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TIM DOC TRONG SO NAY

Nhin ngiy Quéc téPhu nit' 8 thang Ba, Pi xin
gidi thi¢u véiban doc chan dung mét s6 nha
khoa hocntt ndi bat ciia Viér Nam va thé gidi.

Chuyén mucP3i's6ng Toan hoclcé bai viét vé

gido su Hoang Xuin Sinh, nit gido su toin hoc
dAu tién cta Viét Nam, va “sutrd vé ky diéu” cia
ban luin 4n tién sy dic biét ctia ba. Trong chuyén
muc [EISURROa

hiéu vé cudc ddi'va nhing déng gbp clia Olga
Alexandrovna Ladyzhenskaya, moét trong
nhitng nha todn hoc nit c6 anh hudng lén nhit
th€ ky20. Chuyén muc Tim hi€éu Khoa hoc gidi
thiéu nha thién vin hoc Henrietta Leavitt,
ngudi di dua ra cong thiic quan trong gip udc
lugng khoing cich giifa cic thién the — phép do
dan d&h nhitng khdm phé kinh ngac nhu sy din
nd cuavu tru.

8 ching ta sé cung tim

[T54n cia Bitiép tuc gidi thiéu bai viét vé phép
doi hinh, dé thi ctia Cau lac bé todn Unicorn,
v it nhién khong thé thiéu ciu d6 cia thim tit
Xuin Phong v cic bai toin cho cic ban yéu thir
thich. Math & English tiép tuc bai viét vé phép
chiing minh bing phin chiing.

Danh cho cic ban hoc sinh trung hoc va sinh
vién 13 bai binh Iuin vé Ky thi hoc sinh gi6i
quéc gia mén toin nim hoc 2023-2024
(chuyén muc|GEckyjehiltoan) va nhiéu 16i gidi
cho mét bai toin phuong trinh ham (chuyén
muc Hoc cung Pi).

Nhan ngiy Pi 14 thing Ba, chuyén muc
[oR: gidi thiéu phin II bai viét vé cic

_phuong phép xip xi s6/Pi bing chuéi héi tu.

Méi cic ban cing doc!
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“INVARIANT” TRONG TOAN HOC

VA BAT BIEN TRONG CUQC POI
(chuyén vé nit gido su toan hoc
dAu tién ctia Viét Nam)

HA HUY KHOAI'

I. So lugc tiéu s

Gido su Hoang Xuin Sinh sinh ngay
5/9/1933, 1a ngudi gdc Lang Cét, Tu Liém,
Ha Néi. Khoing nhitng nim 40, gia dinh ba
sinh séng tai 102 Hang Bong, v ngdi nha
dinh ba ciing chinh la co s& xudt ban

cta gia
néi cta tri thic

t& bdo Thanh Nghi, tiéng
yéu nudc thoi bay gio.

Tét nghiép trudng trung hoc Chu Vin An
nim 1951, ba dugc ngudi ciu rudt dén sang
hoc tiép & Phdp. Sau khi nhin bing cir nhin
toan hoc ctia Pai hoc Toulouse nim 1957 va
bing thac sy todn hoc nim 1959, ba trd vé
nude diu nim 1960.

“T5; dii chon con dwomg ciia nhiéu tri thiic yén
natde cing thos, nhd o5 15 day cda Bdc He
6% vdi anb chi em Viet kitu: M6 ngadi o
hoc givi ldy mét nghé, san ndy trg vé phuc vi
Nbdn din’. Nbfing lic t6 quoc gian khi nbit,
1 nhizng kbi nhén ddn cin ching ta nbdt. 16
bict, trd vé chinb la yéu nwoc”.

Nim 1975 ba bio vé luin 4n tién s qudc gia*
tai Paris, Phép. Bin ludn 4n “Gr—Catégories”
ctia ba 12 diém kh&i diu ciia Iy thuyée “n—

S 87 it et
Ticong dicong vdi tién s§ kboa hoc ngay nay.

2

Catégories”, mot 1f thuyét dang phdt trién
manh trén thé giéi, c6 nhiéu tng dung trong
vit Iy va khoa hoc tinh todn.

ghoc ham Gidosu,
Jau tién cha Viét

Nim 1980, bi dugc phon
vi la ni¥ gido su todn hoc

Nam.
Nim 1998, cling véi mét 6 nha todn hoc, ba
thanh l4p Trung tim Dai hoc Thing Long,
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cd s gido duc dai hoc ngodi cong lap dau tién
ctia Viét Nam, tién thin ctia trudng Dai hoc
Thing Long.

I1. Ban luin 4n “Gr-Catégorics”
1. Gr-Categories.

Trong todn hoc, Hoang Xuin Sinh néi tiéng
v6i nhitng két qui trong ly thuyét pham tru.
Va ciing hoi ¢6 phin nghich I, khi hinh nhu
& nuc ngoai ngudi ta biét 16 hon cong dong
toén hoc trong nudc vé nhing déng gép
clia Hoang Xuin Sinh! Ctng c6 thé vi ba
hiu nhu khéng nhic dén nhitng két qué cta
minh.

Phin niy cé muc tiéu gi6i thiéu so luge véi
nhitng déc gia khéng 1 chuyén gia nganh
todn v& Iy thuyét Gr—pham trll va vi tri clia
né trong toin hoc. Piy thyc sy 1a nhiém vu
rit khé khin, boi 1€ Gr—pham tri I3 mét Iy
thuyét rit siu, khong dé tiép cin ngay vé6i
nhitng nhi toin hoc khéng trong chuyén
nganh.

Trudc tién, xin dua ra mot dinh nghia khong
hinh thdc ctia pham trie. Khi mé ti bit ky
mot cdu tric todn hoc nio, thim chi bit ky
mét hién tugng tu nhién hay x4 hdi nao, ta
deu cin chi ra hai ditu miu chdt: cic dor
tugng duge xét trong d6 va quan bé gitta
ching.

Ly thuyét pham tris ra ddi nhim cung cip
‘mét ngdn ngt tdng quit dé€ nghién citu cic
c4u triic toan hoc. Cic ddi tugng nghién citu
& day dugc goi 13 cdc “vat”, quan hé gitta cic
vit dugc cho bdi nhitng “miii tén” di tir vt
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nay dén vit khic. Néi don gian, pham trit [a
mdt cip gdbm tip hap cic VAT (objects), vi
tip hop cic MUI TEN gitta cdc vit, goi la cdc
“cdu xa” (morphism).

C4 thé chi ra vai vi du:

1/ Trong vt ly: Tap hop céc trang thdi ctia
mot h¢ vit Iy nio d6 lip thanh tip hop cic
“vat”. Qud trinh chuyén trang thdi cho ta “ciu
xa” giita cdc “vir’.

2/ Trong tin hoc: Cdc bd di li¢u lam thanh
tip hop cic vit. Chuong trink 1a mét cdu xa
chuyén bd dt liéu nay thanh b6 di liéu khéc.
3/ Trong logic: Céc ménb dé lip thinh dip
hop cic vit, chiing mink 1a cu xa tif ménh
de nay dén ménh de khic.

Nhu viy, hiu hét cfu tric trong todn hoc, va
réng hon, trong tu nhién va x4 hoi, ¢6 thé mé
ta bing ngdn ng pham trir. Tuy nhién, cling
chinh vi pham trt1 13 cdu trisc qué t8ng qudt
nén tif nhitng két qua clia Iy thuyét pham
trly, khé suy ra dugc nhitng két qua siu sic
clia céc d8i twong thudc nhitng ciu tric todn
hoc khic. Vi thé, mét yéu ciu ty nhién [a cin
dua vio cdu triic pham trii nhitng phép toin
nio d6 dé né vin da téng quét, nhung c6 thé
chita dung, vi hon nita, phit hién nhitng két
qui sdu sic, chit khéng chi déng vai trd nhu
mét ngdn ngi¥ mo ti.

Mot trong nhitng ciu tric toin hoc quan
trong nhit 13 nhém. Khéi diu it cong trinh
ctia Evariste Galois, Iy thuyét nhém da tr&
thanh céng cu khong thé thiéu trong vit ly.
Gido su Hoing Xuidn Sinh di dua ra khdi
niém Gr—pham trit vi md ti ciu tric cla
ching. Néi mét cich ngin gon, Gr-pham
trll |3 mét pham trlt trong d6 trang bi phép
tinh véi ring budc két hop, dong thoi cic vit
vi céc cdu xa déu c6 tinh chdt kha nghich. Do
d6, Gr-pham tri1 “gidng nhu” mdt nhém
(cht “Gr” xudt phét tir “group”, la nbdm).
2, Sinb’s Invariant.

Mot bai todn 16n trong todn hoc, cling nhu
trong nhitng nganh khoa hoc khic, I3 bai
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toén phan logi. B¢ xic dinh mot ddi nigng
C(.)A,nhu’?g tinh chit co bin g, ching ta cin
biét Chu,ng thudc loai ndo. Digu niy chi lam
d\dcjc néu tim ra thudc tinh ctia céc di tugng
Clil.ig mot loai, titc [a tim “bit bién” cta l6p
df’: tugng dé. Néu mot ddi tugng mang “bit
bién” ctia 16p nio, ta biét né thudc 16p do,
tuong ty nhu vén tay 13 “bit bién” dé nhin
biét m&i ngudi. '
Trong luin 4n cia minh, gido su Hoing
Xuin Sinh di tim ra mét bit biét d€ nhin
biét mot 16p cdc khong gian “da tdt”, goi 1
cic CM-complex. Cu thé hon, khi cho mét
Gr-pham trt;, ta dugc hai nhém: nhém G
céc 16p ding cdu cia cdc vit, va nhém A cdc
ty ding cdu cla vit don vi (ciing vi the, ngay
nay ngudi ta goi Gr-pham eri1[a 2—-nhom, va
phéctriénly thuyét niy thanhly thuyétcdcn-
nhém). Mot Gr-pham trit ¢6 thé dic trung
hoan toan bai 16p [a] trong nhém ddi dong
ditu H3(G,A). L&p niy ngay nay dugc mang
tén 13 bat bién Sink (Sinh’s invariant).

Theo John Baez, mét nha todn hoc néi tiéng,
“két qué ciia Hoiang Xudn Sinh roi dnb sing
lén vin d¢ nghién cin kitu dong ludn cia
cdc kbing gian tswong doi Aep’, ching ban cdc
CW—-complex™.

Huéng nghién cdu ma gido su Hoang Xuin
Sinh khdi diu tir nhiing niam 1967 — 1975
ngiy nay dang phit trién manh, goi la n=
pham tri (n—Category). Gn diy, nhl‘I’ng keét
quia trongly thuyét n—category dugcsu fil.lf'lg
trong tinh todn lugng tit, cd s& Iy thuyét cua
cic méy tinh lugng tit trong tuong lai.

pham tri dugc xdy dung
n Gr—Catégories cia Gido st
h, mét ban lun dn c6 s6

Ly thuyét Gr-
trong bin luin 4
Hoing Xuén Sin
phién dic biét trong lich st todn hoc.

