a+b+c* > a+(-b)? > 2

(2v3)

2
3

> L =
g D

Hon nifa, bing kiém tra tryc tiép, d& thiy
a = +3,b = —/3,c = 0 théa min rang
budc ctia de bai, vi tai cdc gid trid6 ctiaa, b, ¢,
tac6P=6.

Vi thé, gid tri nho nhét cta P bing 6.

Binh lujn va Nhin xét

1. Cic gid tri cta a,b,c, ma tai 46 P = 6,
duge tim ra tif viéc xét kha ning xay ra ddu
“=" § cic bit ding thic di dugc sir dung
trong qud trinh giai.

2. Ldi gidi trén cho thiy, bai d4 ra 13 mot bai
toin khéng khé, va rit phit hgp cho viéc bdi
dudng hoc sinh kh4, gidi Toin 16p cudi cip
THCS.

3. Trong s§ cdc 16 giai Tap chi nhin dugc tit
ban doc, rit tiéc, c6 mot 16i gidi khong ding,
do ngudi gidi bai d3 quan niém sai ring,
“a, b, ¢ c6 vai trd nhu nhau; do d6, khéng mit
tinh tdng quit, c6 thégidasitc > b > a”.
(Laew y: Vi bé thic thé bién rang bugc doi vdi a,
b, ¢, trong dé bai, la mét bé thiic chi Aot xing
vong quanh doi vdi a, b, ¢, nén vai tro cia g,
b, c trong bai todn kbéng nhw nhau!)

V6 Quéc B4 Cén

TAP 8 — 5O 6 THANG 6/2024 q l;

P788. (Mtc A) Cho tam gidc nhon ABC, c6
AD, BE,CF la cic dudngcao. X 12 mét diém
didong trén tia DE, vaY lamot diém di dong
trén tia DF, sao cho X, Y khéng trung D, va
DX = DY . Gi st cdc dudng tron (CDX) va
(BDY) cit nhau tai diém tht hai P, khdc D.
Chiing minh ring, diém P di d6ng trén mot
dudng thing cd dinh.

((XYZ) ky hiéu dudng tron di qua ba diém
X,Y,Z)

Loi giai (dwa theo tét cd loi gidi Tap chi di
nbdn dwoc tir ban doc).

Do D,E,F, wiong tng, 1a chin cic dudng
caohatirA, B, C clia tam gidc nhon ABC nén
DA 1 phin gidc trong ciia ZEDF. (1)
Xét phép nghich dio f cyc D, phucng tich
DB-DC. Ta cé:
f:B—C,C—B.

Goi X',Y', P’ tuong ting, 12 inh cha X, Y, P
qua f.

Khi dé

DX -DX'=DB-DC=DY -DY’

mi DX = DY (gia thiét), nén suy ra,
DX' = DY'. Do d6, X'DY’ 1a tam gidc cin
tai D. (2)
Tu (1) va (2), véiluuy ZXDY va ZX'DY’' Ia
hai géc ddi dinh, suy ra AD [a dudng trung
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;t.;cc;uaX'Y’. Vithé, XY | BC. 3)
qua cuc nghich dio, nén inh ctia cic
dudng tron (BDY) va (CDX) qua f, tuong
tng, 1 cdc dudng thing CY’ va BX’. Vi thé,
tit P 1 giao diém ca (BDY) va (CDX) (gia
thiét), suyra, P' 1 giao diém ctta CY' va BX'.
Do dé, goi Q 1a giao diém ctia PD va X'Y’, tit
(3), theo dinh Iy Thales, ta cé:

0X' DB

Q' DC
Do D,E,F c& dinh nén céc tia d6i clia cic tia
DE, DF 1A cc tia c8 dinh.
Nhu viy, X', Y’ di doéng trén hai tia ¢§ dinh
c6 chung géc D, méi diém di dong trén mot
tia, sao cho X'Y’ song song véi dudng thing
cd dinh BC (theo (3)). Vi the, tir (4) suy ra,
tia DQ 1 tia c8 dinh, vi do d6, dudng thing
DQ la mét dudng thing c8 dinh. Ma P thuéc
dudng thing niy, nén ta c6 dieu phii ching
minh theo yéu ciu de bai.
Binh luin va Nhén xét
1. Lién quan dén bai d4 ra, thiy Tdn Quang
Hiing (tradng THPT chuyén Khoa hoc Ty
nhién, Pai hoc KHTN - PHQG Ha Nbéi)
d4 d& xuit bai todn “ho hang” sau:
Bai toan “ho hang”. Trong mdt phing, cho
doan thing AB va mgt diém O ndm trong
doan théng do. Trong cing mgt nita mdt
phing by AB, vé bai tia Ox, Oy, sao cho ZAOx
i /BOy lix hai goc nhbon bing nban. Xérdiém
M di dng trén tia Ox va diém N di déngtrén
tia Oy, sa0 cho OM = ON. Chiing mink ring,
giao diém thi bat, kbdc O, ciia hai duing
trom, (AOM) va (BON ), di ddng trén mgt
dwdng thing b dinb.
Mi cic ban c6 quan tim ciing thif stc véi
bai todn trén.
2. Tit ci céc 161 gidi Tap chi nhin dugc tir ban
doc deu 12 16i giai ding.

= const. 4)

Ha Vi Anh

P789. (Mtic A) Trong mit phing toa do, xét
100 diém c6 toa dd nguyén, sao cho khoing
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diém bitky 12 mot sd tu nhién,

‘ itfa hai . 4
cich glfl'a alit bao ahiéu khoang cich Iy 8

Hoi c6 ft nh
chin? o :
Lai gidi (dwa theo J gidi 44 mdt ban boc sink
cdp THPT). e
Tabiétring, trong Todn hoc, diém ‘hEOC mit
phing toa d6, ma ¢6 ca hai tc,)aA d6 deu la s6
nguyén, dugc goi 13 diém nguyén.
Ta c6 Nhin xét sau:
Nhin xét. Cho A (x4,74) , B (xB,¥B) 1 hai
diém nguyén trong mdt phing toa d9, sao
cho d6 d2i AB lamét s6 tu nhién. Khi d6, 49
dai AB 13 mot s& chin khi va chi khi
x4 +ya =xg+yp (mod2).
Chiing minb.
DoA (xa,y4) B (x8,yB) 12 cic diém nguyén
vi d6 dai AB 12 mét s8 tu nhién, nén
D6 dai AB 158 chin

& (xa—x8)°+ (ya —yp)* = 0(mod?2)

< (xa —xB)2 = (ya —y3)2 (mod?2)

©xs —xg = yo —yg(mod2)

©xa+ya = xp +yp(mod2).
Nhin xét dugc chitng minh.
T76 lai bas todn.
Gid sit A; (x;,:),i = 1,100, 1a 100 diém
nguyén, théa man dieu kién d2 bai.
Goi S 1a tip hop gom tit ci cdc diém
Ai (%,y1), max; +y; = 0(mod 2) ; va goi T
la tdp hop gdm t4t ci cic diém A; (x;,y;) , ma
Xi+yi=1(mod?2).

Do phép chia mét s8 ty nhién cho 2 chi c6 56
dulaOhoic 1, nén

SNT =2viSUT = {4;,i =T, 100} .
Do dé, |S|+|T| = 100. (1
Theo Nhian xét, khoan.
phfan lziét tly Y, trong 3 100 didm néj trén, i
motsd cAharAl khi vi chi khj haj diém d6 thudc
cung rlr\lotxtap hop, trong ha tp S, T.Do a
lg;m nlasg kfloang cdch gitta hai diém phio
1et trong s6 100 didp, d4, mi méi khoing

g cdch gitra hai diém

V
Tha e
g.c TAP 8 - 56 6 THANG 6/2024




|
THACH THUC TOAN HOC

3

cdch 12 mot s6 chdn, ta cé:
2 2
H=C]23|+C|2T] =C|S|+C]()0_|s| (do(l))
Isl-(Is1=1) , (100=IS) (99 —s))
B —

= (8] — 50) +2450 > 2450. )

Xét 100 diém X; (0, l) ) i= T,I—OO, nim tfong
mét mit phing toa do.

wi 0,1,2,...,100 1 cdc s8 nguyén, vi
khoang cich gitta hai diém phin biét tiy y
X, Xi: bing |m — k| 1a mot s8 vy nhién, nén
X;,i = 1,100, 12 100 diém théa man cic digu
kién ctia de bai.

Do khoing cich gitra hai diém phin biée
X, Xi bing |m — k| nén khoing cich d6 1
métsd chin khiva chikhim vk cé cling tinh
chinlé.

Vi vdy, s6 khoing cich gitta hai diém phin
biét, trong 100 diém X;,i = 1,100, ma mbi
khoing cich 12 mét s6 chén chinh bing s8
2— tép con (tic, tip con c6 hai phin o) ctia
tip {152;...;100}, ma ca hai phin tif cla
méi tip con c6 ciing tinh chin I&. (3)

Do trong 100 s8 nguyén duong diu tién c6
ding 50 s8 chin va ding 50 6 1é, nén s8
2—tipconchatip {1;2;...;100}, mi cd hai
phiin tif cla méi tip con c6 ciing tinh chin ¢,
bing

C3+C2=2- 4_9;9 = 2450.

Do d6, theo (3), c6 tit ca 2450 khoang cich

gitta hai diém phin biét, trong 100 diém
Xi,i=T,100, mi méi khoing cich 1a motsé
chén. 4)
Tit (2) va (4) suy ra, véi 100 diém try §, thoa
mén cic dieu kién ctia d& bai, trong s8 cic
khoing cich gitta hai diém phin biét (trong
chiing), ¢6 it nhdt 2450 khoing cich I3 s8
chin.

Binh luin vi Nhin xét

1. Cich tiép cin dé tim 15i gidi cho bai da
ra, dugc thé hién & Lai giai trén, [a mot cich
tiép cin rdt o nhién. Céc thdng tin cin khdm
phd, theo cich tiép cin niy, deu l cic thong
tin d€ thdy, nhd cic suy luin logic ty nhién,
don gidn. Vi thé, cé thé néi, bai d ra [a moét
bai todn nhe nhing, va rit hitu ich cho viéc
hinh thanh, cling ¢6, rén luyén tu duy logic.
2. Rit tiéc, & 10 gidi cia ban hoc sinh dugc
nhic t6i & phin Ldi gidi, khong c6 bit ctt
mét chiing minh ndo, hay mét 13i gidi thich
nio, cho cic khing dinh mang tinh then chét
dugc néu ra. Vi thé, 16i gidi clia ban hoc sinh
ndy chura phai 12 mot 16i giai cho bai todn; dé
mdi chi [a mot “dan y”, thé hién nhitng ditu
cin chitng minh, cin trinh by trong 15i gidi
ctia bai todn.

3. Cho téi thoi diém ban thio vio Nhi in,
ngodi 1oi giai vira néu trén, Tap chi vin chua
nhin dugc thém mot15i gidi ndo khic, tirban
doc.

Nguyén Khic Minh

DANH SACH HOC SINH CO LOI GIAI PUNG

Trong cic ngogc don & phén dudi ddy, sau tén
U0p 1t ma higu ciia cdc bai todn ma boc sinh ¢
loi gidi diing.

KHOI THCS

* Trudng THCS Nguyén Thdi Binh, Tp.
Ca Mau, tinh Ci Mau: Lé Nguyén Hoing
Nbas Dink (16p 9C; P781, P782).

° Tru’bng THCS Lé¢ Vin Thiém, Tp. Ha
Tinh, tinh Ha Tinh: Nguyén Thi Anb Ngoc

A
TAP 8 - 58 6 THANG 6/2024 %

(16p 6A3; P781).

e Trudng THCS Ngé Quyén, Tp. Hai
Phong: Biri Hoang Nam (16p 9A10; P785).
o Trudng THCS Lé Hong Phong, huyén
Hung Nguyén, tinh Nghé An: Tiinb Bi
Hiéu (16p 9A; P783).

o Trudng THCS Nguyén Quang Bich,
huyén Tam Néng, tinh Phti Tho: Nguyén
Thanh Mai (16p TA; P781, P782).
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° ~I“rtrbng THCS Nguyén Nghiém, Tp.
Quang Ngii, tinh Quang Ngii: Ngé Truing
Phiic (16p 7B1; P781).

® Trudng THCS Nh# B4 S¥, huyén Hoing
Héa, tinh Thanh Héa: Nguyén Bio Khink
(I6p 9C; P781, P782, P783, P784, P785,
P787).

KHOI THPT

e Truong THPT chuyén Hing Vuong,
tinh Binh Duong: Trin Khdnb Hung (16p
10T1; P781, P784, P785).

e Trudng THPT chuyén Quang Trung,
tinh Binh Phuéc: BS Vies Hoang Long (16p
11A; P783,P784, P785, P788).

e Trudng THPT chuyén Nguyén Quang
Diéu, tinh Dong Thap: Pham Tién Dat (16p
10T1; P782), Huynb Phiic Vinh Nguyén (16p
10T1; P781), P6 Duy Quang (16p 12T1;
P781, P782, P783), Trin Thi Phuong Thdo
(I6p 10T1; P781), Huynh Ngoc Anb Thu

(16p 10T2; P781). ; ,
o Truodng THPT Chuyén Hﬁ Nﬂﬁl =
Amsterdam, Tp. Ha Noi: An Tudn Kt (16p |
11 Toén 2; P781, P782, P785), Ta Min)
Tuudin (16p 11T2; PT83).

o Trudng THPT chuyén Luong Vip
Chanh, tinh Pha Yén: Nguyén Tin Nguyén
Chuong (16p 11T1; D787, P788), Hujnh
Trin Gia Huy (16p 10 Todn 1; P787).

e Truong THPT chuyén Q_U(";C hoc Hug,
tinh Thira Thién — Hué: Nguyén Anb Minh
(16p 10 Toén 1; P783).

o Trudng THPT chuyén Vinh Phuic, tinh
Vinh Phac: Truong Anb Ding (16p 10A1;
P781, P785).

e Trusng THPT chuyén Ty nhién, DH
Khoa hoc Tu nhién - PHQG Ha Ngi:
Vicong Khdnb Toan (16p 11A1 Todn; P781,
P782, P784, P785).

Conclusion: (d.t) két luin.

Decimal: (t.t) thip phan, thuc vé hé thip
phin.

Difference: (d.t) sai khic, hiéu s6.

Digit: (d.t) chi s6.

Distinct: (t.t) phén biét.

Equation: (d.t) phuong trinh.
Expression: (d.t) biéu thdc.

Even: (t.t) chin.

Integer: (d.t) s6 nguyén.

Vocabulary

Pair: (d.t) cip.

Periodic: (t.t) tuiin hoan.
Positive: (t.t) duong.
1Remainder: (d.t) s§ du.
Solution: (d.t) nghiém, 15i giai.
Sequence: (d.t) day s6.

Square: (d.t) s6 chinh phuong,
perfect square: s chinh phuong.
Sum: (d.t) téng.

Value: (d.t) gid tri.

Negative: (t.t) m.
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Trong phan diu chuyén muc, ching t6i s&
trinh by véi cdc ban 16i gidi cdc bii todn
trong ky thi Olympic todn hoc tré ciia Han
Quéc nim 2023 ding trong s& bio 3/2024.

0OC64. Tim tit ci cdc cip s6 nguyén (x,y)
théa min )

V=422 +2x+1.

Li gidi. Ching ta c6 thé phan tich y* =
(x+1)(x2+x41) vadox? +x+1 > Onén
asuyrax+1>0. Véix=—1tacéy=0
vacip (—1,0) théa min diu bai.

Xét trudng hgp x > 0. Do ged(x + 1,22 +
X+1) = ged(x + 1,x2) = 1, chiing ta suy
x+1=avix?+x+1=0b?trong d6
a,b 1ﬁ7ca’1c s6 nguyén t6 cting nhau. Ta cé thé
kepa® <a? x4+ 1 =02 < (x+1)2, do
d6x% +x+1 = (x+1)2. Nhuviyx = 0w
y==l.

Tém lai ta c6 3 cip (x,y) théa min dau baila
(=1,0),(0,~1) va (0, 1).

——
TAPs-s6 6 THANG 6/2024 ", l
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OC65. Cho n (n > 5) la mdt s8 nguyén
duong. Cé n vién d4 tring vi n vién d4 den
(t8ng cong 2n vién) xép thinh mét hing
trong d6 n vién diu tién cé miu tring vi n
vién tiép theo cé mau den.

QO...Q’.....

J

~
n n
Ta cé thé thuc hién thao tic sau: chon mot s8
nguyén duong bit ky k (k < 2n—5) va d6i
ché vién d4 & vi trf th k vé6i vién dd & vi tri
thit (k+5).
Tim tit ci cdc s nguyén duong n sao cho
chiing ta c¢6 thé1am cho n vién d4 du tién ¢
mau den va n vién d4 tiép theo c6 miu tring
sau mot s6 hitu han lin thao tic.
Lot gids. V6i n chia hét cho 5 ta s& ching
minh c6 thé d6i v& c4u hinh sau ciing véi
n vién d4 dau tién cé mau den vi n vién d4
tiép theo c6 miu tring nhu trong diu bai.
Xét déy cdc vién & vi trf cdch nhau 5 don vi:
1,6,...,n+1,tacé thé d6i tirng cip lién tiép
tlr phai qua trdi d€ dwa vién den & vitrin+ 1
ve diu.
Lam tuong ty véi tit ci cdc ddy cdc vién d4
gvituik,k+S5,...,k+nvéiklan luge bing
2,3,...,n. tathudugc cdu hinh nhu yéu ciu
trong dau bai.
Véin khong chia hét cho S, ta s& chiing minh
riing khong thé d6i v& cdu hinh sau cling nhu
trong bai. Nhin xét ring do ta chi d8i 2 vién
& vi trf ddng du modulo 5 nén, véi méi i, s6
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lugng vién tring va den & cic vi trf dongdui
modulo 5 I3 bt bién.
Truonghopl:n=5Sm+1r,1<r<2.Ta thdy
ban diu & cdc vi trf ddng du 1 modulo 5 ¢4
m + 1 vién tring va m vién den. Trong ciu
hinh sau cting, & cdc vi trf ndy cé m vién tring
vam+ 1 vién den. Nhu viy khong thé dua ve
dugc cdu hinh nhu yéu ciu trong bai.

Trutong hop2:n = Sm+r1,3 < r < 4. Tathdy
ban du & céc vi tri ddng du 0 modulo 5 c6
m vién trdng vi m + 1 vién den. Trong cdu
hinh sau cting, & cdc vi trf niy c6 m vién den
vam+ 1 vién tring. Nhu viy khéng thé dua
vé dugc cdu hinh nhu yéu ciu trong bai.
Tém lai, ta cé thé Iam cho n vién &4 diu tién
c6 mau den va n vién d4 ti€p theo ¢ miu
tring khi vi chi khi n chia hét cho 5.

OC66. C6 2023 tay vot tham gia mét giai
d4u quin vot theo thé thitc vong tron, hai tay
vgt bit ky ddu véi nhau diing mét trin. Biée
ring khong c¢6 trin hoa va khong cé tay vot
ndo thing tit ci cic tay vt khic. Ta goi tay
vot A Ia “c6 k§ ning” néu véi méi tay vot B
thfingA, c6 mét tay vot C thing B va thua A.
Biét ring c6 dung N (N = 0) tay vot “c6 ky
ning”. Tim gid trj nhd nhitctia N.

Loé gidi. Ta s€ chiing minh ring gid tri nhd
nhi4t ctia N bing 3. Trudc tién ta chira ring
luén tim duge it nhit 3 ngudi “cd ky ning”.
Thit vdy, ta chon ra mot ngudi, goi 1A A, c6
58 trin thing nbiéu nhdt tong s6 2023 tay
vot (C6 thé c6 nhitu ngudi nhu viy). Bit X
1 tap hop cic tay vot thing 4, theo gia thiéc
X 5 0. Xét riéng tip X va cdc trdn ddu gitra
cdc tay vot trong X, ta chon ra mét tay vgt
B € X cb s6 trin thing nhitu nhit. R6 rang
1a B 5 A. Tiép tuc nhut viy mot lan nifa, ta
dat Y 1a tap hop céc tay vor thing B, theo gid
thiét ¥ 5 0. Xét riéng tip ¥ va céc trin diu
gitta cdc tay vot trong Y, ta lai chon ra mot
tayvotC €Y 6 56 tridn thing nhiéu nhit. R6
rang C khdc véi A,B.

Gia sit D 12 mdt tay vor bitky thing A. Khidé
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¢ nho d6 di thua A, v
ing ctia D nhiéu hop
thuin. Nhu viy A

D phai thua mot tay Vo'
néu trdi lai thisd trdn thA
6 trin thing cua A, miu

“c6 ky ning”.

Gia st D 12 mot tay vot batky th?it}g B, néuD
thua A thitacé B thing A va Aithﬁng l? Néu
DthingAthiD € X. DoD tl}angB nén phij
c6métngudi E € X maB th:lingE’vh D thua
E vi néu trdi lai thi s6 trin thing cGa D tron

X nhitu hon s8 trin thing cta B, diéu niy

mau thuin véi cich chon B. Nhu vy B “cé

ky ning”.

Ly luin tuong tv, gia st D 1a mot tay vt bt
ky thing C, néu D thua B thi ta ¢ C thing B
va B thing D. Néu D thing Bthi D € Y. Do
D thing C nén phai c6 mot ngudi E €Y mi
C thing E vi D thua E vi néu trdi lai thi s§
tran thing ciia D trong Y nhiéu hon s trin
thing ctia C, diéu niy miu thuin véi cich
chon C. Nhut viy C ciing “c6 k§ ning”.

Ta ¢6 thé chi ra vi du N = 3 nhu sau. Cho
3 tay vot diu tién A thing B, B thing C
va C thing A. Tit ci 2020 tay vot con lai
Dy, -+ Dagpo déu thua ca A,B,C. Cic trin
ddu khéc c6 két qui tiy y. Nhu viy chi cé
diing 3 tay vgt “c6 k§ ning” 14 A, Bva C.

Trong phin cudi ctia chuyén muc ky niy,
ching t6i s€ gidi thiéu véi ban doc mot s8
bai todn chon loc trong ky thi todn Sao chéi
Tim (Purple Comet) cip THCS nim 2024.
Diy Ia mét cudce thi toin hoc dong d6i qudc
té’l dugc t6 chitc tryc tuyén hiing nim véi hai
cdp 46 THCS vA THPT. Céc déi tir mét dén
sdu hoc sinh thi diu bing cich gii loi gidi
cho céc bii todn. D& thi cip THCS gdm 20
bai todn duwgc hoin thanh trong 60 phut con
de thi cip THPT bao gdm 30 bai todn duge
hoan thanh trong 90 phat.

OC73. Cho hinh chi nhat ABCD c6 AB =
20vaAD = 19. Diém E nim trén canh AD
Vf'j,i AE =4, Giasiy dudng tron néi t.ié'p tam
gidc CPE ti€p Xtic v8i CE tqi F. D.ch‘ing tron
ti€p xic véi AB,BC vy dong thai tiép xic

/ o) \—‘M———/
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&i CE tai G. Khoing cich FG c6 thé viée
duoc dudi dang ﬂ, trong d6 m va n 1 céc
: n

+6 nguyén duong nguyén t6 cting nhau. Tim
m-n.

0OC74. Tim s5 cip c6 thi o (A,B) gdbm 2
dphopA CBC {1,2,3,4,5,6} théa min
56 phin tit cia tip A cong véi s phin tif cia
tiphop B2 chin.

0C75. Mot dudng 8ng dii 25 mét ndi hai
hd chifa dugc tao thanh if cic doan 2 mée

LOT GIAL DAP AN

Ciéc ditu tra vién chuyén cin

Do khéng ¢6 ai tham gia hop ba ngiy lién
tiép, nén s6 ngly t6i da ma mbi ngudi c6 thé
tham gia hop 12 4 ngiy. Hon nita mét ngudi
¢6 thé tham gia 4 budi hop néu anh ta chi
ving mit mbi budi thit Tu. Do khoéng ai ¢6
thé ving hai ngly lién tiép, nén mbi ngudi
phai tham gia it nhét 2 budi hop. Hon nita
mét ngudi tham gia dwgce ding 2 budi hop,
néu cic budi hop d6 roi vio thit Ba vi thi
Nim. Ong Déng ving mit nhitu hon éng
Bitu 2 ngy. Ditu niy c6 nghia la 6ng Dong
tham gia diing 2 budi hop (chiing phai roi
diing vio th Ba vi tht Nim), con 6ng Bitu
tham gia ding 4 budi hop (vio diing cic ngay
thtt Hai, tht Ba, thit Nim vi th Sdu). Ta
dién cic théng tin nhin dugc niy vio bing
sau ddy, vi ciing chi rd 6ng Chit c6 tham gia
vio ngly thit Hai.

| ThtHai | Th&Ba | Tht Tu | Thit Nim | Thit Siu

| Boa |+ - - + +

| pa

Trong ngly th Tu d c6 hai ngudi ving mit
1a Bitu vi Déng, suy ra tét ci cic diéu tra vién
con lai déu ¢ mit budi thir Tu.

-
TAP 8 - 56 6 THANG 6/2024 ’, l

CAC KY THI TOAN

va3 métxenkénhau: 2,3,2,3,2,3,2,3,2,3.
Gia sit ba trong s mudi doan nay dutge chon
ngiu nhién vi bb ra khéi dudng 6ng. Khi d6
€6 cdc s8 nguyén duong m vi n nguyén té
cung nhau, sao cho " 13 xc sudc dé ba doan
d6 ¢4 thé duige p lai vao duding éng sao cho
khéng ¢6 doan nio trong ba doan dugc lip
vao vi tri ban d4u va khong cé doan nio trong
s8 biy doan éng con lai phai di chuyén. Cic
doan 2 mét va 3 mét khong nhit thiét phai
x€p xen ké trong cich b tri méi. Tim m + n.