éc tai Viét Nam cudi nim
dieck — mét trong nhitng
thé ky XX - goi

Trong dot lam vi
1967, A. Grothen
nhi todn hoc vi dai nhit

¥ gido su Hoang Xuén Sinh nghién ctu xdy
dung mét kiéu pham tri sao cho né gin
nhu mét nhém. Y tudng ctia Grothendieck
duoc thuc hi¢n thanh cong, va Gr-pham
trit ra doi. Thuc ra, ¥ do clia Grothendieck
xa hon nhidu: trong tai li¢u day 600 trang
(Pursuing Stacks, 1984. arXiv:2111.010000)
Grothendieck dua ra gid thuyét déng ludn
nhut sau: “Mgt CW—-complex X goi la kicu n
néu nhém m(X) la thm thiong vdi k > n.
Cé the phin lop sai kbdc tiong duong ding
Iudn cac CW kitu n béi cdc cu tric goi la n-
nhém”. Cho dén nay, méi c6 hai trudng hop
dugc thuc hién hoan chinhlan = 1 v6ipham
trir monoidal ctia Eilenberg — Mac Lane va
n =2 trong lugn 4n ctia gido su Hoang Xuin
Sinh. Trudnghopn > 2 vin dang du'gc quan
tAim nghién cfu v méi c6 nhing két qua

riéng ré.

Trong sudt thoi gian lam luin dn, gido
su Hoing Xuin Sinh chi lién hé véi
Grothendieck 3 lin, qua nhitng birc thu
ngin chi dén dugc v6i ngudi nhén sau hon
ntra nim! Thét khé tim dugc luin 4n tién
s§ ndo khdc trén thé gisi dugc viée trong
chién tranh, trong digu kién hoan toan co
lap véi thé gidi todn hoc, khong c6 nhém
nghién cttu, thi€u tai liéu, vi thim chi thiéu
ci nhitng digu kién t8i thiéu nhu gidy b,
4dnh sing v nhitng bi¥a in no! Gido su Hoang
Xuén Sinh ké ring, khi & khu so tén, wéc mo

3Jobn Bacz, Hoang Xuan Sinh’s thesis: cat
Matbematical Sciences, Vol.3 N~ 2023

4

cgorifying Group Theory, Thang Long Journal of Mathematics and




cta ba nhitu khi chi I lim sao c6 du pin
dé ngdi 1Am viéc trong min, trinh dugc dan
mudi diy dic quanh chiéc den diu!

Ban luin dn Gr-Catégories 1am thé gidi todn
hoc quan tim va ngac nhién, khéng chi vi ndi
dung, ma con & su ra doi dic biét ctia né.
Luin d4n dugc hoan thanh nim 1973, va ban
viét tay ctia né dugc glii cho Grothendieck.
Sau nhiu tric trd, nim 1975 Hoang Xuin
Sinh dugc phép ghé Paris trén dudng trd ve
tlr Pai hoi Todn hoc Thé gisi & Vancouver
dé bio vé lun dn tién 5§ qudc gia. Hoi dong
chim lujn 4n ctia ba cling thit hiém thdy,
khi gdm nhiing nha toén hoc néi tiéng nhit:
H. Cartan, A. Grothendieck, J. L. Verdier, L.
Schwartz, M. Zisman.

Nhiing thing gan ddy, nhin sinh nhit [in
thit 90 cta gido su Hoiang Xuén Sinh, trén
bdo chi ¢6 nhitu cé nhidu bai viét v& “su
trd ve ky diéu” cfia ban ludn 4n viée tay Gr-
Catégories. Tuy nhién, véi nhiing nhi todn
hoc thisy tré vé ky diéu chi thyc sy xdy rakhi
nhitng két qui cta ho dugc nhic dén, dugc
tiép tuc phit trién sau hon ntra thé kj! Bin
ludn dn cha gido su Hoang Xuén Sinh di tr&
v&, va & lai mai mii véi toin hoc, trong nhitng
nghién cttu vé Sinh’s invariant vi n-pham

N

traL,

Xin din vai 16i ddnh gid clia J. Baez:

“Se L thiéu sot néu kbéng dé cip dén viéc cdc
Gr—pham triy, ngary nay thuong dugc goi la 2~
nhdm, di cd mét sic song mdi trong vt lj ly
thuyét va todn hoc.

Ly do la vi Ly thuyét trudng chuin (Gauge
Theory), cdch tiép cén thinb cong ngoan muc
chia vit Iy dia trén cdc nhdm, cd thé dwge kbdi
qudt boa thanh Ly thuyés tricong chudn bdc cao
bing cdch sit dyng 2-nbom.

Hon nia, khong cé 1j do gi dé dieng lai 62
nhom.... Cé nbitng by vong ring mgt ngay nao
dé cdc nbéi vit Iy s€ tong hop cdc pha ciia vdt
chit dwgc mé té boi Iy thuyét truing chudn
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bdc cao. B6s¢ 14 sy hién thuc héa tuyét voi thim
nhin ctia Hoang Xudn Sinh.”

Nhitng nim sau nay, gido su Hoang Xuin
Sinh khong con thdi gian danh cho nghién
ctu todn hoc, khi ddn hét stc luc vi tim

huyét d& xiy dung trudng Pai hoc Thing
Long.

Cudc doi ba la hanh trinh nhdt quén cia mét
trf thic yéu nu6ce va nha khoa hoc diy tii
ning: tlif quyét dinh roi bo cudc sdng tién
nghi & nudc Phép dé tré ve déng gép chonen
gido duc Viét Nam trong nhitng nim chién
tranh 4c liét, quyét tim vuon én dinh cao
khoa hoc trong nhitng dieu kién dic biét khé
khin, cho dén nhitng c8 ging vi nghi luc phi
thudng dé€ vugt qua biét bao thix thich, xdy
dung trudng dai hoc ngoai cong lip dau tién
trong hé théng gido duc ctia Viét Nam.

Néu nhu trong todn hoc, “bit bién Sinh” 1a
moét 16p ddi dong ditu, thi “bit bién Sinh”
trong cudc doi chinh la dnh yéu cta ba véi
t8 qudc va khoa hoc.



PHEP DOI HINH VA CONG THUC
TINH DIEN TICH
Phan II: Phép d&i hinh (tiép theo)

NGO VAN MINH, PHAN NGOC MINH VA NGUYEN THI NHUNG

S8 ndy ctia tap chi Pi tiép tuc gidi thiéu dén
ban doc phép dai hinh thi hai 12 Phép déi
xtng tim. Giéng nhu phép phin xa, duéi
phép déi xiing tam, cic hinh khéng thay d6i
hinh ddng hay kich thuéc va do d6 khoéng
thay déi dién tich.

2. Phép d6i xiing tam

Phép déi xiing tam tao ra mét hinh méibing
cdch ldy di xding mot hinh xung quanh mot
diém goi la tdm déi xting. M6i diém trong
hinh di cho dugc dit tuong trng v6i mot
diém sao cho tim déi xting la trung diém clia
doan ndi hai diém nay.

Hinh 1.
Tam gidc ABC bén trdi dugc ldy d6i xitng qua
tim O dé tao ratam gidc A’B'C’ bén phii. Lic
niy diém O chinh 1A trung diém cda doan
thing AA’, BB' vi CC'. Do phép ddi xitng
tim khéng lam thay déi hinh déng va kich
thitée nén dic biét ta thy ring dién tich tam

6

gidc ABC bingdién tich tam gidc A’B'C’. Cic
ban nhé hiy lién h¢ khii niém tim déi xing
t5i chiéc thiu kinh hoi tu: khi cin chinh vi
tri mot cdch hop Iy, mot vt di qua thau kinh
héi tu s& cho ra inh ngugc chidu véi vt va

bing vit.

Hinb 2.
Chiing ta ciing tim hiéu thém vé phép doi

xting tim qua céc vi du minh hoa dudi ddy.
Vi du 2.1: Hiy cho biét hinh vé duéi diy c6
nhén diém O 13 tim déi xding hay khong.

N

S——————- s —————
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Li gidi: Tt hinh vé ta thdy méi diém cia
mot hinh d2u c6 mért diém twong tng thude
hinh con lai, sao cho O 14 trung diém cta
doan néi hai diém niy. Do d6 diém O la tim
d8i xtrng ctia hinh di cho.

| A
A

Hinh 4.

Vi du 2.2: Hiy xdc dinh tam gidc A’B'C’ d8i
xtng véi tam gidc ABC qua tdm O.

C

Hinh 5.

Lii gids: Diu tién ta xdc dinh diém ddi xing
A’ véi diém A qua O nhu sau

1
| .Og-7
I
=
R
Hinh 6.

R6 ring OA vi OA’ deu c6 dd dai biing o dai
dudng chéo ctia hinh chit nhitcs 2 x 1.

Tuong tu ta cing c6 thé tim diém ddi xing
B'va C' v6i céc diém Bva C

TAp8-s6 3 THANG 3200 JT

Hinb 1.
Cudi ciing ta ndi ba diém A’, B’ va C' lai v6i
nhau dé thu dugc tam gidc A’B'C’ d6i xing
véi tam gidc ABC qua tim d6i xitng O.

f

|

|
i

N

4 |

S I

| 7

i

[ i

~

S NN - % W | S
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G

'
'

Hinh 8.
Vi du 2.3: Tam gidc A’B'C’ phii ndm & vi trf
nio déné déi xing véi tam gidc ABC quatim
(04

Hinh 9.
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Lo gids: Tuong ty Vidy 2.2, ta lin luge x4c

dinhbadiém A’, B' vAC' rdi ngi ching lai véi
nhau:

|
A
1
| 1
| 1
| /
o ! ) B
=<l 7 -
‘ i‘ ~. ol -~
ok T &
EACETRE
=
e NE ! i
B | ll c
. O0 [/ 9
| 1
5 1
= i"A't e
Hinh 10.

Vi du 2.4: Hinh vé duéi diy cho biét tam
gidc A'B'C’ d8i xting v6i tam gidc ABC qua
tim d8i xtrng O. Hdy x4c dinh vi tri clia tim
déi xiing O.

A

Hinh 11.

Lii gidi: Vi tam gidc ABC vaA’B'C’ d8ixiing
véi nhau qua O nén O la trung diém cta ba
doan thing AA’, BB' va CC'. Nhu véy ta chi
cin tim trung diém ctia mét trong ba doan
thing, ching han BB’ 13 ¢4 thé xdc dinh dugc
tim O. Tim déi xitng O dugc cho nhu hinh

vé sau.

Hinb 12.

Vi du2.5. Cho hinh binh hainh ABCD c6 hai
dudng chéo cit nhau tai O. Hay tim cdc cip
tam gidc 12 4nh ctia nhau qua phép déi xting
tim 0.

al
ol |

R
i |

Hinh 13.
Léi gids. Cdc cdp tam gidc 13 inh ctia nhau
qua phép déi xitng tim O la:
-AOBvACOD
-AODvACOB
- ABCvaCDA
-ABDvACDB
Cic ban nhd hay lam mét s6 bai tip sau aé
luyén tap thém vé phép déi xing tam.
Bai tip 1: Trong hinh vé sau day, hinh chi

nhit GHEF ¢6 1a anh cita ABCD qua mét
phép déi xtng tim khéng?

T

R
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Hinb 14.
Bai tip 2: X4c dinh A’B'C'D’ d8i xting véi
ABCD qua tim O.

A

Hinb 15.
Bai tip 3: Tam gidc A'B'C’ phii nim & vi trf
nio déné déixirng véi tam gidc ABC qua tim
0?

Hinb 16.
Bai tap 4: Hinh vé dusi ddy cho biét t¥ gidc
A'B'C'D' 13 4nh ctia tit gidc ABCD qua tim
d6i xitng O. Hay x4c dinh vi trf ctia tim déi
xtng O.