Thi Hai | ThirBa | Thet Tu | Thi Nam | Thi Siu
Anh +
Bitu + + - + +
Chit +
Duy +
Doéng . ¥ = + —

Chi c6 mét ngdy duy nhét ma 6ng Anh va
6ng Chit cting tham gia, d6 Ia vio thit Tu.
Do 6ng Chit c6 tham gia budi thit Hai, suy ra
6ng Anh khéng tham gia budi hop thit Hai.
Khi d6 6ng Anh c6 tham gia budi thit Ba (do
khéng thé ving mit hai ngly lién) v khong
tham gia budi thit Nam (vi khéng 6 ai tham
gia 3 budi hop lién nhau).

Thit Hai | ThiBa | Tht Tu | Thét Nam | Thi Siu
Anh - + + | -
Bitu + + - + +
Chit + &
Duy + |
Pong| - + - + | -

Ong Duy phii dén vio ngy tht Hai, dé cé
ba ngudi tham gia. Hon nita, vio ngay thit
Ba d4 c6 ba ngudi tham gia, nén 6ng Chit va
6ng Déng deu ving mit budi thi Ba.

Thit Hai | ThitBa | Thid Tu | Thi Niam | Thi Siu
— + + =
+ + - + +
+ - +
+ - +
Pong = + ~ + -
(Xem tiép trang 44.)
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JIM SIMO

NS: THIEN TAI TOAN HOC,

TY PHU VA NHA HAO TAM

NGUYEN MANH TOAN!

Giéi thiéu

Ty pht Jim Simons dd qua ddi vio ngiy:10
thing 5 nim 2024 vita qua. Khéng chila mét
nhi toin hoc hiang diu, 6ng cdn dugc biét
t6i nhu mét trong nhitng ngudi quan ly quy
thanh c6ng nhit moi thoi dai va la mét trong
nhitng nha tir thién hio phéng nhit nuéc
My. Vao thoi diém qua doi, véi gid tri tai sin
rong udc tinh khoing 31,4 tj USD Simons
xép thit 51 trong danh sich nhing ngudi
gidu nhit thé géi. Cudc doi va sy nghiép ctia
6ng khéng chi 12 sy dot phd virge qua nhiing
gi6i han, ma con Ia c4 niém tin khong ngirng
vio sttc manh clia con s8 va thut todn.

Jim Simons (1938 — 2024).

1. Niém dam mé v6i cdc con s3

James Harris Simons (thich dugc goi la Jim)
sinh ngiy 25 thing 4 nim 1938 tai viung
ngoai 6 Brookline cia Boston va la con duy
nhit trong mét gia dinh ngudi My gdc Do

Thii. Ngay tit nho, Simons da boc 16 ning
khi€u vA niém yéu thich v6i todn hoc. Khi
1én ba, ciu bé Jim d tg nhin rdi chia déi
cdc con s v tim ra lu§ thita ctia céc s8 tt
2 t6i 1024. Khi Jim bdn tudi, trong mét lin
di bién thi gia dinh cdu phai dirng lai dé dé
xing. Ditu niy khién ciu v6 cing béi réi vi
theo suy luin ctia Jim thi chiéc xe ctia gia dinh
s& khong bao gid ¢ thé hét xing dugc, visau
khi diing hét mot nira binh xdng thi sé con
nifa con lai, tiép t6i 12 nira ctia s6 d6 va thé
khong bao gidr can. Nhu vdy mét cich tinh
¢, Jim d4 phét hién ra nghich ly Zeno, mot
bai todn kinh dién véi mirc d6 logic cao duoc
nha wiée hoc Hy Lap Zeno ctia xit Elea d¢
cap t6i vio khodng thé kj thit 5 truée Cong
nguyén. Nghich ly Zeno di théch thifc cic
nha toin hoc trong nhigu thé kj.

Nim 1958, Simons nhin bing ci nhin
todn hoc tai Vién Céng nghé Massachusetts
(MIT). Nim 1961 & tudi 23 6ng nhin
bing ti€n s§ todn hoc tai Dai hoc California
tai Berkeley dudi sy gidm st cha Gido s¥
Bertram Kostant. Lu4n 4n tién sy ctia Simons
dua ra mt chitng minh mdi vé cich phan
loai ctia Berger d6i v6i cic nhém chinh thé
ctia da tap Riemann. Sau khi nhin bing tién

$j» Simons gidng day tai MIT va Dai hoc
Harvard. g

1 Dai hoc Osnabrueck, CHLE Diic
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Nim 1964, Simons chuyén dén Princeton,
New Jersey dé nhin mot cong viée danh gid
dugec tri luong cao tai Vién Phin tich Qudc
phong (IDA), mét t8 chic nghién ctru phi
loi nhuin thué cic nha todn hoc dé hd trg
Cd quan An ninh Qudéc gia Hoa Ky trong
viéc gidi ma cdc ma va mit mi dugc Lién
X6 stt dung. Cong viéc ndy di cho Simons
thiy nhiing khi ning trong viéc tao ra céc
thuit todn cho mdy tinh. Do cdc nhén vién
cda IDA dugc phép danh mét nira thoi gian
cho cong viéc cd nhin nén Simons danh mét
phin thoi gian cia minh d€ dy dodn nhting
bién dong ngin han trén thi trudng ching
khodn. Simons d4 lam viéc & ddy hon ba
nim trude khi mit viée vi cong khai chi trich
chi tich IDA - twéng luc quin Maxwell D,
Taylor — vé cudc chién & Viét Nam.

Tuy nhién, viéc bi sa thii khong phai 1 mot
buéc lui. Simons nhanh chdéng nhan dugc
16i d& nghi lam trudng khoa todn tai Stony
Brook - mét dai hoc twong d6i méi nim
trong hé théng Dai hoc Bang New York. O
dé, 6ng di thu hit duge cic nha todn hoc
t3i ning vi tao dung dugc danh tiéng néi bt
cho khoa.

Trung tém Simons cho Hinb boc v Vit I tai Dai
hoc Stony Brook.

Trong khoang thdi gian lam viéc tai Stony
Brook, Simons bit dau cong tic véi nha todn
hoc Shiing-Shen Chern. Clng v6i nhau,
Simons vi Chern d4 xudt ban mét bai béo
Va0 nim 1974 ¢4 tya d2 “Céc dang dic trung

*Nba todn hoc n quivi M, néi tigng vdi thuds todn Baum= 14

DUl SGNG TOAN HOC

va bit bién hinh hoc”, qua d6 gidi thiéu cic
dic trung hinh hoc ctia cdc da tap 3 chidy,
sau ndy dugc goi 1 bit bién Chern—Simons.
Lic d6 ci hai deu khéng biét ring cong trinh
cta ho s déng mot vai trd quan trong khéng
chi trong ton hoc ma con trong ly thuyét
trudng lugng iy, Iy thuyée dy va vée Iy vie
chitngung tu. Véi nhting déng gdp cho todn
hoc, bao gdm ci viéc phdt hién ra bt bién
Chern-Simons, Simons di duoc Hiép hoi
Todn hoc Hoa Ky (AMS) trao Gidi thudng
Oswald Veblen, gidi thudng cao quy nhit
trong linh vuc hinh hoc, vio nim 1976.

2. Cich mang héa tai chinh

Simons luén quan tim dén linh vuyc kinh
doanh, dic biét I3 tii chinh. Trong quing
thoi gian 1am viéc tai Dai hoc Berkeley ciing
nhu sau d6, éng giao dich ¢8 phiéu, dau tw
vio céc hgp dong tuang lai (futures contract)
va khéng ngitng tim ki€m co hoi dau .
Nim 1978, & tubi 40 khi dang trén dinh
cao ctia khoa hoc, Simons rdi Pai hoc Stony
Brook dé thanh l4p Monemetrics, mot cong
ty quan ly quy phong ho (hedge fund) ¢ tru
56 & East Setauket, mot khu yén tinh thudc
Long Island va nim rit gan Pai hoc Stony
Brook. Dén nim 1982, Monemetrics d8i tén
thanh Renaissance Technologies.

Simons din nhn ra ring cé thé tao ra cdc md
hinh todn hoc cho di liéu ma 6ng thu thip
dugc nhim dy dodn sy thay déi gid. Bdi vay,
dng tit bo céc cong viée thong thudng clia
ngudi quin ly tién v thay vio dé chi yéu
tip trung vio phén tich dinh lugng. Simons
tim dén mot ngudi ban cii va cting la ngudi
phd mat mé tit IDA 1a Leonard Baum?®, ngudi
¢6 cic m6 hinh todn hoc cé thé duge st
dung dé giao dich tién t¢. Simons cinng m&i
James Ax, ddng nghiép cfi tai Stony Brook?,
dé gidm sdt cong viée clia Baum.

Ax nhin ra ring cic m6 hinh m3 Baum di
viét ra khong chi hoat dong véi cdc loai tien

Velch va chudi Bawm-Sweet.

41




DO SONGTOAN HOC

tc';. ma ma cdn cho bt ky hang héa ttong
lai ndo. B&i viy, Simons di thidt lip tai
khoin giao dich cho riéng Ax, Axcom Ltd.
Tai khoin niy cudi ciing di din dén sy ra
doi clia Medallion’, mdt qu§ phong hé cia
Renaissance, vio nim 1988,

Sau hai nim diu tién véi nhigu xdo tron thi
dén nim 1990, Medallion tip trung hoin
todn vio giao dich ngin han vi dat mic lgi
nhuin 56% sau khi trit cdc chi phi. Tir d6
dén nay hiéu suit ndy khéng he cé d4u hiéu
chiim lai. Tinh trung binh tit nim 1988 dén
2023, Medallion d4 tao ra mdc lgi nhuin
hang nim 12 gin 40% sau khi di trit di nhng
khodn phi khéng 16. Vi hi¢u suidt déng kinh
ngac nay thi 1000 USD d4u tu vio quy tit
nim 1988 sé ting lén khodng 27 triéu USD
vao cudi nim 2018, vugt xa mic lgi nhuin
107.000 USD tir Berkshire Hathaway ctia
ty phd Warren Buffett® hay t6ng lgi nhuén
20.000 USD tir chi s8 chuin S&P500. Digu
nay gitp Simons vi khong duéi ba dong
nghiép tr& thanh tj phu, con Medallion dugc
xem I mét trong nhitng quj phong hé thianh
c6ng nhit tif trudc dén nay.

Khéch hang vi ngudi trong cudc di tri s
tién 16n dé giao phé tién clia ho cho Simons.
Cuéi ciing, dng d ting philén 5% tiisin va
44% loi nhu4n, thudc hang cao nhit trong
nganh. B&ivi éng tin ring céc thut toin ma
cong ty sit dung dé giao dich c8 phiéu, trdi
phiéu vi hang héa sé khéng con hoat dong
néu Medallion phét trién qué 16n. Do d6 6ng
s&m bét diu han ché quyén truy cip vao quy.

Nim 1993, Simons nging ﬂh%ﬂ tlfn méi
khich hang clia Medallion. Na‘rfl .:()()S: dng
loai trit hoin toan ngudi ngoat vi c}}1 cho
p]';ép nhin vién cia minh diu u\r, sllf.ncns
phin phéi lgi nhuin hang nim v gi6i han
&c khoang 10ty USD.

" ,
quy mb quj o m
Returns Comparison
Anowatized

M

S Simons_ Medation Fund 1988-2018 01%

George Soros  Quantum Fund 19602000 32%:

Steven Cohen  SAC 1992-2003 2%

Petertynch  Magetian Fund 19771900 %

Warren Buffett  Berkshire Hathaway 1965-2018 205%

Ray Dalio Pure Alpha 1991-2018 1%

5: for Buflett: Berkshire Hathaway

i i ,(:o(’rn,s«m-:rﬂlﬂﬁ"
e o en: Pty Inestments)
So sinb vt lgi nbugn bang ndm gifta cac quj va
nha quan ly.

Mot didu thii vi 1a i try s& ciia Renaissance
Technologies chi cich Manhattan khoing
100 km, Simons trdnh tuyén dung nhing
cwu binh & Phd Wall®, nhitng ngudi cé nén
ting tai chinh. Thay vao dé, dng tim ki€ém
cdc nhi todn hoc, vit 1y, thdng ké hay cic
chuyén gia x Iy tin hiéu, nhing ngudi cé
thé tim thdy théng tin d4u tu hitu ich trong
hing Terabyte di liéu ma cong ty 6ng tiép
thu hang ngiy vé moi thd, tir vét den mit trdi
dén thoi ti€t & nuéc ngoai. Trong s6 khoing
300 nhin vién cia Renaissance thi c¢6 khoing
90 ngudi dd c6 bing tién s§. Theo Isadore
Singer, Gido su Todn hoc tai MIT va Berkeley
- gidi thudng Abel 2004, thi vin phong East
Setauket clia Renaissance 13 khoa vit Iy v
todn hoc t8t nhdt thé gi6i. Lgi nhuin vugt
tréi ctia Medallion d3 gitp tit ci cdc nhin

3 L mit nha dai s6'vi 1y thieyét si ndi tidng ngaevi M3, Ong dige trao Cole Prize, gidi thuing danh gid gianh cho

nhitng ddng gdp ndi bdt trong linh vie dai so.

4 Medallion 12 Huy chwong. Tén goi ny diwe Iy cim biing ti¢ vige cd hai nguri sdng lap quy déu gianh cdc gidl
thidng: gidi Cole cria Ax va gidi Oswald Veblen ctia Stmons. Ll g d &

s Ducge xem la mgt trong nhitng nba dén ti v dai nhat moi thivi dai, Warren Buffett nam trong danb sdch nhing
ngidri ga nhit thé gidi vdi ting gid tri 1ai sin tri gid 139 t USD. ? 4 e g

6 Mgt con phi & Kbu Tai chinh ciia Manbattan ¢ New York, 1 noi dat try s¢ ciq S
York, san giao dich chitng kbodn lon nhat thé gidi tinh theo ton 0 000 hia thi tricomg,
New York ciing nhie nbitu ngdn bang thitong mai va cong ty bio hicém, 'I}iz'.rl'zinq o
& Phé Wall md réng trén toan thé gidi. Thudt ngit “Phi Wall” o

Hoa Ky noi chung.
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vién lam viée tai Renaissance tr& thanh triéu
pht = v6i tai san ft nhdt [ triéu USD dé diu
w, trong s6 d6 khoing 100 ngu'di ¢ tii sin
hu tur gid trd ft nhit 5 triéu USD
Ky thudt cia Simons thanh c6ng dén mirc
ong duoc ménh danh 1a “Vua dinh lugng”
(Quant King). Ngay ca khi sﬁ’c, manh mdy
tinh tré nén ré hon v cdc d6i tha canh
tranh 6 ging bt chudc thinh céng cta
Renaissance bing cdch phdt trién cdc thujt
todn phtic rap ctiariéng minh dé quén ly quy
thi lgi nhun ctia Medallion vin luén vugt
tr6i so véi thi trudng. Theodore Aronson,
ngudi sing 14p AJO Vista, mot cong ty dau
w dinh lugng, ndi véi tap chi Bloomberg
Markets nim 2008: “Chi c6 mot s it ngusi
d thuc sy thay d6i cdch chiing ta nhin nh4n
thi trudng. Warren Buffett la mot trong sé ft
dé. Simons ciing viy.”
Edward Witten?, gido su vit ly tai Vién
Nghién ctu Cao cip & Princeton, New
Jersey va dugc nhigu dong nghiép ctia 6ng coi
12 nha vit Iy ly thuyét thanh cong nhit con
sdng, cho biét: “That dingkinh ngac khi thdy
mdt nha todn hoc rit thinh cong nhu véy dat
‘f dugc thanh cong trong mét linh vickhéc...”
' 3. Nhirng hoat dong tir thién
[ Bén canh nhing thinh céng 16n véi tu cich
t lanha khoa hoc vi cuong vi nha quin Iy quy,
Simons cdn dugc xem [3 mot trong nhiing
r nhi hio tim thanh céng nhit trong lich st
nudc My,
Nim 1994, cing v6i vg minh 13 Marilyn
Simons, Simons thanh 1ap Quy Simons - mot
trong nhitng t4 chic tir thién 16n nhit Hoa
Ky ® — d&hs trg nghién cttu vé todn hoc va
’ khoa hoc cg ban. Rét nhiéu cic hoc gia da
duge hudng lgi va tiép tuc dugc hudng loi
l t ngudn tii trg nay. Quf Simons cting 1A

|

\

! 7 ’ Y . ’ »

| ]'-' Witten 1 nba v U diy nhét cho dén nay dicge
] a Todn he, vio nam 1990 cho nbitng hic biét sd

b thityét trc ng ligng e t6po ~ mot kbung 1y thuyét két bop b 1 uylh tring .
‘ : " dia trén cdc két qud ciia Chern=Simons.

;”b.’” litgng v whim tink todn cdc biit bicn 16po
_ Nam 2022, quy Simons cd tai san trén 5 ty USD.

8-566 THANG 6200 /][
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nhi hio tim hang diu ctia Dai hoc Stony
Brook, trudng ciiclia Marilyn vala moét trong
n%n’rng nha tii trg chinh cho cic trudng ca
cua 6ng, Vién Céng nghé Massachusetts va
Dai hoc Berkeley. Nim 2023, Quy Simons
di trao 500 trigu USD cho Pai hoc Stony
Brook, khoin quyén gép 16n thtt hai cho mét
E&I’bng dai hoc cong lap trong lich s Hoa
y.

Marilyn va Jim Simons trao ting 25 tri¢n USD
cho Vién Todan IHES tai Paris vao ndam 2021.

Vao thing 1 nim 2004, Simons thanh lip
Math for America, mot t8 chic phi loi
nhuén véi s¢ ménh cii thién gido duc todn
hoc & cdc trudng cong lip Hoa Ky bing cich
tuyén dung nhiéu gido vién c6 trinh d6 cao
hon. Truéc nim 2012 ngin sich méi nim
ctia t8 chifc nay la 20 triéu USD va tir 2013
dugc ting 1én 30 triéu USD méi nim dé hd
trg viéc m& rong cho cdc gido vién c6 kinh
nghiém.

Nim 2012, Quy Simons ra mit Quanta
Magazine, mot dn phim tryc tuyén doc lip
v& mit bién tip nhim ning cao hiéu bi€t ctia
cong chiing vé khoa hoc. Tap chi d& cip dén
nhitng budc tién trong cdc linh vire vit ly,
todn hoc, sinh hoc va khoa hoc mdy tinh.
Trong budi néi chuyén nim 2010 tai MIT,
Simons d4 chia sé nim nguyén tic dinh
huéng di dinh hinh cuéc doi va sy nghiép

trao gidi thiting Lields, gid thigng dicge xem la danb gid nhdt
u sic ciia mink vé todn boc trong vat b Witten da pht trién

bueyét tromg o diéh, thuyét teong dor dic bict va
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cha éng trong cic linh vyc todn hoc, diu tw
va tlf thién, d6 13: “Lam ditu gl d6 méi mé,
dirng chay theo dém déng. Hiy dé nhing
ngudi théng minh nhit ma ban ¢6 thé dm
t}E:?iy viy quanh ban. Dé vé dep din dit. Ditng
dé& dang bo cudc. Hy vong vio may min!”
Jeff Cheeger, Gido su Toin hoc tai Vién
Courant thu¢c Pai hoc New York va 1 sinh
vién cta Simons, cho biét: “Jim c6é ba sy
nghiép phi thudng — 12 mét nhi todn hoc, 12
ngudi tién phong vé cdc phuong phdp dinh
lugng trong giao dich v [a mét nha tif thién.
Ong 4y la mét trong nhiing ngudi din éng vi
dai trong thoi dai ctia chiing ta.”

Nhim vinh danh nhiing déng gép cta

LOT GIAI,

Ong Anh phii dén hop vao ngiy thi¢ Sdu
(khéng thé nghi hai ngly lién ti€p). Khi d6
6ng Chit khéng tham gia budi thd Sdu (dd
c6 mot ngay tham gia chung v6i ong Anh) va
phai tham gia budi thi Nim (khong théving
mit hai ngay lién tiép).

j The Hai | Thit Ba | Thi Tu | Thit Nam | Thi Sdu

| Anh - + + = +

[Baw |+ | + | - + +
+ + -
T

[ohic] + [ = |
[Dw | + | - |
1 Déng -

Vio ngiy thtt Nim di c6 3 ngudi tham
gia hop, nén 6ng Duy khong tham gia hop
vio thit Nim, vA phai di hop hém thit Siu
(khong duge ving mit hai ngly lién tiép).

[ [ Thi Flai | ThtrBa | Thie Tu | Thit Nam | Thit St
Anh | — i__*fw_a‘*fr - £
i (L + -+
-+ —
= +
3 =

Vay budi hop hém the Sdu chi cé ba digu tra
vién tham gia la Anbh, Btu va Duy.
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1 hoc v hoat déng tir thién,
.n Thién vin Qudc t& &3
h tinh 6618, dugc phit

13 Jimsimons.

Simons cho tod
ndm 2016 Lién doa
dit tén cho tiéu han
hién vio nim 1936,
Tai liéu tham khio

[1] Chern, §5.-S.; Simons, J., Characteristic

ometric invariants, Annals of

orms and ge
{Aathematics. Second Series. 99 (1): 48 — 69,

[2] Gregory Zuckerman, The Man Who
Solved the Market: How Jim Simons
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D4 vui

Dé thdy, véi mot ngudi trg gitp thi nha thim
hiém khéng thé vugt qua dugc sa mac (ma
khéng c6 ngudi ndo chét, nha thim hiém hay
ngudi trg givp). Véi 2 ngudi trg gitip thinha
thim hiém c¢6 thé di qua sa mac theo cich
nhu sau. Nha thim hiém va 2 ngudi trg gitip
di b6 1 ngly vio sa mac. Sau d6, ngudi trg
gidp thd nhit chia du 2 phin nudc va thuc
phdm (m&i phin twong ing véi 1 ngay ding)
cdn lai ctia minh cho ngudi trg gitip 2 vanhd
thdm hiém, gitt lai cho minh 1 phin. Khi nay,
ngudi trd giip thd nhit ¢6 1 phin nude v
thuc phim cdn ngudi trg gitp thit hai vinha
thdm hiém c6 4 phin nuéc va thyc phim.
Sau d6 ngudi trg gitip nhat di b trd vé con
nha thdm hiém vi ngui trg gitip thit hai tiép
tuc hanh trinh, Hai ngudi dé di b thém mot
ngly. Lic ndy, mi ngudi c6 3 phin nudc vi
thyc phim. Ngudi trg gitp thit hai chia cho
n%li thim hiém 1 phan va gitt lai 2 phan. Khi
ndy, ngudi trg gitip thit hai ¢4 2 phan con
n'h,é thim hiém c6 4 phin. Sau dé, ngudi trd
8iUp quay tr& lai cdn nha thim hiém tiép tuc

quang dudng con lai.
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HANH TRINH PEN TRUGNG VGI
CACBAN HOC SINH CUA PI

C.

TRONG NAM 2023

BUI TH| NGOAN!

Nim 2023 vifa qua, cim on sy hé trg ctia
céc manh thudng quin Tap chi Pi d4 thyc
hién trao ting gan 6000 cudn Pi dén tay céc
ba'n hoc sinh, thu vién céc trudng trén khip
ci nuéc. Mong mudn truyén cim hitng dén
cc ban tré trong viéc tim hiéu vé Todn hoc
vi ting dung cta Todn trong ddi séng thuc
té. Pong thai 12 co héi dé Pi duge giao luu,
kétndi trd thanh ngudi ban thin thiée véi cic
ban hoc sinh.

GS. L¢ Vin Thuyét — Cha tich Hoi Toin
hoc Thira Thién - Hué, thay mjt Toa soan
trao ting tap chi cho cdc ban hoc sinh mét s§
truding THCS & Hué.

E,I R 510 TTRUY

Hinh 2.
Hinh | & 2 Bugi trao ting Pi tai Trudng

THCs Nguyén Duy, Thita Thién - Hué.

TAP 8- 56 6 THANG 6/2024 7T

N

-

CONG SAY-VIET NAM QUANG VINH MUON NAM

Hinh 4.
Hinh 3 & 4: Ting Pi tai Trudng THCS Ding

Dung, Thira Thién - Hué,

Hinh 5.
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Hinb 6.

Hinh 5 & 6: Ting Pi tai THCS Nguyén Tri
Phuong va trudng THCS Tran Cao Vin &
Thtrta Thién - Hué

Hinh 8

Hinh 7 & 8: Cic ban hoc sinh & Thu vién
trudng THCS Lé Quy Dén ~ Bic Giang.
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Hink 10.

Hinh 9 & 10: Ting Pi & trudng THPT
chuyén Huynh Min Dat, Kién Giang (anh
trdi) v truong THCS Hung Vuong, Kién
Giang (inh phii).

Hinh 11: Anb Trinh Son Ha dai dién Toa soan
trao tang Pi cho tricong tiéu hoc Sin Suét Ho, Lai
Chiu.

Pi rdt vui khi nhin duogc nhitng biic hinh
néi'lén cdm xtc ctia céc ban khi nhin nhing
cudn tap chi. Bén canh sy hé trg ciia cic
manh thudng quin, cim on cic th‘;iy cb gido
& méi diém trudng ludn B ciu néi gitp Pi
thuc hién thanh codng chu’ong trinh trao ting
tap chi.

TU 50 =56 s rrkng o202




HINH HQC PHI EUCLID
Phan III: Kiém chiing sy t6n tai

LE VU MINH TRI VA NGUYEN DUY ANH!

Trong phin con lai cia hanh trinh, chiing ta
s€ cting di qua mét chiing minh cho dinh ly
quan trong nhét khing dinh sy “ding d4n”
clia vii tru méi - hinh hoc hyperbolic:

Dinh ly todn hoc siéu hinh *: Néx cdc tién dé
ctia binh boc Euclid kbdng din tdi mdu thudn
nao, thi cdc tién dé cia hinh hoc byperbolic
ciing vdy.