Hinh 17.

T e g
TAP 8 — SO 3 THANG 3/2024 (" l ;

Lién hé gitia phép déi xing tim va phép
phan xa '

Bay gids chiing ta hay cling xem méi lién hé
gitfa phép ddi xding tim vi phép phan xa qua

vidu sau.

Vidu2.5: Cho hinh binh hinh ABCD v hai
dudng thing m, n vudng géc véi nhau nhu
hinh vé duéi day.

Hinh 18.

Tiép theo tacho hinh binh hainh ABCD phin
xa qua dudng thing m dé thu dugc hinh binh
hanh A1B1C1Dy

c, B, ] c

Hinb 19.

Sau d6 lai cho hinh binh hanh A{B;C\D,
phén xa qua dudng thing n d€ thu dwgc hinh
binh hinh A2B>,C> Dy
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Hinb 20, T "”

Ta nhén thiy ABCD vi A2 B,C, D, d6i xiing
v6i nhau qua tim O.
Hinh22.

Phép d8i xting tim cting dugc nhin thiy
trong nhi¢u hinh dnh trong thuc té. Viéc ldy
hinh inh d6i xting cia nhiing bé phindicho
ctiamét hinh quaméttimtaora nhitng hinh
anh dep va can doi.

Hinh21.

Tir ddy ta c6 nhin xét: Khi ldy anh phin xa
ctia mot hinh Lin lugt qua hai truc phan
xa Ia hai dudng thing vudng géc véinhau
thi dugc mét hinh méi 1a anh ciia hinh d3
cho qua phép d8i xiing tim (v6i tim 12 giao
diém ctia hai dudng vudng géc).

Duéi ddy la mée bai tip dé céc ban nho 6n
luyén thém vé sy lién hé ctia phép phén xa va
phép d8i xting tAm vita dugc duara § trén.

Bai tép 5: Hay tim 4nh cia phép phin xa lin
lugt qua dudng thing m vi n clia hinh vé sau
day. Phép bién hinh nio s c6 két qué gidng
nhut hai phép phin xa vita thyc hién nay? Hinh 23.

7[; _TAP 8 - SO 3 THANG 3/2024
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PE THI TUYEN SINH NAM 2023-2024
CAULACBOQ TOAN HOC |
UNICORN MATCH CIRCLE (Phén IV)

Tiép tuc véi néi dung vé de thi tuyén sinh
vio Ciu lac bé Unicorn Math Circle, trong
s6 nly, tap chi Pi gidi thiéu dén ban doc bai
thi danh cho cdc ban hoc sinh 16p 7. Thoi
gian dé xuft am bai 13 90 phit.
Bai 1. Tim mot s8 ¢6 3 ch@ s8 ma khi ting
ch s6 hing trim lén 3 don vi, cht s8 hang
chuclén 2 don vi va chit s hang don vi lén 1
don vi thi ta nhin dugc s6 méi gip 4 lin 58
ban dau.
Bai 2. Trén bang c6 viét s3 798798798798.
Ban cin x6a di mot hoic vai chi s8 dé két
qué nhin dugc 1a mét s chia hét cho 9. Hoi
s6 16n nhit ma ban c¢6 thé nhin dugc 12 bao
nhiéu?
Bai 3. Nim hoc 2022 — 2023 I3 mét nim
hoc dic biét: khong thé déi chd cic chit s8
ctia 58 2022 dé c6 mét s6 nhd hon 2022 vi
58 2023 cing nhu véy. (Céc s6 khong dugc
bit dau bing chi s6 0). Héi nim hoc ndo gin
nhét trudc d6 ciing djc biét nhu viy?
Bai 4. Hay dua ra vi du 5 s8 hitu ty phén biét
| |
2022 " 2023°
Bai 5. C6 bao nhiéu s cé 3 chit s6 khic
“i.au, chia hét cho 11, dugc tao thianh tir cdc
%58 1,3,5,7,92
Bai 6. Tim s8 ty nhién 7 nhd nhit sao cho
(n+1)(n+2)(n+3)(n+4) chia hét cho
1000.
Bai 7. Tom viét tdt ci cdc s8 tu nhién sao cho
tich cic ch@ s6 ciia méi s bing 2016. Jerry
chon s8 nhé nhit trong chiing. Hai Jerry da
chon s8 nio?
Bai 8. Trong mot gidi ddu thé duc dung cy,
mbi vin dong vién duoc hdi dong gidm khio
gdm 7 ngudi chdm diém. M&i gidm khio cho

nim gifta
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diém 12 mot s8 ty nhién tir 1 dén 10. Sau
dé, theo quy dinh, trong s cic diém m3 7
gidm khio chim thi mét diém cao nh4t va
mot diém thdp nhdt sé bi loai bd (néu c6
nhitu diém cao nhdt hojic thip nhit bing
nhau thi chi loai bd mét trong s d6) va diém
s6 chinh thitc cta vén dong vién la tdng ctia
5 diém con lai. Sau mét man trinh dién, mot
vin dong vién dugc 7 gidm khio cho tdng s3
diém bing 37. Hoi diém s3 chinh thtrc cfia
vin dong vién d6 cao nhit c6 thé bing bao
nhiéu?

Bai 9. Néu mét cich dién cic sd 1 va —1 vio
céc 6 clia mét bang 5 x 6, mbi 6 mot s6, sao
cho néu ldy téng ciia cdc s8 trén cic hing vi
céc cot clia bang thi ta nhin dugc 11 s6 khéc
nhau.

Bai 10. Trén moét hon dio nhé ¢6 40 cu dan
gdm hai loai ngudi: ngudi Déi tr4, luén ludn
néi d&i vi ngudi Khon ngoan, khi thi néi thit
ldc lai néi d8i. Mét hém it ci cc cu dan
ngdi hop quanh mét bin tron vi méi ngudi
deu néi “Ngbi sét bén canh t6i 12 mot ngudi
D3i trd vA mdt ngudi Khén ngoan”. Bi€t ring
lan d6 c6 diing 3 ngudi Khén ngoan néi dsi.
Haoi trén ddo c6 tdt ci bao nhiéu ngudi DEi
trd.

Dip in

Bai 1. 107.

Bai 2. 9879879879.

Bai 3. 2008 —2009.

Bai 4. Bai todn c6 nhieu dép 4n, mét d4p 4n
10 10 10 10 10

miula:

Bai 5. 8.
Bai 6. 121.

11
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Bai 7. 4789.

Bai 8. Loi gidi. Mot mi, diém s8 thdp nhat
kl‘léng ft hon 1. Mit khic, do téng diém
ctia 7 gidm khdo bing 37 nén c6 mot gidm
khio cho diém tlr 6 tr& 1én (néu khoéng, téng
s6 diém ctia 7 gidm khdo khéng vugt qud
7 x 5 = 35). Nhu viy, tdng diém ctia gidm
khio cho thip nhit vi cao nhit khoéng it
hon 1+ 6 = 7. Chinh vi viy, diém chinh
thiic c@ia vin dong vién cao nhdt1a37 -7 =
30. Do lai, néu cic gism khio cho diém la
1,6,6,6,6,6,6 thi diém chinh thic ctia vin
ddng vién diing bing 30. Pdp s6 30.

Bai 9. Lo gidi. Mot vidu

1| =1]=1]|=1]-1]1 |4

—1|-1]1 1 1 | 2

Bai 10. Loi gidi. Nhin xét ring néu c6 2
ngudi DEi trd ngdi canh nhau thi bén canh
nhitng ngudi nay phii deu 1a nhitng ngudi
Déi tr4. Va ot tiép tuc nhut vy thi khong bao
gi® xudt hién ngudi Khon Ngoan, di€u niy I
v6 ly. Do dé gitta 2 ngudi D& trd ludn cé it
nh4t 1 ngudi Khon ngoan.

Ta thiy ring chi cé dling 2 trudng hop ma
mét ngudi Khon Ngoan néi dai:

Truing bop 1: Néu gitta hai ngudi D&i trd ¢6
diing 1 ngudi Khon ngoan, thi ngudi ndy da
néi déi;

Tratong hop 2: Ciing nhu viy, néu gitta hai
ngudi D&i trd c6 ding k > 2 ngudi Khén
ngoan thi s& cé ding k — 2 ngudi Khén
Ngoan & chinh gitta dd n6i déi.

Goi s8 ngudi Khon ngoan di néi déi trong
TH1laava TH21abthia+b=3.Honnda
néu ta bo di nhiing ngudi loai b thi trong s
cic cip 2 ngudi D8 trd lién tiép s& ¢ dunga
cip c6 | ngudi Khén ngoan, céc cip con lai
c6 dting 2 ngudi Khén ngoan. Do d6 tasuy
ra: 40b + a chia hét cho 3. Chi c6 thé xdy ra
didu nay néu a = 1,b = 2. Tr day dé dang
suy ra c6 13 ngudi DGi trd.

e =
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CUOC THAM TRA PAC BIET

GIA DUONG

Thim t& Xuin Phong cung thanh tra Lé
Kinh dugc bén canh sit mdi tdi thim tra cic
ddi tugng vira bi bit git tai khu tam giam.
Theo y kién d& xudt ciia Xuin Phong, Lé
Kinh cho mdi 20 d6i tugng tir hai bing cuép
c6 tén la Méo Rirng va Bio Hoa vio phong
vi phét riéng cho méi déi twgng mét ciu
héi. Cé tit ci 20 ciu hoi dugc in ra trén cic
tdm bia gdbm hai mau xanh va hong. Khéng
ddi tigng nio nhin thiy miu tim bia ma
d6i tugng khdc dugce phét. Qua bén cinh sdt
thuft lai, cic tén cudp tir bing Méo Rirng
ludn néi thit, con céc tén cudp tir bing Bio
Hoa luén néi déi. Sau khi di dugc phit cic
ciu hoi, tit ci cdc d6i tugng deu tuyén bé
“Toi da nhin dugc ciu hoi in trén tim bia
mau xanh”. Sau d6, cic cdu héi dugc thu
lai, trdo déu Ién va lai dugc phit lan thi hai
cho cdc d6i tugng. Lin ndy thi chi ¢6 mét
nira s§ cdc ddi tugng dugc triéu tip tuyén bd

“Trong lin phét thit hai ndy t6i ¢4 nhan duoc

ciu hoi in trén tim bla mau xanh”, con tit
ci cdc d6i tugng con lai déu tuyén bé “Trong
Ian phdt thit hai niy t6i 3 nhin dugc ciu hoi
in trén tim bia mau hong”.
Em hiy gitp thdm t& Xuin Phong tim ra
s6 cdc d6i tugng dén tir bing Meo Ritng d4
nhin dugc cu hdi in trén tim bia miu hdng
trong lan phét ciu hdi thif hai nhé.

CACBAI TOAN
CHO HOC SINH NHO TUOI

1. Hai doan thu xuit phdt cing mot thdi
diém trén mot tuyén dudng sit, mét tau di
tir A t6i B véi tdc d6 80 km/h, tau con lai di
it B t6i A véi van téc 70 km/h. Hoi truée
khi gip nhau mot gi® hai thu cich nhau bao
nhiéu km, cho biét quing dudng tif A t6i B
dai {t nh4t 12 350 km.

o=

2. Anh Son xudt phdt tir chin déc va di lén
déc véi tdc d6 2.5 km/h. Lén dén dinh déc,

T
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anh di xudng véi t8c 46 12 5 km/h. Téng thoi
gian di v v& ctia anh Son [a 6h. Em hiy tinh
quéng dudng tit chin déc 1én dinh déc.
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3.’ Ti di mua bénh rdn hé 45 ngin dong.
B.a’nh rdn c& to gid 7 ngan dodng/chiéc, co nhd
gid 5 ngin ddng/chiéc. Ti d4 in luén mot
chiéc banh to sau khi mua, héi Ti con lai me‘;y
chiéc binh rén? .