Dé c6 thé dio siu vio hai vi tru hinh
hoc hyperbolic va elliptic khic biét dén viy,
ching ta budc phii truy ngugc vé nhitng
ditu cin ban nhit — cic tién de. Tit nhién,
chiing t6i sé c8 ging dé bai béo vin gitt dugc
nét dep tit viéc nhin va c¢im nhén céc hinh
vé nhu & hinh hoc Euclid. Suy cho clng, cic
tién d& ban diu l4p ra chinh 12 3& ddm bio ghi
lai dugc nhitng cim nhén d6 bing logic.

Hy vong ring qua diy, doc gia thiy dugc sy
quen thudc ctia hai thé gi6i phi Euclid tuéng
xala, v c6 mét cdi nhin méi mé hon veé hinh
hoc Euclid, qué huong thin thuéc ctia ta.
Tién de céia hinh hoc Euclid

Khi nén todn hoc phit trién va logic chit ché
hon, con ngudi din hiéu ra ring mét ching
minh phu thuéc vio hinh vé va cdc ngé nhin
s€ khéng chinh xdc. Nim tién dé ctia Euclid

duta ra, dugc ca tung 3 dinh cao chit ché sudt
hai thién nién ky con 14 qud it. Chdng ta cé
thé béc tich mét vii ching minh cia Euclid
dé nhin ra nhitng g} con thiéu, va trong qud
trinh d6 d4t ra hinh hoc Euclid can t6i nhitng
tién de ndo.

Tiét todn d4u tién clia nim 6p Sdu, ching ta
dugce hoc thé ndo 14 tip hgp: né 1a moét khdi
niém nguyén thay, sé khong cé dinh nghia.
Mudn dinh nghta tip hgp la gi thi hoc sinh s&
phii bi€t mot khéi niém cobin hon tir truée,
vanhu thé thi phai cé tiét nao d6 trudc tide ve
tip hop dé néi vé né, ctr nhu vy thi [hi mii,
lam sao nim hoc c6 thé bit dau! Mot trong
céc sai lim Euclid mic phii chinh 13 ¢6 dinh
nghia hét céc khdi niém co bin nhu dudng
thing va diém.

Ta cting nhin vio vii vi du tit Elements d€ chi
ra cic thiéu sét cta Euclid.

Dinh Iy 1: Ludn ton tai mét tam gidc déu cdc
canb dai bing AB vdi méi doan AB cho trudc.
Chitng minh ctia Euclid: Theo Tién d& 3, ta
vé dugc dudng tron tAim A bin kinh AB va
dudng tron tim B bin kinh BA. Néi canh tit
mét giao diém C ndo d6 ctia hai dudng tron
t8iA va BthiAC = ABvaBC = BA theo dinh

"THPT chuyén Ha Ngi - Amsterdam.

*Metamathematics: bs mon nghién ciéw vé todn hoc bing cdc phiong phdp todn hoc, ching ban nbu liéu mgt bé tién

Aé cd chita méiu thudn nao khéng.

TAes-sbeTHANG 62024 [,
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nghta dudng tron, tir d6 theo dinh de 1 thi
tam gidc ABC 13 tam gidc déu.

Euclid & ddy da khong dé y dén viec chiing
minh sy tbn tai clta giao diém C, nim tién d&
ong dua ra cing khéng du dé ching minh
dieu ndy. Ngodi “nhin hinh ta c6”, ¢é thé
hiéu mét cdch tryc quan 13 hai dudng tron
phai “lién tuc” nén sé cit nhau. Hé théngtién
d@ lai chua néi gi v& ditu ndy, nén cich gidi
quyét duy nhét 12 thém mot tién d&& méi. Mot
giai phdp kha df 1a mét tién d2 vé “tinh lién

»

tuc

Néumdt dudng thing/dudng tron chita trén
né mée di€m trong vi mét diém ngodi mot
dudng tron khac, hai d6i tugng s c6 hai giao
diém.

Hay Dinh ly 4, trudng hop biing nhau canh-
gbc—canh: Véi hai tam gidc ABC va A'B'C’
cbAB=A'B',AC=A'C',BAC=B'A'C',ta
dich chuyén tam gisc ABC sao cho A trung A’
vicanh AB dugc ditlén A’B'. DoAB =A'B’
nén B trung B', va do géc A = géc Al AC
vi A'C’ cting huéng, hai canh lai bing nhau
nén C tring C' nét. Hai tam gidc triing khép
hoan toan, nén chiing bing nhau.

O day ta lai thdy xudt hién sy “dich c_huyé’n”
von khong dugc quy dinh & dau trong nim
tién d, va Euclid ngim cho ring sau qud
trinh “dich chuyén” ny thi tam gidc ABC
vin gitt nguyén tinh chit vén c6. D€ trinh
phién phifc, tiéu chudn bing nhau niy clia
tam gidc da dugc cho lam mét tién dé vé quan
hé “bing nhau”.

Ngoai hai mang 16n trén, chiing ta con phai
quy dinh thém vé quan hé “nim trén/di qua”
(incidence) ctia diém va dudng thing, quan
hé “nim gitra” (betweenness), va quan hé
“songsong” (parallelism), vin déchinhctata.
Chting ta cing thir x4y dyng mét vii tién de
cho quan h¢ “nim trén/ di qua” (NTPQ)
“Ta bit diu véi bén khdi niém nguyén thay:
diém, dudng, quan hé ndm trén va quan h¢
di qua, va céc tién de sau:
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0. Diém P nim trén dudng thing | «
Pudng thing/ di qua diém P

1. V6 hai diém P, Q phan biée bt ky; tdn tai
dting 1 dudng thing di qua cAPviQ.Diyly
tién d& 1 ctia Euclid.

2. C6 it nhét hai diém phén biét nim trén
mét dudng thing [ bt ky. Mot sy thit nho
1h 13 khéc véi chiing ta ngly nay, ¢6 vé nhy
ngudi Hy Lap c8 dai khong nghi v& dudng
thing nhu dugc c#u thianh tl cdc diém. The
mdi thdy, lin nita, c6 nhiing ménh dé déi khi
ta quén mit [a minh ngim thita nhin, do d6
cin phai phét biéu day da céc tién de.

3. Ton tai ba diém phan biét sao cho khéng
c6 dudng thing nio di qua dong thoi ci ba
diém nay. Ditu nay dam bo su ton tai cla
tam gidc trén mit phing hinh hoc Euclid.
Mbt vi du thoa min cho thiy sy cin thiét
chinh I mét dudng thing va cdc diém nim
trén dé: cdu triic ndy vin c théa min nhiing
tién d& trén, vi nhiing tam gidc vudng hay
dudng tron lai khong he ton tai & day.

Vi du cho mé hinh

Dé minh hoa cho nhiing gi vira thiét lip,
chiing ta s& xét nhitng “md hinh” ctia hé tién
dé nay. Mot mé hinh hiéu ném na 13 mot
cich gin céc khéi niém nguyén thiy va cic
quan hé co bin véi c4c d8i tugng cho sin, sa0
cho céc tién d2 1a cdc ménh d2 dting trong h¢
thdng d6i twgng d6. Nghe c6 hoi triru tugng,
nén sau diy 13 s8 mét vi dy.

Xét ba nhd Todn hoc 13 Gauss, Bolyai, va
Lobachevsky. M&i ngudi ta hiéu I mét
“diém”, va mé&i “dudng” la mét cip nha todn
hoc ¢6 nghién cttu v& hinh hoc phi Euclid.
M}(’)t diém dugc goi 1 nim trén mot dudng
néu trong cip nha todn hoc cé chira ngudi
dé. Bay chinh 1a mét mé hinh ctia nhiing gl
ta vira thiét lap.

Ditu chiing ta vita lim nghe hoi k¥, do cich
hxeAu diém vi dudng thing niy 13 khdc véi
tho'1'1g Ffllfbng- Nhung nhé ring chiing 12 ci¢
khi niém nguyén thay, dieu cin quan tm
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duy nhét khi nhin nhén “diém” v “dudng
thing” duéi con mit logic 1 cich chiing vin
hanh. Vi & diy khéng khé dé kiém tra ring
thiétlip nhu trén thda man céc tién de da die
ra. Vi nhiing ai cé mot s6 kién thifc co ban
ve Iy thuyét dd thi, bai todn véi cdc ddi tugng
nhu “ngudi” - "quen nhau”, “thanh phd” -
“c6 duding bay gitta hai noi”, “ban be” - “ngbi
canh nhau” ¢4 thé coi I nhitng mé hinh cho
cdc két qui v& “diém” - “canh” clia'dd thi.

Quay lai véi mé hinh ba “diém” vira dung, c6
mdt tinh chit hién nhién 11 hai dudng thing
bit ky trong mé hinh déu c6 giao diém. Mot
cdch khong khé hiéu, ta goi mét mé hinh
nhu thé nay 12 ¢4 tinh chit elliptic.

Va béi khong c¢6 tinh chit ndo trong s8 cdc
tién d& ta vira néu néi ring dudng thing
phii “dai”, ta hoin toin c6 thé xét mo
hinh nhu sau vi ¢6 cdc két qui tuong ty:
quy udc cdc “diém” 1a cic cip nhi todn
hoc {Gauss, Bolyai}, {Bolyai, Lobachevsky},
{Lobachevsky, Gauss} vi cic “dudng thing”
13 Lobachevsky, Gauss vi Bolyai. M6t diém P
dugc goi la ndm trén mot dudng thing d néu
cip nha todn hoc biéu di€n P chifa nhi toin
hoc dai dién cho d.

V&i mé hinh véi bén diém A, B, C, D, hai
diém d6i mot c6 mot dudng thing di qua,
tién d& song song ctia Euclid lai dung, vi thit
nhu v6i dudng thing qua A, B, xét diém C,
thi c6 diing mét dudng thing la CD di qua
C va song song AB, ta goi md hinh nhu viy
I3 cé tinh chit Euclid. V6i nim diém A, B,
C, D, E, mé hinh lai théa min tinh chit
hyperbolic: ching han véi canh AB va diém
C thi ¢6 CD, CE song song (khong c6 giao
diém) v6iAB (luu y toan bd cc diém & day ta
xétchigbmA, B,C, D, E, néu vé trén gidy ma
cdc dudng thing c6 giao nhau tai mét diém
khong thudc nim diém kia, ta khong tinh).
Nhu v@y, ching ta di thdy nhiing vi du
chitng té ring hinh hoc véi nhitng tinh chdt
phi Euclid phin nio c6 ton tai, va thit ra,
khéng c6 gi khé hiéu ci. Tuy nhién, ta méi

T
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chi dung ra dugc nhiing md hinh théa méin
céc tién d2 nim trén/di qua, mdt géc nhd clia
hinh hoc Euclid. Hay cting dén véi mét vi du
gan vdi hinh hoc Euclid hon nia.

T t s6 kép t6i mét nira dia ciu

Du1 hinh hoc phi Euclid ban diu hién Ién xa
la v6i cim nhén ctia con ngudi, ta cé thé tié’p
cin né ngay tif nhiing y tudng trong chinh
hinh hoc Euclid ching ta dugc lam quen
ngay tif trung hoc co's&. Trudc tién ta nhiclai
mot khdi niém quen thudc v6i nhing ngudi
hoc hinh hoc Euclid - ty s8 don, tj s8 kép.
Cho ba diém A, B, C thing hang vi d6i mét

CA
phin biét, tj s6 don (AB,C) 1a 56 thuc i
CA
c6 gid tri tuyét d6i bing —, mang ddu 4m
CB
néu 5{, é‘g ngugc huéng, tic I3 khi C nim
gitta A va B, vi mang diu duong trong cdc
truding hgp con lai.
Xét thém diém D trén cting dudng thing véi
ba diém trén, dinh nghfa tj s6 kép (AB,CD)

[a:

(AB,CD) = (AB,C) : (AB,D)

Phép chiéu xuyén tim dugc dinh nghfa nhu
sau: v6i hai dudng thing d, d’ va mét diém
P khéng nim trén ching, khi 4y phép chiéu
xuyén tim P 7 d vio d’ 1a phép bién diém A
thainh A’ = PANd.

Nho vio dinh Iy him s8 sin, ta lién hé duoc
ty s8 don v6i s8 do gbc ciia ba tia cit nhau:
Cho 3 diém A, B, C cting thudc dudng thing
d, O khong thudc d, thi

CA _ OA.sin(OC,04)
CB  OB.sin(OC,OB)

Hé qua la dinh ly sau: phép chiéu xuyén tdm
bio toin t5 s6'kép. Do d6 c6 thé m& rong khii
niém niy cho chiim dudng thing nhu sau:
cho 4 duding thfmg a, b, ¢, d di qua cung
mét diém O. Khi dy O(ab, cd) = (AB,CD),

v6iA, B, C, D 11 4 giao diém ciia mot dudng

49



thing e bitky, khéc ca 4 dudng thing dé, véi
lin luot a, b, c, d.

Ngoai ra cdn c6 khdi niém ty s8 kép cho bén
diém trén dudng tron, dinh nghia dugc nhd
dinh Iy sau:

V6i moi tip hop 5 diém A, B, C, D, E nim
trén ciing mot dudng tron, trong d6 4 diém
dAu tién phan biét, tacé |E(AB,CD)| = &4 :
%, ty s6 kép niy duong khi C, D cling phfa
d8i v6i AB, va am khi C, D khic phia d8i véi
AB. Goi E(AB,CD) 1a ty s8 kép caa b 4
diém A, B, C, D, kj hiéu Iz (AB,CD).