Yy

4. Bic Tam c6 100 qua tritng gi. Bic bd
ching vao 5 chiéc r6. Téng s6 tring trong
16 thit nhdt vi thit hai 1a 52, s6 triing trong
t8 thit hai vi thit ba 12 43, trong r8 thi ba va
thit tu 12 34, tdng s6 tring trong hai 18 cudi
cling 12 30. Héi s8 tritng trong méi r 4 bao
nhiéu?

5. C6 3 dia dung nhiing qué tdo, trong dé
mot dia 6 11 qud, 1 dia c6 7 qua va dfa con

14

lai c6 6 qua téo. Ngudi ta mudn chuyén chd
nheing qui téo gita céc diasao chosd tdo trén
ba dia bing nhau véi diéu kién mdi lin thém
tdo vio mét dia, s6 tdo thém vio phai bing
s6 tdo hién c6 trén dia d6 va tdt ci nhling qua
tdo dugc thém vio ldy ra tit chi mgt dia trong
hai dia con lai. Em hiy cho biét c6 thé thuc
hién véi 3 [in chuyén ché nhitng qua tio hay
khong?

-

6. Ban diu bén ban An, Bich, Cong, Diing
mbi ngudi c6 mét s vién bi nhit dinh trong
d6 Céng cé nhitu hon Diing 10 vién bi. Néu
Cbng cho Bich % 56 bi cia minh, An ldy % s6
bi ctia An cho Béch, tiép dén Bich cho Céng
% s6 bi Bich hién cé, rd6i Cong lai cho é s8
bi clia minh dang c¢é cho Diing va cudi cling
Béch ldy ‘—11 s6 bi chia deu cho 3 ban con lai
thi bén ban c6 s6 vién bi bing nhau. Ban diu
m&i ban cé bao nhiéu vién bi?

TE _TAP 8 — 56 3 THANG 3/2024
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LOI GIAI CAC BAI TOAN
CHO HOC SINH NHO TUOI
(S6 11 nim 2023)

1. Tu4n va T4 cung tham gia mdt gidi thi
d4u c& vua ciing cdc ban hoc sinh khéc trong
trudng. Hai ban tdng cdng ghi duge 6.5
diém, trong khi tdt ci cdc ban hoc sinh con
lai d&u ghi dugc s6 diém bing nhau. Hoi c6
tit cd bao nhiéu hoc sinh tham gia gii cd vua
dé6? (Biét ring trong giéi thi ddu, méi ngudi
tham gia thi d4u dting mét vin véi mdi ngudi
con lai, ghi dugc 1 diém sau méi trin thing,
0.5 diém sau méi trin hoa vi 0 diém sau mébi
trin thua).

Lyt gidi. Gia st s8 hoc sinh tham gia ent
Tuin va T4 13 a (ban). Khi d6 cé tit ci
(¢ +2) ban tham gia gidi thi ddu, vi ¢

@+ 1)(@+2) o duige ghi. Te

diy suy ra m&i hoc sinh, trit Tun vi Ty,

8ngcong

1)(a+2
4 ghi dugc (———(a+ )2(a+ )—-6.5) ta=
2
—1

e s L

2a

2 _
s T30 s 1y phai B mot 56

a
nguyén, hojc 12 mét nita clia mét s6 nguyén.
a?+3a

Do s6 di 13 mét s6 nguyén, hoic

2 mét nita cia mot s6 nguyén nén 31 14 s8
nguyén hoic mot nita s6 nguyén. Tt d6 a =
1 hojic a = 11. Néu a = 1 thi diém c4c ban
nhéhon 0.Dodéa=11.

Dip s6: Ké cd Tuin vi Tt ¢6 13 ban di tham
gia gidi thi ddu cd vua.

2. LSp 6A gdm 22 ban chia thanh hai doi:
Xanh gdbm cdc ban nam vi D6 gdm céc ban
nt d€ t6 chic thi tai déi ddp, tri 1di thong
minh. Diu tién, ban Hoa & nhém D6 dsi dip
v6i 6 ban nam & nhém Xanh v gianh chién
thing. Tiép theo, ban Mai & nhém Do déi
dép v6i 7 ban nam & nhém Xanh va ciing
gianh chién thing. Ti€p tuc ban Hué §nhém
D64 ciing chién thing 8 ban nam & nhém
Xanh. C ti€p tuc nhu vy, cudi cling ban
Ha & nhém Do di ddi d4p théng minh véi
toin b cdc ban nam & nhém Xanh va gianh
chién thing chung cuéc. Héi trong16p cé tit
ci bao nhiéu ban nam?

Lo gidi. Gia stt ¢6 n ban n® & nhém Do. Khi
d6 ngudi cudi cing & nhém D6 12 ban Ha
di d6i ddp thdng minh véi (1 + 6) ban nam.
Suy ra cilép cé n+ (n+6) = 22. Tt day ta
c6 n = 8 vi s8 hoc sinh nam trong 16p 1 14
(ban).

3. C6 bén chi doanh nghiép t6i thim
truding hoc cii ctia minh, mang theo mét s§
mon qua véi dy dinh sé trao ting cho cic hoc
sinh dang hoc & d6. Khi tdt ca 252 em hoc
sinh dugc mdi xép thainh mét hing ngang,
chiidoanh nghi¢p thit nhit ting qui cho méi
em ditng thi tu trong hiang (cic em & s8 thi
w4,8,12,...). Chi doanh nghiép thit hai lai

15
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t_énf‘,; qu’h cho méi em ding thit bay (cic em
&6 thi oy 7,14,21, ...). Cha doanh nghiép
thi ba trao ting qui cho méi em dting thit
mudi moét (cdc em & s8 thirtr 11,22,33,...).
Cht doanh nghiép thir w sé ting qua cho
cdc em con lai. Héi ¢ bao nhiéu em hoc sinh
nhin dugc qua tif m&i chit doanh nghiép?

Livi gidi. $8252 duge phan tich ra cic thiraso
nhusau:252=4-63=7-36=11-22+10.
Viy c6 63 em ding & vitri4,8, 12,...5¢636
emding&viti7,14,21,.. 5¢6 22 em diing
Svitri11,22,33,...
Do0252=128-9=44-5+32=77-3+21
nén ¢ 9 em hoc sinh di dugc nhin qua tit
nh tai trg thit nhit va thit hai, ¢6 5 em nhin
qua tif nha tai trg thtt hai vi ba, vi 3 em nhin
qua ti nha tdi trg thit ba va thi nhdt. Ngoai
rakhéng c6 em no nhin qua tif ciba nha tai
trg nay.

Suy ra s8 hoc sinh d4 nhin qud tlt ba nha tai
trg thd nhit, thit hai, thé bala

63436422~ (9+5+3) = 104 (em).

Viy s6 em nhin qua tif nha tii trg th tu la
252 — 104 = 148 (em).

Tém tai s6 hoc sinh dugc nhén qua tif cdc
nha tii trg thi nhit, hai, ba, tu [in lugt 12 63,
36,22 va 148.

4. Cé ba nha tii trg quyét dinh gitp d& mot
tap chi khoa hoc thudng thiic véi tén goi la
Phi. Nha t3i trg Qudc trao ting mét khoin
tién tinh bing dollar gbm c6 4 chit s6: 2 chit
s8 dting truéc ddu phiy, va hai chit s6 sau ddu
phdy, trong d6 s3 cent 1 (tirc 13 hai chit s6

16

ditng sau ddu phdy) bing véi ding s6 dollar
chin (térc 14 hai chit s6 ding trudc d4u phiy;
ta nh lai 100 cent = 1 dollar). Nha tii trg
Minh tjing s6 tien v&i s6 dollar chin 16n hon
3 dollar so v6i s8 dollar chin ma nha tii g
Qudc di ting nhung s6 cent 1€ lai it hon 8
lan s& cent 1¢ ctia nhi tai trg Qudc. Nha tii
trg Vi hao phéng dem ting s3 ti€n bing 1/7
téng s6 tién ciia hai nha tdi trg Qudc va Minh
d4 trao cong lai. Hoi s6 tien ung hd ca ba
nha tii trg cho tap chi Phi 12 bao nhiéu?

Ly gidi. Gid st nha i trg Qudc d4 ting x
dollar chin va x cent. Ta thdy x khong thé lén
hon 99. Khi d6 nhi tai trg Minh da ting x +3
dollar va x/8 cent. Tir ddy suy ra x chia hét
cho 8. C6 nghia 1a x = 8y, v6i y khong vt
qui 12.

Téng s6 tién hai nha tii trg Qudc va Minh
ting tap chi Phila 16y + 3 dollar va 9y cent,
d8i ra cent 13 1609y + 300 (cent).

S8 nay viét duge & dang 7(230y +43) — o+
1), suyray+ 1 chia hét cho 7 dé téng 54 tién
ctia hai nhd i trg Qudc va Minh d ting
chia hét cho 7 (ta nh lai ring nha i trg Vi
d4 ting 6 tien bing % t8ng s tien ctia 608
Quéc va éng Minh). Trong s6 céc s6 tir 1 tdi
12, chi ¢6 duy nhity = 612 thoi min digu
kién nay.

Viyx = 48.

Cuéi cling, ta thiy nha tii tr¢ Qudc di ting
tap chi 48.48 dollar, nha tii trg Minh dd tdng
51.06 dollar vi nha tii trg Vi dd ting 14.22
dollar. Téng cong ci ba nh tii trg da ting
cho tap chi Phi 113.76 dollar.

5. Trén hon dio Ngoc & gitta mot dai duong

i
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xanh ngit c6 100 thé din sinh sdng, mot
s8 ngudi trong ho ludn néi ddi, cdn nhing
ngudi con lai ludn néi thit. M&i mét thd
din thd phung diing mét trong ba vi thin:
thin Mt trdi, thin Mit tring hoic thin DAt
Ngui ta hoi méi th din ba ciu hoi sau diy:

1. Ong (b3) c6 thd phung thin Mit trsi hay
khong?

2.Ong(bi) c6 ths phung thin Mt tring hay
khong?

3. Ong (b) c6 thy phung thin Dit hay
khéng?

C6 60 ngudi tra 161 khing dinh “c6” véi ciu
hoi thit nhit, 40 ngudi tra 16i khing dinh
“c6” véi ciu hoi thig hai va 30 ngudi tra 16i
khing dinh “c6” véi ciu hoi thi ba. Hdi trén
ddo Ngoc c6 bao nhiéu thé din néi déi?

Loi gidi. M6i ngudi néi d6i sé dua ra ciu trd
181 “c6” tin hai in cho ba ciu héi, cdn nhiing
ngudi ndi thit sé chi tra Idi “c6” ding mét
lan. Téng cong c6 130 lan nhin dugc ciu
trd 16 12 “c6”, ma s6 thd din 1a 100, nén s6
ngudi tra18i “c6” hailin sé1a 130 — 100 =30
{ngudi).

s6: 30 ngudi néi déi.

5. Cé 100 em hoc sinh dugc mdi t6i bubi
16ng két cudi nim hoc cia nhi trudng. Cic
gh€ trong phong hop duoc xép ngay ngin
thing hing theo dang mét hinh vudng véi 10
diy ghé, méi diy c6 dung 10 chiéc ghé. Budi
hop phai dién ra mudn hon do bj cic dién, vi
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thé cdc em hoc sinh bit diu bin luin trao déi
v6i cdc ban bén canh v2 két qua diém trung
binh cia minh. Em hoc sinh nio thdy trong
tit ci nhitng ban ngdi k& sét minh: bén trdi,
bén phii, ding sau, ding truéc va theo cic
dudng chéo, chi ¢6 t8i da mdt ban ¢6 diém
trung binh cao hon hojc bing diém trung

binh ciia minh, sé ty coi minh I3 “c6 thanh
tich”.

Hai trong budi hop d6 ¢6 thé c6 tdi da bao
nhiéu em hoc sinh di tw coi minh 13 %4
thanh tich” trong hoc tip?

Lo gids. Ta chia hinh vudng 10 x 10 thanh
25hinhvudngnh4 2 x 2. R6 rang, trong m&i
hinh vuéng nhéd nhu viy chi ¢6 i da 2 em
hoc sinh t coi minh “cé thinh tich” trong
hoc tip, do d6 56 cic em hoc sinh nhu viy
khéng qué 50 em.

Ta chi ra vi du vé diém trung binh cfia cic em
hoc sinh va cich sip xép cic em ngdi tai cic
ghé trong phong hop, hon nita 6 ding 50
em ty coi minh “cé thanh tich” trong hoc tip
(d6 14 céc em c6 diém trung binh khéc 0).

Ljojtrjojr1f{of1Jof1]oO
2102 ]0]2]0]2]027]0
3103 ]0o[3]0[3]|0[3]0
4104104 ]0[4]0]4]0
S5|10]5(0|5(0]5]0]51]0
6|06 |0|6|0]6]0]6]0
7101 710[7(0{7]0]7]0
80| 8|0|]8|0|8|0| 8]0
9109|109 (0[9|0]9]0
10{0]10(0|10|0|10|10|10|0
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PROOF BY CONTRADICTION (Part II)

NGHIA DOAN!

This article is the second part of the series on
Proof by Contradiction.

Example 6. Twenty—five persons from
8 different provinces are elected to the
National Congess. Prove that at least 4 of
them are from the same province.

Solution. Assume that this is not true. Then
no 4 of them are from the same province.
In this case, not more than 3 persons are
from the 1** province, not more than 3 from
the 2™, and so on. Altogether, there are
not more than 3 x 8 = 24 persons. This
contradicts the fact that there are 25 persons.

e
Example 7. At the graduation event of
the School of Wizardry, 5 outstanding
students are called to the podium. They
stand in a row. Altogether, these 5 students
know 300 different spells. Prove that there
are 2 students standing next to each other

who, if combined, know at least 100 spells.

Solution. Suppose that this is not true. Then
the 1% and 2" students together know less
than 100 spells, and the 4 and 5% students
together know less than 100 spells. Then
these four know less than 200 spells together.
In this case, the 31d gendent knows more than

100 spells.

Example 8. The only way to travel in
the Kingdom of so many swamps is to
use magic carpets. Twenty—one carpet—

transportation lines serve the capital. A

single carpet—transportation line goes to
Tinyville, and every other city is served |
by exactly 20 carpet—transportation lines. ‘r
Show that it is possible to travel by |
magic carpet from the capital to Tinyville |
(perhaps by transferring from one carpet |

line to another). |

|

Solution. Let’s take a look at all the cities that
are accessible by magic carpet from Tinyville.
The capital does not belong to this group.
In this group there is 2 number of cities,
each has 20 lines leading to it, and one city
(Tinyville) with only one line leading to it.
Thus the sum of all lines leading to the cities
is an odd number. But this is not true. If we
count the lines among these cities, then they
have to be counted twice, thus it is an even
number. This contradiction means Tinyville
is connected to the capital.

Example 9. The game of Trick—a—Trollis
played with 10 players and a deck of 20
cards: 2 through 10 and an ace of spades,
and 2 through 10 and an ace of clubs. Each
player gets 1 club and 1 spade and adds his
cards (aces countas 1). Prove that there will
be at least 2 players with sums that end in
the same digit.

Solution. Let’s consider the sum of the values
of all the cards. If we assume that all players
had different last digits for their sums, then
all 10 digits would be present, and the sum
of them all would end with a 5. On the other

hagd, t%le sum of the values of all cards in play
ends witha 0, 2 contradiction.

—_-’ﬂ/m

10ttawa, Canada.
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Example 10. At each of the vertices
of a regular hexagon there stands a
grasshopper. At the same time, all six
grasshoppers jump off the ground. They
land at the same time, each at one of ‘the
vertices. No two grasshoppers land at the
same vertex. Each of the grasshoppers does
not necessarily land at a vertex different
from the one it jumps off. Prove that there
exist three grasshoppers jump off vertices
A,B,and C,andland atA’, B’ and C’, such
that AABC and AA’B'C’ are congruent.

Solution. Let assume that it is not possible for
such a scenario. In other words, if any three
grasshoppers jump off vertices A, B, and C,
and land at A’, B’ and C’, then AABC and
AA'B'C' are not congruent.

First, we find out how many types of triangles
can be constructed with three vertices of the
hexagon. There are three types of triangles,
such that zhey are  pair—wise not congruent, see
the diagram below.

TOAN CUA BI

Vocabulary

S
ol

For Type 1, there are 6 such triangles; for Type
2, 12 triangles; and for Type 3, 2 triangles.
(there are 20 such triangles in total.)

Now, our assumption means that 12
triangles of Type 2 should be changed to
the same number of distinct triangles of
Type 1 or Type 2, which is impossible since
there are only 6 +2 = 8 of them. This is a

contradiction.

TAP 8 - 5O 3 THANG 3/2024 J l,

Ace: (d.t) quin bai At.

Capital: (d.t) tht db.

Carpet: (d.t) tdm thim.

Club: (d.t) chdt nhép (trong c8 bai).
Combine: (d.t) kée hgp, phéi hap.
Connect: (d.t) lién két.

Construct: (d.t) xdy dung.

Count: (d.t) dém.

Deck: (d.t) deck of card: c6 bai.
Digit: (d.t) chi s8.

Even: (t.t) chin.

Fact: (d.t) thuc t&, su kién.
Graduation: (d.t) t8t nghiép,
graduation event: 1€ t3t nghiép.
Grasshopper: (d.t) con chiu chdu.
Hexagon: (d.t) luc gidc,

regular hexagon: luc gidc deu.
Jumps: (d.t) nhdy.

Land: (d.t) d4u

Magic: (t.t) ky diéu.

National Congress: (d.t) Quéc hoi
Outstanding: (t.t) xudt sic.
Province: (d.t) tinh.

Podium: (d.t) buc danh du.

Serve: (d.t) phuc vu.

Scenario: (d.t) kich ban.

Spade: (d.t) chit bich (trong c5 bai)
Spell: (d.t) phép thuic.

Sum: (d.t) tng.

Swamp: (d.t) dim Liy.

Transfer: (d.t) d6i tdu/xe, chuyén tuyén.
Triangle: (d.t) tam gidc,

congruent triangles: tam gidc bing nhau.
Transportation: (d.t) vin chuyén.
transportation line: tuyén giao thong.
Type: dang.

Value: (d.t) gid tri

Vertex: (d.t) dinh
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_ TIM TOI NHIEU LOI GIAI CHO
MOT BAI TOAN PHUGNG TRINH HAM

TRAN NHAT QUANG'

1. Gi6i thiéu

Nhiing bai toin phuong trinh ham trén tip
hgp s8 thuc duong di khong con qué xa la
d8i véi cdc ban hoc sinh chuyén Todn vangiy
cang xuit hién nhiéu hon trong cic de thi
Olympic dao gin diy. Trong s6 d6, c6 thé
ké dén bai todn nim trong de thi chon ddi
tuyén Quing Ninh tham du ky thi hoc sinh
gidi cdp qudc giamon Toin (VMO) nim hoc
2022 — 2023 dudi diy:

Bai todn: [Quang Ninh 2022 — 2023]

Tim tdt ¢ ham s6 f : RY — R* théa man:

FBF)+3y) =fGBx+y)+2, (1)

véi moi x,y thudc R*.

Bai viét nay bin vé by 15i gidi cho bai todn
trén qua dé gi6i thiéu cho ban doc nhitng ky
niing, ky thujt cobin dé gidi quyétnhiing bai
to4n phuong trinh ham trén tdp hgp s6 thuc
duong néi riéng va nhiing bai todn phuong
trinh hiam néi chung.

2. Loi giai bai todn

Gia st ring tn tai him f théa min cdc yéu
ciu bai todn. Trudce hét ta cé cic nhin xétsau:
Nhin xét 1. f(x) > x,Vx > 0.

Chitng minb. Gia st ton tai Xo > 0 sao cho
f(x0) < xo. Trong (1) cho x =xp vay =

M ta dugc:
> 0

3(xo — f(x0)) = 0 = f(x0) = Xo, voly!
Do dé f(x) > x,¥x > 0.
Binh luin. Ly do nio khién ta nghi ra dugc
dinh gi trén? Quan sit phuong trinh (1), ta
mong mudn triét tiéu f & cd hai vébing cich
Iua chon x,y > 0sao cho:
3f(x)+3y=3x+y.

Chuyén v&, thu dugc y = M Ydb
ctia ta s& thanh céng néu ta tim duge x > 0
sao cho f(x) < x. Tuy nhién véi x,y nhu viy
thi (1) tr& thanh: 2y = 0, v6 1j! Do d6 phép
chon niy khéng thé thuc hién dudgc, va vithé
ditu ngugc lai la f(x) > x,Vx >0 4t phai
dung!

Nhian xét 2. f [adon dnh.

Ching minb. Gid sit ton tai @ > b > 0sa0
cho f(a) = f(b) = c. Trong (1) lan lugtcho
x = avax = bthidugc:

fly+3a)+2y = f(3y+3¢)
=f(y+3b)+2y,Vy>0.
Suy ra:
fy+3a) = f(y+3b),¥y > 0.

1 Sinb vién Trwirng DH Su pham TP.HCM.

20

e
TAP 8 — SO 3 THANG 3/2024

) 3 ThANL 2

TT

A



T ddy thay y bdiy —3b va dit T = 3a —
3b > 0 thi dugec:

f)=f(y+T),Vy>3b.
Biing quy nap ta chiing minh duge:

fo)

Trong ding thic trén chony = 3b 4 1 va st
dung Nhin xét 1 ta dugc:

SBb+1)=f(Bb+1+nT)
>3b+1+nT,Vn e N*

= f(y+nT),¥y > 3b,n € N*,

Dén dily chon — +-c0 ta thu dugc didu vo ly.
Do viy f la don énh.

Binh ludn. Dd&i véi nhitng bii todn tim ham
f:RT — R, ta thudng chd y dén tinh don
diéu, don dnh, tuiin hoin, bi chin, cong tinh,
... cdahim f. Dicbiét, k§ thuje phin chirng,
xdy dung ham tuiin hodn nhim chitng minh
f don énh d4 tr& thinh y twdng quen thudc
khi gidi quyét nhitng bai todn dang niy.