Thé nhung c¢6 mot vin d& phét sinh: Cho
chum dudng thing O(ab, cd), dudng thing
& song song véi d, cita,b,c tai A, B,C. Khi
4y ta chuyén toan bo ty s8 kép ctia chiim nay
1én & thé nio? Ta cé thé quay trd lai véi dinh
nghia chi ¢6 géc ctia chiim, nhung né s€ gidi
han kha ning 4p dung cic phép chiéu xuyén
tim mét céch linh hoat. Dé gidi quyét vin de
niy, ngudi ta thém vio khdi niém diém vo
cling - giao diém cta hai dudng song song.
Qua vii vi du sau day, vai trd cta diém vo
cling s€ 0.

Ni vé cdc chiim digu hoa (tirc 12 ¢6 tj s6 kép
bing —1) co bin, c6 dinh ly:

Cho chiim ditu hda O(ab, cd), dudng thing
delta song song véi d, cit a, b, ¢ tai A, B, C.
Khi 4y B 11 trung diém AC.

3

Hoi khé nhé, nhung néu ta vié: “néu —1 =
(AB,Coo) thit B& = —1, hay B1a trung diém
AC”, dinh Iy s& dé nhé hon.

Giai thich cho phit biéu vira rdi 1a: khi cho
C ngiy cing xa khoi A theo chitu ctia tia
AB thi (AB,C) sé duong va ngly cang gin
véi 1, khi C “tai diém xa v0 cting” thi cho
tj s6 don d6 bing 1 11 viéc hop I, nén ta
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quy udc (AB,») = 1. Khi cho € cha): the?
chidu tia BA xa khoi B thi thu‘du‘gc két qui

hét. Nén ta hiéu diém “vO cung (né’u cd)
& hai dau dudng thing 12 mot. ,D;n‘h 1’)’ trén
khong phai tradng hop d}ly n.}}ét x:laAse fiu({’c
don gian héa khi thém vao diém “v6 clng”;
ching han nhu dinh ly PaSCa.lAVﬁ Desargues
6 th& bét doan “hoidc d6i mét song song”
trong két luén, v1 c6 thé quy L\I’(’jc‘ gii? di‘ém
clia cic dudng song song khi ndy 12 diém & xa
v6 cling, giong nhu cich hai dudng ray SOEg
song khi kéo dai ra chin trdi s€ tao cam gidc
nhu 1 ching cit nhau.

Luc gidc huyén bi ciia cdu thiéu nién Blaise Pascal
17 tud, tong quat béa hon 400 dinb Ly hinb hoc
132 thivi 6 dai dén liic dy. Chiing minb béng ty 50
kép sé bao qudt digec moi thé binh va cdc triong

hap suy bién.

Dya trén sy thuin tién 4y, ta sé quy udc
nhitng dudng thing cling song song véi mdt
dudng thing ! cho trudc thi ciing di qua
mot di€m goi 1 diém vé cling tng v6i I Hai
duding c6 chung diém v6 cling khi va chi khi
chiing song song hoic triing nhau. D€ Tién
de 1 v&NTDQ da néu trén khéng bi vi pham,
ta cin thém mot dudng thing “3 v6 cung’
ma di qua tdt ¢i va chi nhiing diém v6 cing:
Sau khi thém vio mit phing Euclid thong
chtfémg nhitng diém niy, ta duge mot mit
p\hang ma cic tién de NTDQcﬁa'ta vin dung
va c6 tinh chit elliptic. Ta goi diy 12 mot mit
phéng xa anh. . ’




Xét mot diém N khong phii diém v6 cling
trén mit phing 4y, vé mét mit ciu tim O
tiép xtic mjt phing vira xdy dung tai N. Véi
méi diém M trén mit phing, bién M thanh
giao diém ctia OM véi bén ciu chita N clia
mit ciu. Riéng véi diém v6 cling, do khi mée
diém di doc mét dudng thing chita N ra xa
khéi N theo hai phfa thi dnh ctia né tién din
t6i hai diém déi xitng nhau qua O, ma dudng
thing lai chi ¢é 1 diém v6 cling, ta sé quy uéc
hai diém d6i xitng nhau qua O nhu 13 1 diém.
Va thé 14 ta duwge mot md hinh khic cho mét
khéng gian ma tién de song song ctia hinh
hoc elliptic diing v tuin tha cdc tién d& v&
“nim trén di qua” di néu. Tdt nhién khong
gian niy con thi€u nhitng khéi niém géc, do
dai canh, dién tich, nhung tam thoi thé da.
Mb hinh ny chi ra ring: chinh hanh tinh qué
nha ching ta s6ng 12 mét be mit noi ma moi
dudng thing (6 ddy 1a cic dudng tron 16n)
deu cit nhau.

Kbi cdc diém ra xa khoi N theo ciing mét budng
thi dnb ciia ching gén lai vdi mgt diém trén xich

dao.

Gid 13 lac dén véi mot md hinh cta hinh
hyperbolic, mé hinh Beltrami—Klein

4. M6 hinh Beltrami—Klein

Chiing t6i s khong trinh biy y hét nhu cong
trinh gdc cta Klein dé d6 phitc tap, nhung
nhiing ¥ twdng chi dao vin 1 do Klein cai
thién tif luin 4n cia Beltrami. Ciing gidng
véi hinh hoc Euclid, hinh hoc hyperbolic
ciing c6 mit phing xa inh dé hoin thién cho
khéng gian hyperbolic théng thudng. Dya
vio d6, Klein di xiy dyng mé hinh duéi diy
ti mit phing d6 dé nghién citu 1 hon. Xét
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mot dudng tron 7y véi tim O va bin kinh R
trén mjt phing Euclid, goi phin bén trong
cia ¥ 11 tip hop cic diém X sao cho OX < R
(ttc la khéng bao gdbm diém niim trén dudng
tron). Mt diy cung cia dudng tron la mot
doan ndi hai diém trén dudng tron d6. Trong
mé hinh Beltrami — Klein, tip hop cdc diém
s€ la phin bén trong ctia dudng tron, va véi
méi hai diém A, B tir tip hop d6, ta dinh
nghia “dudng thing” ndi A, B la diy cung
cia ¥ di qua AB vi bo di hai diu mat. Ta
goi mot diy cung nhu viy la diy md va ky
hi¢u 13 A)(B. Quan hé “nim trén” dugc dinh
nghfa giéng hét véi trong hinh hoc Euclid:
P nim trén A)(B néu P nim trén dudng
thing AB theo nghfa hinh hoc Euclid va P
nim gitfa A va B. Quan hé¢ “nim giia” v6i
hinh hoc hyperbolic & diy I y nhu quan hé
nim giita trong hinh hoc Euclid. Quan hé
“bing nhau” s& dugc dinh nghia & phin tdi,
do né phic tap hon. Hinh vé duéi diy la
mdt minh hoa dé thdy tién d¢ song song ctia
hinh hyperbolic diing trong mé hinh nay: hai
dudng qua diém P khong hé c6 giao diém
v6i ddy con lai trong mé hinh. Nhin thi ¢é
vé hién nhién, nhung riéng viéc xét m6 hinh
ndy d4 A mot y tudng dot phd rodi.

gy maevenl!

Dé chiing minh tinh phi miu thuin cia
hinh hoc hyperbolic tuong d8i véi hinh
hoc Euclid, diu tién ta dich cic khdi niém
nguyén thiy (“diém”, “dudng”, “ndm trén”,
“nim giita” vd “bing nhau”) trong hinh hoc
hyperbolic sang mét cich dién gidi trong
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hinh hoc Euclid, nhu cich ma ta d4 lam véi
bén khii niém dau tién. Céc d6i tugng c6
dinh nghfa cting s& dugc dich sang hinh hoc
Euclid m¢t cdch twong ty. Vi du : thay moi
tir “duding thing” trong phdt biéu cho méi
quan hé song song trong hinh hoc Euclid
thanh tr “ddy md”, va ta thu dugc dinh
nghia cho quan hé “song song” trong hinh
hoc hyperbolic Sau khi cdc khdi niém dugc
chuyén déi xong, ta cé thé chuyén sang cit
nghia céc tién de.-Ching han nhu mét tién
de NTPQ duge dich vé m6 hinh Beltrami —
Klein nhu sau:

Tién d&¢ NTDQ 1 (Klein): Véi méi hai diém
A, B phin biét 6 phin bén trong dudng tron
7, ton tai diing mdt ddy m& [ cia ¥ sao cho ci
AviBnimtrénl.

Nhiém vu ti€p theo cha ta I3 chi ra tién de
hyperbolic nay 13 mét dinh Iy trong hinh hoc
Euclid, vilim dieu niy vdi tit ci cdc dién gidi
tién d& con lai. Mot khi cdc tién de hinh hoc
hyperbolic trong mé hinh Beltrami - Klein
da trg thanh dinh Iy trong hinh hoc Euclid,
thi moi chitng minh I3 hinh hoc hyperbolic
c6 miu thufn s& c6 nghia 1a mot tip hop cdc
ménh d& ding (chinh la cic tién de hinh hoc
hyperbolic trong mé hinh ctia ta) trong hinh
hoc Euclid d4 din t6i miu thuin, tir d6 cho
thidy mét miu thufin trong hinh hoc Euclid.
Ditu nay khéng thé xdy ra néu ta gia st hinh
hoc Euclid I3 phi mu thufn. Quay trd lai, ta
vin cin chiing minh tién d& vira phét biéu kia
13 mét dinh Iy trong hinh hoc Euclid. That
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thing theo nghia trong 3
waAvaB.BSilcodiqua
diém o d6 nim trong ¥, 16 $€ 6 (}t’mg %lhai !
giao diém v6i 1, goi acCvaD (Ng’uyen Iy lién ‘
tuc dudng thing — dudng tron cua hlnh hoc
Euclid). Khi dy diy m& CD chinh 12 “ditdng =
thing” di quaA v B, vi theo tién c?é NTDQ |
ctia hinh hoc Euclid ta c6 s¢ ton tai duy nhdt
ctaaCD.

véy, ggi [ 13 dudng
hinh hoc Euclid diq

Sy thn tai ciia dudng song song gidi han ¢6
thé duogc chi ra kh4 d& dang trong md hinh
Beltrami—Klein. Nhin hinh ta thdy, hai diy
m&(A) (E)vaBF diqua P chinh 13 hai dudng
song song gidi han khi xét duding thing 13 déy
m& AB vi diém P khong nim trén d6.

Tai liéu tham khao

(1] Euclidean and Non-Euclidean geometries
- Development and History (Marvin Jay
Greenberg)

(21 The History of Mathematics An
Introduction (David M. Burton)
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NGUYEN HOANG VU

Hiéu ng Doppler xuft hién trong nhitu
hién tugng t nhién vi doi s6ng nhung
thudng chi dugc céc tii liéu nhic dén twong
déi so luge. Trong bai viét ndy, chiing ta hiy
ciing tim hiéu d6i nét v& qud trinh khdm ph4
ciing nhu mét s8 ¢ng dung lién quan dén
hién tugng nay.

1. Christian Doppler

Christian Doppler (1803 — 1853)

Christian Andreas Doppler ra ddi ngiy 29
thing 11 nim 1803 tai Salzburg, Ao trong
mot dong ho 6 truyén théng xdy dung cic
congtrinh bing d4. Tuy nhién, do éng cé st
khoe kém nén gia dinh d4 dinh huéng cho
6ng di theo con dudng hoc tip. Sau khi hoc

hét cdp 1 va cdp 2 tai Linz, 6ng bit diu hoc
todn hoc va co hoc tai Vién Polytechnique
& Wien theo 15i khuyén ctia cic gido vién.
Sau khi hoin thanh chuong trinh cdp 3 &
Salzburg, vio nim 1829, éng tr& thanh trg
ly gi4o su cho A. Burg va ¢6 cong trinh khoa
hoc d4u tién lién quan dén cdc dudng thing
song song. Trong mot khodng thdi gian dai
tif ndm 1833, Doppler khong tim dugc viéc
vic6y dinh di cu sang My. Tuy nhién, 6nglai
tim duge cong viée gidng day todn & Prague
vachinh thttc trd thanh gido su todn vio nim
1841.

Nim 1842, 6ng cong bd mot bdo bai de xuit
ring chuyén dong clia ngudn sdng va clia vi
tri quan sét ¢6 thé thay déi tan s8 séng 4nh
sdng quan sit dugc. Y tdng niy gip phai
rdt nhiéu ¥ kién hoi nghi. Nam 1845, Buys
Ballot véi muyc dich phai dinh Doppler da
thurc hién mét thi nghiém ma sau nay dugc
g0i 12 “thi nghiém nha ga thu héa”. Trong thi
nghiém nay, mot dau thu ma Ballot d2 muon
dugc tir chinh phtt Ha Lan s& chd mot toa
gdm céc nhac céng chai kén trumpet chay
ngugc va xudi doc theo dudng ray. O dudi
ddt, cdc nhac cong khéc sé nghe va ghi lai cim
nhin ctia minh v& tiéng nhac i toa tau. Két
qua cho thdy 4m thanh tif toa tu ¢ tin s8
cao hon khi doan tau lai gin vi trf ga va thdp
hon khi doan tau di ra xa ga. Nguoc lai muc

'Ha Ngi,
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dfch ban du, thf nghiém ciia Ballot di trd
thanh sy kién diu tién khing dinh sy tdn tai
ctia hiéu dng Doppler, ft nhdt I cho séng
im. Trong doi sdng hang ngdy, ta cling c6 thé
quan sét thiy hién twgng tirang ey khi ling
nghe 4m thanh it cdi cinh bdo cta cic xe
chuyén dung nhu xe canh sét, xe ctu thuong,
xe ctitu hoa, ...

PROF. BUY S BALLOT

pOPPLEREEFEC

e

Hinb 1. Biic tranh trén tudng mot ngoi nba tai
Utrecht, noi Buys Ballot tién hanb thi nghiém vdi
nhac cong trén doin tin hoa, dugc vé vio ndm
2019. Céng thiic cita hi¢u ting Doppler xudt bi¢gn
& phéin dudi ciia biic tranh.

Eu Doppler 6 nim, nha vit ly ngudi Phip
Fizeau ciing phét hién mét céch doclap ve
hiéu ttng Doppler cho séng dién tr nén
trong mot s8 tai li¢u hi¢u ing niy con goi
12 hiéu Ung Fizeau-Doppler. Tuy nhién,
phii dén diu th& ky 20, nhg nhitng tién bd
vé ci mit ly thuyét lin thyc nghiém ngud
ta méi khing dinh dugc ring hi¢u dng ndy

ciing dp dung dugc cho séng dién tit.

2. Hiéu ting Doppler

Chting ta hdy clng thiée lap cong thic
ctia hiéu tng Doppler cho séng 4m. Trong
trudng hop don gian nhit, gia si ta c6 mot
ngudn 4m c8 dinh phét ra im thanh véi tin
s8 f, titc 1a trong mot gidy tasé c6 f dao déng
tit ngudn 4m phdt ra. M&i dao dong nay sé
lan truyén duéi dang mét mit séng (mit ciu
trong trudng hop séng 4m lan truyén trong
khong khi).
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5 vAn t6 sn s6ng trong khong
Goi v Ia vin téc lan truyen gkhon
khi. "Tai cdc thdi diém khic nhau, vi trf ciia
mbi m':ju.- séng déu khéc nhau nhung khoang

céch gitta hai mit s6ng Jién tiép ludn bing
mbtbudcséong A = Y Khi mot ngudi quan
sat c6 dinh nghe dugc séng Am fh‘n khoing
cich gitra hai thoi diém ma ha? mit séng lién
tiép dén tai ngudi nay cfing bing v6i chuky
cia ngudn 4m nén tin s6 ma ta nghe dugc
khong bi thay d6iso véi tin so goc.

Hinh 2. Séng dm phit ra tit nguén dm. Khodng
cdch giita bai mdt song phdt ra ¢ bai thoi diém
cdch nhau mgt chu ky sé diing bing mgt budc song.

Tiép theo, ta hiy xét dén trudng hgp ngudn
4m di chuyén v6i mét vén t8c v ra xa ngudi
quan sit. Dao dong dugc phét ra vio mot
A, . R ~ 2z - z \ A = §Y

thoi diém ¢ s€ c6 mit séng 12 mot mit ciu
¢6 tim la vi tri clia ngudn tai thoi diém dugc
phét ra. Do d6, sau méi chu ky 7', méi mit

e W z 7 z - .4
séng déu cé bin kinh ting thém mét khoing
v T n'hu’ng khoang cdch gitta hai mit séng
lién ti€p s& 16n hon so véi trudng hop ngudn
imc6 dinh vabing A| = A +v,T.
MiA =vT nén

v
A =vT +v,T = ?+E.

Goi ' 13 thn s& m3 A ; f
5 f'Iatans8 ma ngusi quan sit nghe dugc,

2 c6:

| <

f

E

(TE TAP 8 - 56 6 THANG 6/2024




TIM HIEU KHOA HOC

hay
. f(_*_)
f e v+ vy

tirc 1A thn s8 ta nghe dugc s€ gidm di khi
ngudn 4m chuyén déng ra xa.

Tuong ty, khi ngudn 4m chuyén ddng lai gin
ngudi quan sét, ta c6Ar = A —vT nén

r=1(%)

ttic 14 tin s8 nghe dugc sé ting lén.

Hinh 3. Trong trutmg bop nguon chuyén déng,
khodng cdch gista bai mdt song dwge phdt ra ¢ bai
thoi diém cdch nban mgt chu ky (méau cam va
mau xanh) sé bi thay déi tiy theo chitu chuyén
dong ciia nguon dm. Cic dutng nét dit trong
hinh biéu dién mdt song tai cdc thoi diém trude
thoi diém bién tai mgt s6 nguyén lin chu ky.
Duirng trom nét lién biéu dién mdt song tai thoi
diém hi¢n tai. Ngudi guan sdt ¢d vi tri & phia bén
trdi cda binb.

Tiép tuc, ta hiy xét trudng hop ngudn 4m
diing yén cdn ngudi quan sit chuyén déong.
Khi ngudi quan sit chuyén déng vé phia
ngudn 4m véi vin téc v/, thoi gian giffa hai

dao dong lién tiép ma tai nghe dugc s& 1i:
T'= L
v+ vy
Goi f 12 tin s tai nghe dugc. Do f' = T]’

nén;
L_1( )
' F\v+v

TAP 8 — 56 6 THANG 6/2024 (TG

a

hay f' = f (42).
Tuong tu, néu ngudi chuyén ddng ra xa
ngudn im, ta cé:

f/ = f (\’ - 1/) |
v
Trong truding hop ci ngudi lin ngudn im
deu chuyén déng, ta vin c6 thé phén tich

tuong ty nhu phin trén v c6 cong thic téng
quit cho trudng hop nay:
ALY )
r=1 (v +vs
v6i V' > 0 khi ngudi chuyén déng huéng ve
ngudn vi v; > 0 khi ngudn di ra xa ngudi.

Trong trudng hop phuong chuyén dong cia
ngudn hoic ngudi quan sit khéng triing véi
phuong tit ngudn dén ngudi quan sit thi
cdng thitc s& phiic tap hon so véi cdc phin
tich & trén.

Lién quan dén hiéu tng Doppler cho séng
dién tit, ngay tit ban dau Doppler d4 dua ra
mot s6 gidi thich sai [im do sy chua hoin
thién ve Iy thuyét ctia thoi diém dé. Viée thiét
13p cdc cong thirc ciia hiéu ¢ng ndy cho séng
dién tit (bao gdm ca séng 4nh sing) yéu ciu
cdc kién thiic lién quan dén thuyét tuong d6i
hep ctia Einstein nén ching ta s€ khong trinh
bay chiing & d4y. Ban doc quan tim dén linh
vire ndy c6 thé tham khio cic gido trinh vit
Iy hién dai.

3. Hiéu @ng Doppler trong ty nhién va
401 s6ng

3.1 Hiéu ¢ng Doppler va dinh vi bing
séng 4m & dong vit

Nhitu lodi déng vit sit dung séng 4m dé dinh
vi khi di chuyén vi sin mdi. Mt s8 lodi st
dung séng 4m véi nhidu tin s§ khdc nhau
vA dua trén khodng thdi gian phin xa ngugc
lai ctia mé&i tin s6 d€ xdc dinh vi trf cdc vat
thé xung quanh. Trong khi d6, mét s loai
khdc chi sit dung mot tin s6 va dya vo hiéu
ting Doppler dé xdc dinh cdc con mbi chuyén
ddng. Trong khi phuong phép nhiu tin s6
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€6 d6 phan giai cao, né cin lugng ning lugng
séng 4m 16n dé trai khip céc tin s6 nén né
chi phtt hop véi céc lodi doi sin mdi & khong
gian hep. Ngwoc lai, viéc st dung mot tan s6
va hiéu ting Doppler phit hop véi cach sin
mdi & khdng gian tréng trii véi cdc con mdi
chuyén dong. Mot s6 loai doi sit dung két
hop ci hai phuong phdp nay.

Hinb 4. Mt s6'loai doi, vi du nhw doi mong
ngua cé nhitng cin triic ddc biét ¢ trén mdt phuc
vu vige si dung song dm dé dinb vi va sin moi.
Chiing ciing cim nhdn duyc s thay doi tan s6' do
bhi¢u iing Doppler gy ra dé xdc dinb dwgc toc d§
ciia con méi.

3.2 Céc ting dung thuc t€ cia hiéu dng
Doppler lién quan dén séng im

Cic radar séng 4m thudng dugc st dung dé
phét hién cdc vt thé duéi nuée bing cdch do
thdi gian séng bi phin xa lai. Trong trudng
hop vt thé chuyén dong nhu tiu ngdm hay
min, hiéu tng Doppler cé thé dugc stt dung
dé x4c dinh v4n tdc cha vit thé.

Hinh 5. Hiéu sing Doppler dicge sit dung trong
nhitu xét nghiém y té vi du nbw xdc dinb vén réc
ciia mdn trong bé tudin hodn sit dung song dm.
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ciing dugc ung dung
réng rdi trong ch4n dodn y hoc. K’é't }1(_3}_) véi
thide bi siéu am y khoa, né cho phép xdc dinh
vin téc di chuyén ciia miu frong T@Ch mdy
hay bubdng tim duéi dang ’fCt nghlim k}féng
xim l4n, gitip cho viéc khdm va diéu trj cdc
bénh lién quan & nén dé dang Ahdn:ANhieu
phuong phdp khéc nhau dL,I:a trén hl?u ting
Doppler ciing dang duge tiép fye }?hat trién
nhim phuc vu chin dodn va diéu tri cho moe
6 loai bénh & ngudi. :
3.3 Cic wng dung thuc té ciia hi¢u wng
Doppler lién quan dén séng dién tir

Hiéu ting Doppler

Hinb 6. Mgt banb tinh kbong quan sdt dwgccd
thé gdy léch chuyén dgng ciia ngdi sao. Dg léch nay
€0 thé dwge phiit hién ti hi¢u ving Doppler kbi
phién tich quang phé thu dwoc.

Hiéu ttng Doppler c6 nhigu ting dung trong
thién vin hoc. Nhu d4 néi & trong s6 thing 3
nim 2024, céc ngdi sao di ra xa khéi Trai Dit
s€ ¢6 quang phd bi léch ve& phia miu d6 con
cdc ngdi sao lai gin ta s& c6 quang phé léch
vé phia mau xanh. Nh& hién tugng niy mi
ngudi takétluin duoce ring cdc thién ha dang
di ra xa nhau va vii try dang din né. Hitu
ting Doppler ciing ¢ thé duoc sit dung dé
phit hién cdc hanh tinh & c4c hé Mt trdi &
xa chiing ta. Ta khéng thé xdc dinh duogc cic
hanh tinh niy mét céch tryc tiép nhung khi
mot hanh tinh quay quanh mét ngéi sao, nd
c6 thé 1am ngéi sao niy dao ddng nhe quanh
truc. Sy dao dong nay s& lam thay d6i quang
phé clia ngdi sao va cic nha thién vin hoc 6
thé dura trén viée ndy déxic dinh sy ton t.:_ii v
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cdc dic diém cta hanh tinh. Tuy chi c6 cic
hanh tinh ¢& 16n nhu Sao Méc ¢6 thé dugce
xdc dinh theo phuong phép nay, dén nay da
¢6 hon 4000 hanh tinh dugc phdt hién nhy
hiéu tng Doppler. Mot diém déng luu y 1
khi ning Gng dung ctia hi¢u tng nay trong
thién vin hoc ciing d dugc chinh ban thin
Doppler du dodn ngay tir bai bdo dau tien
ctia 6ng vé né.

Hinb 7. O phén miii ciia cdc mdy bay déu cé
trang bi bé thong radar thoi tiér. Radar ny la
két bop ciia radar xung va radar Doppler. Thoi
gian phdn xa cia cdc xung di¢n tic duge sit dung
dé do kbodng cdch con hi¢u ving Doppler duwge si
dung dé do vin toc. Nbo dd mdy bay cd thé phat
hién vi do dac cdc bién tugng thii tiét xéu ¢ phia
trude givip phi cong cd thoi gian phan ting.