Sau khi thu dugc hai nhin xét trén, t6i xin
trinh bay bay 18i gidi cho bai todn gdc nhu
sau:

Cich 1:
Trong (1) thay x bdi 3 f(x) + 3z thi dugc: .

f(3f(3f(x)+32)+3y)
= f(9f(x) +9z+y) +2y,Vx,y,2> 0

y ra, theo (1)

FBf(Bx+z)+62+3y)
=f(9f(x) +9z+y) +2y,Yx,%,2>0
suy ra, theo (1)

FBBx+2z)+2z+y)+4z+2y
=f£(9f(x)+9z+y) +2y,Vx,y,2>0

suy ra

f(9x+5z+y)+4z
= f(9f(x) +92+),Vx,3,2>0. (2)

Dén day thay y vi z bdi % ta dugc:

S(Ox+32) +2z= £(9f(x) +52),Vx,z > 0

suy ra

(3(3x+ )+z)+2z-. f(9f (x) +52),

v6i moix,z > 0. Suy ra, theo (1)

f(3f(3X+ Z)+32) = £(9/(x) +52),

3
véi moi x,z > 0. Mit khéc f 13 don 4nh nén:

373+ 2

3 )+3z—9f( )+ 5z,Vx,2 > 0.

Din dén:

f(3x—f—23 ) —3f(x)+ Vx,z>0

Dén diy thay z bou 2 thi dugc:

F(B3x+3z) =3f(x) +3z,Vx,z > 0.

Trong déng thitc trén hodn d8i vi trf clia x v
z cho nhau ta dugc:

3f(z) +3x = 3f(x) +3z,¥x,z2> 0
=f(x) —x = f(z) —z,Y¥x,2> 0.

Suy ra:
f(*) =x+C,Vx > 0(Clahingss).
Thay c6ng thitc trén vao (1) ta dugc:
3x+3y+4C =3x+3y+C,Vx,y > 0.

Viy C = 0. Viy bai todn di cho ¢ duy nhdt
mdt nghiém ham A f(x) = x,Vx > 0.

Cich 2: (ti€p néi tir (2))

Trong (2) cho z = x thi duge:

S(14x+y) +4x = f(9f(x) +9x +y),
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voi molx, y = (), Dén dA ) b
th durge: NS

.f(.\') A4 = ./'('y |- ()/(\) 5".)7

vl moix > 0,y > 14x,
Wﬂ» moi x > 0, dje g(x) = 9f(x) — 5x =
4x > 0, Luc nity ddng thifc trén trg thanh:

S(y) - 4x
=f(y+g(x),Vx > 0,y > 14x.  (3)

Dén diy thay x boix -+ z thi dugc:
SO +gx42)) =f(y)+4x+4z
D+ g(0) +42
D (40 +(2)),
véi moi x,z > 0,y > 14(x + z). Laic6 [ 1a
don 4nh nén:
y+glvtz) =y+g) +8(),
véi moix,z > 0,y > 14(x+ z). Din dén:
e(x) +g(z) = g(x+2), Va2 > 0.

Nhu vy g : R F — R vd g cOng tinh trén
R+ nén g(x) = xg(1),Yx > 0. Néi cdch
khiéc,

9f(x) —Sx = xg(1),Va >0,

Y I
V!J’l.l

F(x) — ax, Y > 0. (0 12 hiing s6)

‘I'hay cong thifc erén vio (1) ta dugc:

a(3ox - 3y) = a(3x--y) + 2, Va,y >0,

suyra ot = |. Viy biitodn dicho c6 duy nhit
nghiém ham f(x) = x,Vx > 0.

Cich 3: (tiép ndi tir (3))

Trong (1) thay y bai 2y thl dwgc:

S(3S () +6y) = £ (3x-+2y) -4y, Vx,y > 0

22

suy ra, theo (3)

[(3f(x)+06y) = f(Bx+2y+ 2(y)),

véimoiy > 0,3x+2y > 14y.
Laicé f ladon 4nh nén:

3/(x)+ 6y = 3x+2y+80),
véimoiy > 0,x > 4y. Néi cich khic,
fx)—x=3(f(0)-¥)

v6i moiy > 0,x > 4y.
Véimoix > 0,dit h(x)
thitc trén ta cé ngay:

h(x) = 3h(y),

= f(x)—x. Tuding

véimoiy > 0,x > 4y.

Gia stt ta ¢6 dinh y > 0 thi l4p tirc h 13 him
hing trén khoing (4y,-+0). Béing cich cho
y — 0 ta s& thu dugc h 12 ham hing trén
toin bo khoang (0, +0). Dya trén phin tich
ndy, tacé thé gidi ti€p bai todn nhu sau:

Ldy x > z > 0 tly y. Ta s€ chttng minh
h(x) = h(z).

Thit vy, chon y = 2 thix> 4y vaz > 4y.
Khi dé h(x) = 3h(y) = h(z). Dodéh lahim
hiing trén R, Néi céch khic,

@) -x=C,

véi moi x > 0. C 1 hing s6.

Thay cong thic trén vio (1) ta tim duoc:
C=0.

Céch 4: (tiép ndi tit (3))

Diém m#u chét ctia Cdch 2 va Céch 3 ladya
vio phutong trinh (3) va tim cdch vin dung
tinh don 4nh ctia ham f. Tuy nhién trong
méts6 truding hap, néu takhéngchira dugc
ham f dan 4nh thiliéu c6 cich ndo gidi quyét
dugc phuang trinh (3) hay khéng? B8 dé sau
ddy s& gitip chuing ta trd 161 ciu héi dé.

AT i =565 kG /202
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B§ d&. Cho cic ham f,g,/,q : Rt — R*
thoa min:

fO+eW) =r0)+h(x), &)

véimoix > 0,y > g(x). Khidé 7%—; 1a ham

hing.
Chiing minb. Trong (4) thay y boi y — g(x)
thi dugc:

fOr—g(x) =) —hx),

véimoix > 0,y > g(x) + g(x).
Bing quy nap ta thu dugc:

fO—=ng(x)) = f(3) —nh(x), (5)

véimoin € N*,x > 0,y > g(x) + ng(x).
Tir (4) bing quy nap ta ciing cé:

o +mg(x)) = f(y) +mh(x), (6)

véimoim € N*,x > 0,y > g(x).

Liy x,y > 0 tly ¥, ta hoan toin chon dugc
m,n € N* sao cho mg(x) > ng(y). Ditz =
q(x) + g(y), khi d6 véi moi k € N* thi:

f(z+kmg(x) — kng(y))

(5=)f(z + kmg(x)) — knh(y)
(do z+kmg(x) > q(y) +kng(y))

@f(z) + kmh(x) — knh(y)(do z > gq(x))
=f(z) + k[mh(x) —nh(y)].
Néumh(x) —nh(y) <0thi kEka[mh(x) -
nh(y)] = —eo. Vi thé khi k& du 16n thi
flz+ kmg(x) — kng(y)) < 0, v6 ly! Do d6
mh(x) > nh(y).

Néi tém lai, ta thu dugc két luin sau:
“N ( > n th\ %(x__; > n »

y) m =m
Biy gidy gid st T khong phéi ham hing, tic

13 tdn tai x,y > 0 sao cho &5 éﬁ% Suyra

glx) o hx)
HORRION
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Mit khdc do Q tru mit trong R nén tbn tai
s httu ty du’dng sao cho:

86 0 )
8(y) = m ™ h(y)
Ditu nay miu thufin véi kée luin & trén. Viy

% phai [a him hing.

Trd lai bai todn: Ap dung bé d& trén cho
phuong trinh (3) ta ¢6 ngay ditu can ching
minh.

Cich 5:

Gii st ton tai xo > 0 d& ma f(xg) > xo.
Trong (1) cho x = xp ta dugc:

F(3f(x0) +3y) = f(3xo+y)+2y, (7)

véimoi=y > 0.
DitA = 3f(x0) — 3xo > 0. Bing quy nap,
ta s€ chitng minh b4t ding thic sau:

) = y+nA,Vy>3x,VneN. (8)
Theo Nhén xét 1 thi bit ding thidc (8) diing
véin=0.Gidstttadicé f(y) > y+ kA v6i
moiy > 3xg vi k 12 mét s8 tu nhién nio d4.
Nhiém vy ctia ta biy gid 13 chdng minh:

FO) 2 y+ (k+1)A,Vy > 3xo.

R& rang 3f(xo) + 3y > 3xp véi moiy > 0
nén theo gia thiét quy nap thi:

f(3f(x0)+3y) 23f(x0) +3y+kA, ¥ >0,
suy ra, theo (7)
f(3x0+y)+2y = 3f(x0)+3y+kA, ¥y >0,
suy ra

F(y+3x0) = y+3f(x0) +kA,Vy > 0.
Dbén day thay y bai y — 3xp ta duoc:

F) 2 y+A+kA,Vy > 3xp,
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suy ra
FO) = y+ (k+1)A, ¥y > 3x0.

Do dé bt ding thirc (8) dugc chiing minh
xong. Trong (8) chon y = 3xp + 1 v cho
n — oo ta c6 ngay didu vo ly.

Ni cdch khic, khong ton tai xg > 0 sao cho
f(x0) > xo. Két hop véi Nhin xét 1 ta cé
ngay f(x) = x v6i moix > 0. Thir lai thdy
diy 1A nghiém ham ci1a bii todn.

Binh luin. Bit ding thic (8) dugc tim ra
nhu sau: Si dung Nhin xét 1 trong (7) ta
suy ra:

f(3x0+y) +2y = 3f(x0) +3y,¥y >0,
suy ra
f(3x0+y) = 3f(x0) +», Yy >0
Dén day thay y bdi y — 3xo, ta dugc:
f) 2 y+A,¥y>3x0.
Liplai qué trinh trén, ta sé thu dugc bt ding
thirc (8).
Cich 6:
Trudc hét ta chiing minh f dbng bién (ting
ngit) trén R*.
St dung Nhin xét 1 &(1) ta dugc:
F(3x+y)+2y = 3f(x) +3y, Y%,y >0
suy ra
FBy+3) 2 2(£() )+ £2) + 370,
v6i moi x,y > 0. Dén diy thay y boi 3f(y)
1di st dung (1) ta dugc:
F(By+x)+2x = 3f(x)+3f(¥),

suyra

FBy+x) > 2(f(x) —x) + f(x) +3(),
2 f(x)+3f(),Vx,y >0. (9)

Do d6 véi moia,b > 0mia> b thi:

_ ) _
fla) = f(sa-%2 +b)> f(b)+3f(¥)

> f(b).
Nhu viy f dong bién trén R
Trong (9) thay x b&i 3 £ (x) r0i sit dung (1) vi
tinh ddng bién cta f thi dugc:

f(3X+y)+2y2f(3f(X))+3f(Y), (10)
> f(3x)+3f(»),¥x,y >0

suyra

F(3x+y) = FBN)+2(f()-)+f0)
> f(3x) + f(),Vx,y > 0.

Néi tém lai,
f+y) = Fx) + (), Y%y > 0.
Sir dung ddnh gid trén, ta c6 (v6i moix,y >
0):
FBf()+3y) = f3f(x)+y+2)

> f(3f(x)+y) +£(2y)
> f(3f(x)+y)+2y,

suy ra, theo (1)

FBx+y)+2y = f(3f(x) +y)+2%
fBx+y) = fBf(x)+y),

Mit khic £ ddng bién trén R* nén it bt
ding thirc trén ta c6 ngay:

3x+y > 3f(x)+»Vxy >0
x> f(x),¥x>0.