Céc hé théng radar sit dung hiéu dng
Doppler dé xdc dinh t6c d6 cta cic vat thé
trén khong nhu mdy bay bit diu dugc dng
dung rong rai tit chién tranh thé gi6i tha
hai. Cic céng nghé ndy cting dugc st dung
cho cic radar st dung trong hang khéng.
Tin hiéu tit cdc radar Doppler ciing dugc
st dung trong nganh khi twong dé nghién
cltu cic hién twgng thai tiée, dic biét [ cdu
triic clia cdc viing mura déng hay cdc con bio.
Mit khdc, cic thiét bj laser sit dung hiéu ing
Doppler dugc diing dé do vin tdc gié. Caché
tuong tu st dung laser ciing xudt hién trong
chc thiée bi cdng nghiép do vin téc dong chdy
dia trén cdc tia sing bi phin xa tlr cdc hat
lo lirng hoiic bong béng khi trong chit 16ng.
Thiét bi dang niy ciing c6 thé dugc dung dé

T
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do vin t8c dao dong ctia cdc bé mit.
Hiéu ttng Doppler ciing dugc dung dé do
nhiét d6 cha dong plasma trong cic thi
nghiém phin tng nhiét hach. Cdc hat plasma
c6 t8c d cao s chiy theo hudng ra xa lin
lai gan ngudi quan sit din dén viéc md rong
phd cta dii séng dién tir thu dugc. Viéc do
dd m& rong phd niy sé cho biét téc d6 dich
chuyén ctia c4c hat trén. Thong qua vin t8c
di chuyén cia ching, ta cé thé tinh dugc
nhiét 46 ctia dong hat.
Mot ting dung quen thudc hon la cic thi€t bi
do vin t8c mi cinh sit giao thong st dung dé
do vin téc cta xe c6 di chuyén trén dudng.
LA mét radar Doppler thu nhé, né phdt ra
séng radio vé phia phuong tién va do tin s6
clia séng phan xa lai. V4n téc ctia phuong tién
dugc tinh theo cong thic:
_Af ¢

V= f d §
véi Af 1 d6 léch tin s8 chia séng phan xa lai
so v6i séng ban du con ¢ 14 vin tdc dnh sing.
Hé s6 2 & day xudt hién do tin s6 bi léch 2
lan, mét lin tit ngudn phét dén phuong tién
dang chuyén déng va lin thi 2 tir phuong
tién dang chuyén dong vé téi ngudn thu 4m.

Hinh 8. Thiét bi do vdn téc phiong tién giao
thong si dung biéu ing Doppler.

4. Nhanh hon vin tdc im thanh

Khi phén tich v& hi¢u ¢ng Doppler, ta chua
xét dén truding hop chuyén dong ctia nguon
4m nhanh hon vin téc truyén séng dm trong
khong khi. Vdy khi d6 s€ c6 hién tugng gi xdy

ra?
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Ta hay xét trudng hop mét mdy bay phan luc
bay véi cic van téc khic nhau. Khi vén téc
clia né nhé hon vén téc im thanh, cdc mit
séng 4m mdy bay gay ra khi chuyén dong sé
tuong ty vSi hinh bén trdi ciia Hinh 9. Pén
khi vin téc mdy bay ngang béing véi vin téc
dm thanh (con goi 1A vin tdc Mach 1), mit
séng cla cdc séng sinh ra sau va cic séng
trutde d6 s cling i€p xtic & diu mdy bay. Con
khi vin tdc cia mdy bay 16n hon vin téc Am
thanh, m#i ctia mdy bay s¢ di truéc ci séng
4m ma né sinh ra, lam cho khéng kh tai vi trl
ma mdy bay di qua s& bi nén lai, giy ra tiéng
n81én. Céc séng xung kich trong trudng hop
nay s& tao thinh mét mit nén nhu trong
hinh. Khi mdy bay di qua phfa trén ngudi
quan sdt, ngudi ndy s& khong nghe thiy gj,
tuy nhién khi mit nén dén vi trf quan sit thi
tai s€ nghe thdy ti€éng nd 14n.

Hinh 9. Trdi: Cdc mdt song trong trutong bop
mdy bay cd vin téc nh hon vin toc clia song é;}n
trong khéng kbi. Gidta: Khbi mdy bay cd vén téc
béng vdi vén toc ciia song dm trong khong kb, cz,z'.c
mdit song dinb lai vdi nhan ¢ miti ma’yrlmy. Phis:
Khi mdy bay cd vin t6c ldn bon vin toc song dm
trong kbong kbi, s bink thinh sing xung kich
dang mdt non.

Hinb 10. Khi mdt non ciia séng xung kich cham

mait ddit thi ngudi quan sét & dudi mdit dat moi

nghe thiy tiéng n6'tit chuyén ding siéu t}]tfﬂh 't»ia
mdy bay dis mdy bay da di qua tir tritde 6,
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g(‘ir 1&;111 biéu dién ty ‘lé :/flﬂ géc Cuahmcf)t

vit chuyén dong so véi Vé.lAn t,C dm. 4 ar}h

duoc dit tén theo nha vat .Iy ngudi die

Ernst Mach. Ong di ¢6 nhiéu dc’m“g gép

trong c4c nghién cliu vé ﬁm‘thanh’, dic bie

la ly thuyée v& su hinh tha.rih séng xung
kich cting nhu cdc thi nghlg‘m c{mp é}nh
chc séng ndy. Sin clia géc ma dudng sinh
clia mit nén clia séng xung kfcl: o ,Vc’ii
phuong chuyén d{mg clia vit thé sé ty ¢
nghich véi s6 Mach: sino = 3.

Ernst Mach (1838 — 1916).

Mot hién tugng tuong ty trong vit Iy hat
nhin cing dwgc nha khoa hoc Lién X6
Pavel Cherenkov phit hi¢n ra vio nim 1934.
Trong mdi trudng nudc, vin téc cia dnh
séng bi suy gidm nén c4c hat nhw proton hay
electron véi déng ning cao c6 thé c6 vin téc
cao hon so véi van tdc 4nh sing trong méi
trudng! Do d6 ta cting c6 thé quan sit dugc
hién twgng céc séng xung kich tao thanh
mét mit nén nhu véi séng am. Trong cic
16 phan tng hat nhin, tuong téc gitta hat v2
nguyén tif nuéc sé cho ra séng 4nh sdng véi
buée séng ngin mau xanh lam, Viéc do biic

- _—ee—————
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Cherenkov c6 thé giﬁp'din!lA lu’({ng tfnl?
! 4ng xa cua c4c thanh nhién liéu da qua st
d?mlg%é ddnh gid mic ddan todn clia l,b phin
o UBlic xa Cherenkov cing dugc fu dl.,,(]g
e nhizu thi nghiém vit Iy hat nhin khic,
troﬂii ta cing 6 thé tron cdc chdt phéng
Ngdo cic chit khdc nhu thudc va dung birc
rerenkov dé dinh lugng taong tdc gitta
g voi céc phén tir sinh hoc khi dugc

xa VA
xa Cl
chin
truyen vao co't

hé sinh vit.

Hink 11. Bitc xa Cherenko vdi biidc song phdt ra
man xanh trong 1o phan ting hat nhan.

4. Loi két

Nim 1850, Doppler tr& thinh gidm déc dau
tién cta Vién Vit ly Wien. Tuy nhién stc
khée 6ng suy gidim nhanh chéng vibénh phéi
v 6ng mit sau mot thdi gian ngdn vio nim
1853. C6 le 6ng cting khong ngd duge ring
hién tugng vit Iy ma minh phdt hi¢n ralai c6
inh hudng dén nhitu linh vuc cha vitly vay

-
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TIM HIEU KHOA HOG

t€ dén viy. Tic gid cing hy vong bai viét nay
c6 thé trg thanh mét ngudn tailiéu cé ich cho
cdc gido vién vi hoc sinh khi day va hoc v cdc
ndi dung vatly c6 lién quan.

Tai liéu tham khio
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TRO CHOI VE HINH cO TAM POI XUNG

Phan III:; Gép hoa sen biang gidy

NGUYEN THUY VIET ANH'

Hoa sen 12 loai hoa vo cung quen thuéc véi
ngudi din Viét Nam. T xua dén nay, hoa
sen dugc xem I biéu tugng cua sy thulin
khiét véi nét dep binh di, thén di ma vin
thanh cao, ldc nio cing téa huong thom
ngan ngit. Vi nét dep 4y, hoa sen d4 nhe
nhang di vio nhitng bai ca dao ctia ngudi din
Viét Nam, ching han nhu:

“Hoa sen né dep trong dém
Mt brong tinh khiét dm thim téa bay
Yéu thuong vun bon thing ngiy
Nay boa bé nhuy long diy nao nao”

Hoa sen (Anb: Internet)

Ngiy hom nay, ching ta s€ cing nhau lam
nhitng bong hoa sen bing gidy nhé!

Chudin bi: Gidy mau, hd ddn, kéo, thudc ké,
bat.

Bue 1: Cét 3 minh gidy miu hdng ¢6 hinh
vudng véi d6 dai méi canh 1a 8cm. Sau d6 gdp
nhu cdc hinh minh hoa.

lQua'ng Tri.
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Buide 3: Cdt mét manh gidy mau vang hinh
ch@ nh4t véi chitu dai 13 19cm, chitu rong la
3em. Sau d6 gdp déi manh gidy lai roi diing
kéo cdt va cudn trdn nhut hinh minh hoa dé
lam nhyy ctia hoa sen. Dung hb ddn dé din
phan cudi ctia doan gidy lam nhuy hoa.

Buidc2: Dung bt vé [én manh gidy mdu hong
nhu hinh minh hoa, sau 46 dung kéo cit theo
nétbitrdi md ra. LAm twong ty véi cic minh
gidy mau hong con lai.

1 TAP 8 - S 6 THANG ¢ 200 61
n TAP 8 - 56 6 THANG 6/2024 gE
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VUI CUNG P|

P % 3 idy mau xanh 14 cly ¢4
Breoc 4, Dunghd din dé din cic cdnh hoasen  Buide 5: Cit 2 manh gidy

st v&i chitu dai 12 30cm, chigy
va nhuy hoa sen véi nhau. h}nh C‘h(r nh;é%\;g:nci;lil:’]f;oa o Gip -
xrl(;::égul ?iic:énh gidy lai roi m& I Il,:‘a.m m"“‘é
tu v8i manh gidy mau xa‘?h c?n ai, ;iu df)
d.img keo dén hai manh gidy mau xanh 14 cay
lai v6i nhau nhu hinh minh hoa.

-
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Buwdc 6: Diing tay lat phén trong clia minh
gidy miu xanh 14 cly ra ngodi d€ tao thinh
hinh nhu bén duéi.

Buéc 7: Dung keo dé dén 14 ciy vi hoa sen lai
v6i nhau.

Tai liéu tham khio

[11  https://www.youtube.com/watch?v=
qLePKda3ETE

[2]  https://www.youtube.com/watch?v=
x4SK6wz78-A&t=2125
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THUC HANH AN KIENG'

i ELENA STANTE?

DIET

Chi c4i ¥ trong tiéng Hy Lap dugc duing dé viét tit cho mot tdng (summation). D& tinh dién
tich hay thé tich mét hinh, ngudi ta chia né thinh titng lit nhé, rdi tinh x4p xi tiing ldc dé, sa;u
d6 cong lai. Chia cang nhd, két qué cing chinh xdc. Két qua cudi cling, thay vi diing ¥, nguoi
ta sit dung ky hiéu [. °

* Theo https://www. idm3r4.org/2023-comic-challenge
1 Gido vién todn, Trung boc Aristosseno, Taranto (Puglia), Italy.
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NGI UG MANA
TOAN HOC TRE

Trong bdi canh cach mand cdng nghé
phatgtrié'n nhu vO bao, thi tru‘d?‘g |a?‘
dong thé qidl ngay cgng thém “khat
nhan sy gidi Todn va tieng Anh,

Trudng Toan Minh Viét - Minh Viét School i
of Math (MVSM) da két hop vl The Arts :
of Problem Solving (AoPS) - Chudng trinh i
gido duc Toan hoc nang cao s6/1 tailHoa |
1
1
|
{

TN

: authe ? Khotdgy | \ = Nghg thust
el | () ) @) €3
CHUGNG TRINH DAO TAO

- D8i tugng: Hoc sinh ti€éu hoc tir1dp 1 16i ldp 5
* Gido trinh hoc: Beast Academy ctia AoPS
* Phudng thic: Hoc sinh hoc Online cung gido

vién Mg
- Tha glan hoo: : < Mé& ding kyg: 1/4/2024
- Ldp Ton: 1bubi/ tudn, chi vl 5 triéu déng/nam - Khai gidng: 24/6/2024

-LdpTiéng Anh b trg: 4 budi/tun, 6 triéu déng/nam.

Nha ; : : Phu huynh c6 thé déng kg cho
hing hoe sinh xust sdo ctia MVSM s& dugc tang hoc hl ho Toén. chi hoc Tién
bong mét phén hoic toan phan va dugc qidi thidu hoo con chl hoc Toan, chl hoc Tiéng
Cau lac bd Toan Ky Lan véi nh(ing Gido su Toan hoc hang Anh hodc hoc ca Toan va Tiéng

dau Vigt Nam. Anh,
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po VUI

Hoang Phuong (st)

Nguoi ta chi co thé vwot qua sa mac no géng céch' di
bo va hanh trinh d6 can sau ngay. Moi nha tham
hiém sa mac chi c6 thé mang theo nudc va qugg
lwong thuc di dung trong t6i da bén ngay. Néu
mudn, ho cé thd mang theo nguoi tro' gilp. Moi
nguwoi tro gidp cling chi ¢6 thé mang theo lwong
nwdc va lwong thye dd dang cho t6i da bon ngay.
Hai mdt nha tham hiém can it nhat bao nhiéu nguoi
tro gitp dé c6 thé vugt qua sa mac?
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