Két hop véi Nhin xét 1 ta thu duge f(x) =

x.
Cich 7:

Ta sé chitng minh f ddng bién trén R bing
phén ching.

Gia sit ton tai hai 8 duong a > b sa0 cho

F(a) < f(b). Dice = £(b) — f(a) 2 0.



Trong (1) chox = b thi duge (véimoiy > 0):
FBf(b)+3y) = f(3b+y)+2y,
suy ra
FBf(a)+3(y+E€)) =fBb+y)+2y,
suy ra, theo (1)
fBa+y+e)+2(y+&)=[(3b+y)+2y,
suy ra
fly+3b)=f(y+3a+e)+2e,

Dén diy thay y boiy —3bva dit T = 3a —
3b + € thi dugc:

fO) = fF(y+T)+2e > f(y+T),Vy>3b.
St dung ddnh gi trén lién ti€p ta dugc:
f) = f(y+nT),¥y>3b,ne N,

Ap.dl.mg Nhién xét 1 vio bit ding thitc trén
ta ¢ ngay:

f(») = y+nT,¥y > 3b,n € N*.

Tir diy chony = 3b+ 1 vichon — +eota
c6 ngay digu v6 ly. Do viy f dong bién trén
+

5% dyng nhén xét 1 trong (1) ta dudgc:
F(Bx+y)+2y = 3f(x)+3y,Vx,y>0

sy ra

(11)

Tac63f(x) +3y > 3x+3y,Vx,y > 0va f
ddng bién trén R nén:

F(3x+y) 2 3f(x)+3Vx,y > 0.

FBf(x)+3y) = f(3x+3y),¥x,y >0
suy ra, theo (1)
fBx+y)+2y > f(3x+3y),Vx,y > 0.

1¥
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Dén day thay x bai % thi dugc:

Sflx+y)+2y

(1
2f(x+3y) = 3f(y)+x,Yx,y > 0.
Trong dénh gid trén cho x = 2y ta duoc:
f(3y) 23f(),vy>0. (12)

Trong (1) thay y bdi 3 f(y) rdi st dung (1) ta
duogc:

) +9f()
=£(3y+x) +6(y) +2x,¥x,y > 0. (13)

Mit khic 3f(x) + 9f(y) = 3(x +
3y),Vx,y > 0va f ddng bién trén R* nén:

fBfx)+9f()

> F3(c+3)) > 3£ (- 3y), Y,y > 0.
St dung dénh gid niy & (13) ta duoc:
fBy+x)+6f(y) +2x = 3f(x+3y),
véimoix,y > 0. Suy ra
x+3f() = f(By+x),Yx,y > 0.

Mit khic theo (11) ta lai 6 f(3y +x) >
x+3f(y),Vx,y > 0. Do dé:

fBy+x) =x+3f(y),vx,y>0.
Dén day thay x béi 3x ta dugc:
F(3y+3x) =3x+3£(y),Yx,y > 0.

Trong ding thic trén hodn déi vi tri cha x va
¥ cho nhau ta dugc:

3x+3f(y) =3y +3f(x),vx,y >0,
suy ra
Fx) =x=F() —»Vxy>0.
Néi cich khidc,
flx) =x+C,Vx>0.

Thay céng thirc trén vio (1) ta tim duoc:
C=0.
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3. Loi két
Viy 1 chd 5
L =10 bl todn phitong trinh him trén.
rong s6 cic 18 gidi ndy, c6 3 cich sir dung
N’hgn xét 2 vi cing 6 3 cich ldy Nhin
x‘e.t %’ lam y twéng chi dao, xen vio giﬁ'a.li
loix giai ifr dung mot b d& rit manh thudng
dtmg dé giai quyét nhiing bai toin phudng
t}'lnh ham trén tip hop s6 thuc duong. S&
la tuyét voi hon nita néu sd lugng 10 gidi
cho bii todn nay khéng chi dirng lai & con
s6 7. N6i dén diy, i chgt nhé dén 1oi
khuyén tit mét ngudi thiy cia t6i: “Lam toin
khéng nhit thiét phii chay theo s8 lugng
bai tip, ma déi khi chi cin hiéu siu sic mot
bii va danh thdi gian d3o siu ban chit cla
bai toin d6.” Hy vong ring véi nhiing gi
t6i chia sé trén ddy sé gép phin gidp ban

dp hoc tip t3t nhit
i ludn nuodi git duge
Moi gép

doc tim ra phuong ph
cho bin than, ddng tho
ni¢m say mé Todn hoc ctia minh.
¥ cho bai viét ndy xin vui long giri v& email
quangchv1234@gmail.com.

Tai liéu tham khio

[1] Nguyén Tai Chung, L¢ Hoanh Pho,

Chuyén khdo Phuong trinb bam. NXB Dai
2016.

hoc Qudc gia Ha N6i: Ha Noi,
[2] Nguyén Nhit Huy, Pham Hoang Son,
«Khai thic mét 18p cdc hé thic dic biét khi
gidi phuong trinh ham” trong Cdc phiong
phip gidi todn qua cic ky thi Olympic 2023,
Tran Nam Ding. Viing Tau, 2023, tr.93 —
116.

[3] Group Facebook: Huidng tdi Olympic
Todn VN.
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Cudc thim tra dic biét

Lin phidt ciu hoi thtt nhit, tdt ci cic ddi
tugng dén tit bing Meo Ring déu dugc phic
cau hoi trén tim bia mau xanh, con cdc d6i
tugng dén tir bing Béo Hoa déu dugc phit
ciu hoi trén tim bia mau hong. Vay tdng s6
c4m bia mau hdng bing s6 tén cudp cliabing
Bio Hoa. Ta goi s6 ndy lan.

Trong lin phiét ciu héi thd hai, s& céc doi
tuong dén tif bing Méo Ritng nhin ciu hoi
6 mau hdng bing s6 cdc d6i tugng dén it
bing Bdo Hoa nhén ciu hoi cé mau xan'h (v1
bling bling 1 crir di s6 cac doi tuong dén tir
bing Bdo Hoa nhin ciu hoi c6 mau hdng).
0 d6i tuong tuyén bd “lan niy
t6i nhan dugc cdu hoi in trén tim bia mau
hdng”. 10 doi tweng nay gbm nhting tén dén
tit bing Méo Riing nhan tim bla miu hbyg
va nhitng tén dén tir bing Béo Hoanhin tim
bia mau xanh. Suy ra c6dang10:2=35 déi
twong dén tir tif bing Meo Rimng di nhén
dugc cau héiin trén tAm bla mau hdng trong
Ian phit ciu hoi tht hai.

Cétitcal
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P6 vui

Gia st ¢6 thé tra dugc a xu bing b ddng xu,
bao gbm x ddng 1 xu, y ddng 2 xu, z dong 5
xu, t ddng 1 hio, u ddng 2 hio, v dong 5 hio
viw ddng 1 ddng. Nghialax+y+z+1+
u+v+w=>bva

x+2y+5z+ 10t +20u + 50v + 100w = a.

Suy ra,‘bing c4ch nhén ci hai vé cia phuong

trinh d4u véi 100, ta dugc
100x+100y+100z+100¢ + 100+ 100v
+100w=100b.

Hay,

x-100+2y-50+4-5z-204-10¢- 10+20u-5
+50v-2+100w-1 =100b.

Dieu ndy c6 ngha 1 c6 thé tra b ddng bin
,(;;{-2)’—1-5{-& 10t +20u + +50v + 10(;gw =fg’
Sorg% xu, gox\n xdong | ddng, 2y ddng 5 hao,

¢ dong 2 hao, 10 ddng 1 hao, 20u dong 3
xu, 50v dong 2 xu v 100y ddng 1 xu.

¥ e
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+ MB&i bi todn d& xuit (kém theo 15i gidi) cin dugc néu r6 14 bii sing tdc hay bai suu tim.

« Bai gidi cho méi bi todn cin dugc trinh bay trong mét file riéng hodic mét td gidy riéng.

+ Ngudi d& xuft bi todn hojc giri bai giai cho cic bai todn trong muc “Théch thitc kj nay”
cin ghi 16 ho, dém, tén vi noi lam viéc/hoc tip, s8 dién thoai lién hé. Néu 11 hoc sinh
(hoic sinh vién) cin ghi 5 12 hoc sinh 16p miy (hojc sinh vién nim tht mdy).

+ Céc bai todn trong muc Théch thitc ky nay huéng t6i cic déc gid la hoc sinh phd thong;
dugc phin chia thanh cic mic d6 B, A, va dugc sip xép theo do khé ting din, theo ddnh
gi4 cht quan ctia Ban bién tip. Céc bai toin mitc d6 B khéong di hoi cic kién thitc vuge
qué chuong trinh mén Todn cdp THCS; céc bai todn mitc d6 A khong doi hoi cdc kién
thitc viugt qud chuong trinh mén Todn cdp THPT.

* Cich thitc giti bai todn d& xudt hoic 15i giai: gii file thu duge bing cich scan, anh chup
(r6 nét) clia bin viét tay, hoic dugc soan thio bing c4c phin mém Latex, Word téi bbt@
pi.edu.vn hoic giti qua dudng buu dién t6i Toa soan (xem dia chi tai bia 2).

« Han giri 13i gidi cho cdc bai todn P781-P790: truéc ngay 15 /3/2024.

THACH THUC KY NAY

P781. (Mtc B) Chuinbjqua tingchonhin  tam gidc sao cho BM = AC va ZABM = 10°.
vién dip Tét Gidp Thin hai doanh nghiép A Timsd do ciagéc AMC.

v4 B dén moét co s sin xudt rugu vang dé
mua hang. Co s3 nay c6 6 thiing rugu vang:
Thing 1 chita 310 lit, thiing 2 chia 200 lit,
thiing 3 chita 190 lit, thiing 4 chifa 180 lit,
¢hing 5 chtta 160 lft, thiing 6 chira 150 lit.
Doanh nghiép A mua 2 thiing, doanh nghiép
5 mua 3 thiing v s8 ltgng mua gdp déi s6
lugng mua ciia doanh nghiép A. Theo ban co
s& san xudt rtgu vang con lai thiing ndo chua
ban? M&i doanh nghiép 44 mua bao nhiéu lit
rugu vang?

Nguyén Thanb Giang, Hung Yén

o
P782. (Mtc B) Cho tam gidc ABC cin tai B
c6 ZABC = 40°. Goi M 1 diém nim trong D6 Thanh Son, Ha Ngi
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THACH THUC TOAN HoC

P7§3. .(Ml'l’c B) Cho cic 53 hitu ty a,b,c
thoi min (a +bc)(b+ac)(a+b) #0 @
1 + 1 2
a+bc ' btac a+b
Chirng minh ring, c2—11abinh phuongctia
mét s8 hitu ty,

Pham Nbgt Nguyés, Hii Phong
P784A- (I\fU'C B) Ton tai hay khéng 2024 s6
nguyen to l‘f déi mét phan biét, sao cho téng
ctia 11 s6 bt ky trong 2024 s8 d6 deu Ia hop
s6?
D6 Khii Phuon g, Hi Ngi
P785. (Mtic B) Chosiusd thuca, b, c,x,,z
théa man ax+by+cz=0va
A +b +1=22
Ching minh r:"mgx2 +y2— 22>0.
DPham Céng Tai, Ha Ngi
P786. (Mitrc B) Cho s nguyén duongn > 4
vi n diém phan biét trén mét phing, sao cho
khéng cé badiémnao thinghing. Ban Trung
vé n + 1 doan thing, sao cho mdi doan deu
6 ca hai diu mut 1 cdc diém di cho. Ching
minh ring, ton tai 2 doan thing khéng c6
diém chung.
¢ Van Kiét, Vinb DPhiic (sun tim)
P787. (MtcA)Xéta, b, clacdcsé thyc thoi
man . J
2?4 bc? +ca? = 6v3+ac +cb” +ba’.
Tim gid trj nhd nhit ctia biéu thite
P=ad*+ pr+c%
Trin Céng Dién, Tp. Hb Chi Minb (st)

P788. (Mitc A) Cho tam gidc nhon AABC.,’cé
AD, BE, CF 1a c4c dudng cao. X lamétdiém

28

didong trén tia DE,vaY lamotdiémdidéng
trén tia DF, sao cho X, Y khéng trung D, va
DX = DY. Gisit céc dudng tron (CDX) va
(BDY) cit nhau tai diém thit hai P, khdc D.
Chitng minh ring, diém P di dong trén mot
dudng thing cé dinh.

((XYZ) ky hiéu dudng tron di qua ba diém
X,Y,Z)

Loy Céng Dong, Ha NGi

P789. (Mirc A) Trong mit phing toa d¢, xét
100 diém c6 toa d6 nguyén sao cho khoing
céch gitta hai diém bét ky 13 mot s6 ty nhién.
Hoi, c6 it nhdt bao nhiéu khoing c4ch la s6
chin.

16 Trung Hiéu, Ngh¢ An

P790. (Mtc A) Tim tdt ca cdc s6 thuc o cé
tinh chét: V8i méi s thuc duong ¢, tdn tai sd
nguyén n > 1 sao cho

¢ (n!)

nen—1)1 >

(Vi mdbi s6 nguyén duong m, ¢ (m) L 6 cdc s6
nguyén duong kbong viegt qud m va nguyén t6
ciing nbhan véi m.)

Nguyén Cung Thanb, Ha Ngi

V.
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THACH THUC TOAN HOC

GIAI BAI KY TRUGC

P751. (Mtic B) Ngudi taghép khit nim hinh
chit nhét bing nhau véi nhau, dé dugec mét
hinh dai 27cm v réng 15cm, nhu & hinh vé
duéi ddy. Biétring, doan thing AC chia hinh
d6 thanh hai phin c6 dién tich bing nhau.
Hiy tinh d6 dai doan thing AB.

A B

|

15cm

=

27 cm

Lo gidi (dua theo cdch gidi ciia ban Liéu Vi
Hao, ldp 10T, truting THPT chuyén Nguyén
Quang Diéu, tink Dong Thdp).

D A B
- — — —

T

Co
Ta goi mai hinh chit nhit, trong nim hinh
chit nhit bing nhau, 1 mét hinh chi nhit
con.

Goi x (cm) [a d6 dai doan thing AB.
Liy diém D, nhu & Hinh trén.
Khi d6, theo hinh vé & biira,

CD = 15cm, vAAD =27 —x(cm). (1)
T céc gia thiét ctia bai ra, ta cé:

Chitu rong ctia mbi hinh chi nhit con la:

15:3 =5(cm);
Chitu dai ctia méi hinh ch nhit con 1a:
27:3=9(cm).

TAP 8 - 5O 3 THANG 3/2024 (” l;

Do dé, dién tich ctia mé&i hinh chi nhit con
la:
9:5=45(cm?).
Suy ra, dién tich cta tam gidc vudng (tai D)
CAD la: )
(45-5):2+45=157,5(cm?). (2)
T (1) v (2), ta duge:
15.(27 —
15:Q1-%) _ 1575,
2
Viviy
157,5-2
15
Viy, d6 dai doan thing AB bing 6cm.
Binh luin vA Nhén xét
Hiu hét cc 16i gii Tap chi d4 nhin dugc tir
ban doc 12 16i giai ding; tuy khéng it 161 giai
khd rudm ra, dai dong.

x=27—

Hoang Phic
P752. (Miic B) Cho x,y,z14 cic s6 thuc théa

min:
Py+y+2x=1vin? +yP+od =2.

Tinh gi4 tri cia biéu thitc

P = (Ptxy+y?) (P +ye+2) (P +ax+a).

Loi giai (cda ban Phan Minh Huy, ldp 9 /3,

truong THCS Ly Ty Trong, Tp. Tam K3, tink

Qudng Nam, v ban Nguyén Chdnb Thi¢n,

1p 9/12, trueing THCS Lé Quy Dén, Qudn

3, Tp. Hb Chi Minb).

Véia,b,claba sd thuc ty ¥, ta cé:
(a=b)(b—0)(c-a)

= (ab2+bc‘2+ca2)—(a2b+bzc+cza), (1)
e+ +c

=@a+b+0’-3@+)+9(c+a). (2)

Apdung(1)choa=x,b=y,c=zvéiluu

¥ t6i gid thiét ctia b ra, ta dugc:

E=»0-9(z-x)=2-1=1
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THACH THUC TOAN HOC

Do d6

P = (+xy+y ?) (P +yet+d?) (P4zxta?)

==y (r=2) (z—x) (2 +xy+y?)
X (y2+yz+zz) (z2+a+x2)
= ("3 _)’3) (y3 —23) (z3—,13).

Tu dé6, 4p dung (1) cho a = 3, b= y3,
c=7,t dugc:

P (x3 y6+y326+z3x6)
— (PP +25% ). B
Lan lugt, 4p dung (2) cho a = xy?, b = yz%,

c=2zx%,vichoa =x%y,b=y*z,c=2’x1ta
dugc:
By 430 348
=(xy2 +yzz+zxz)3 —3xyz (xy+z2)
X (yz+x2) (zx+y2), (4)
103 +382 +254°
= (xzy +y’z+ sz)3 —3xyz (x2 + yz)
X (yz +zx) (22 +xy) 3 (5)

Tir (3), (4) va (5), v6i luu y t6i gia thiét clia
bai ra, ta cé:
P=23113"

Binh luin va Nhin xét
T4t ca cc 1oi gidi Tap chi nhin dugc tit ban
doc deu 12 15i giai dung. Tuy nhién, ngoai l6i
gidi ctia cic ban Phan Mink Huy va Nguyén
Chinb Thién, tit ci cic 15i gidi con lai deu rit
dai dong, cdng kénh, phic tap.

Hoang Phic

P753. (Mitic B) Cho dudng tron (O) véi
dudng kinh AB = 2R. Goi C la trung diém
cha OA. M 13 mét diém nim trén (O).
Duding thing MC cit (0) tai diém thit hai
D. Pudng thing qua D vi vudng gbc v6i AB
cit (O) tai diém thit hai E. Pudng thing ME
citdudng thing AB tai diém F. Tim vi trf clia
dfin M sao cho téng EF +MC c6 gid trinho
nhit.

30

Loi gidi (cia nguo? chiém bii).

o Trudc hét, dé thdy, néu M trung A, hojc
tring B, hoic la giao diém cha dudng tron
(0) va dudng trung tryc d ctia AO, thi téng
EF + MC khéng ton tai, do khong thé xic
dinh dugc diém F. Vi viy, cdc vi tri vifa néu
trén ciia M khong phii la cdc vi trf cin tim
theo yéu cau dé bai.

o Xét diém M thy § nim trén (O), khing
triing A, khiéng trung B, va ddng thoi, kbong
12 giao diém clia d va (0).

M
d
c
F A o B
D

Hinb 1.
£
M %
L
F A T > B
D
Hinb2.

Do AB I dudng kinh ciia (0) va DE LAB,
nén D v E ddi xding véi nhau qua AB. Do
d6, A va B, tuong ting, la diém chinh gita cua
cung EAD va ctia cung EBD. (1)
Lai do AB 1a dudng kinh ctia (0), nén
ZAMB =90° hay MALMB.  (2)
Tir (1) va (2) suy ra, MA vi MB, tuong ing
1a phin gic trong va phin gidc ngoai chagée

7 R N
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FMC.Do d6
AC _BC _MC.
AF ~ BF ~ MF 3)
BF _BC
suy ra, AF — AC" 4)

Vi 0 la trung diém AB, C I trung diém OA,
viAB = 2R, nén

R ... 3R
Tu (4) va(5), suy ra BF = 3AF. (6)

ViM, D nim khic phiavéiAB, vi E déi xting
v6i D qua AB (ching minh trén), nén M va
E nim cling phia d6i v6i AB. Mi ME vi AB
12 hai diy cung khéng song song cia (0),
nén dudng thing ME cit dudng thing ABtai
diém F, nim ngoai doan thing AB. Tir day va
(6), suy ra, F nim trén tia d8i ctia tia AB, vi
2R=AB=FB—FA =2FA.

Viviy, FA=RviFB=3R. (7)
T (3),(5), (7), suy ra MC = %MF 8)
C6 thé xiy ra hai trizdng hop sau, d6i véi vi
tri twong ddi gitra M va O:

~ Trudng hop 1: M nim ciing phia véi O, d6i
véid. (Xem Hinh 1.)

- Trudng hgp 2: M nim khic phia véi O, d8i
v6id. (Xem Hinh 2.)

VAF nim trén tia d8i clia tia AB (chttng minh
trén), nén F nim khéc phia véi O, d6i véid.
T dinh nghfa cta E, dé thdy, E vi M nim
khic phifa nhau, d6i véi d.

Vithé, & trudng hgp 1, F va E cling niim khéc
phia véi M, d6i véi d; & tradng hop 2, F va
# cting nim khic phia véi E, d6i véi d.
Suy ra, & truding hop 1, E nim giita F va M;
& trudng hop 2, M ndm gitta F v E.
Do dé:

- V&i trudng hop 1, xét hai tam gidc FAE va
FMB, ta c6:

/EFA = /BFM,
LFAE =/FMB (vi cling bu v6i ZEAB).

Vi thé, AFAE ~ AFMB.

ar
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THACH THUC TOAN HOC

- Véi trudng hop 2, xét hai tam gidc FAM va
FEB, tacé:
ZMFA = /BFE,
ZFAM =£FEB (v\ cing b véi ZMAB).

Vi thé, AFAM ~ AFEB.
Do vy, trong ci hai tradng hop, ta deu c6

FA FM

FE~ FB' ©)
T (8), (9), (7), suy ra

1

EF -MC=FE- (EFM> :%(FA~FB)
v 3R%
==

Do d6, theo bit ding thic trung binh cong
— trung binh nhin, ta cé:

EF +MC > 2vEF -MC = V6R;

déing thic x4y ra khi vi chi khi MC = —\/?

. 6R
DE théy, khi MC = V6 thi M khéng triing
A, khong tring B, va ddng thdi, khéngla giao
diém chad va (0).
Viviy, téng EF +MC c6 gid tri nhé nhdtkhi
va chi khi M 13 giao diém ciia (0) vi dudng

V6R

tron tim C, ban kinh S

Ta c6 digu cin tim theo yéu ciu d& bai.
Binh luin va Nhin xét

1. Réc tiéc, tdt ca cdc 16i gidi Tap chi dd nhin
dugc tir ban doc deu 14 10i gidi chua ding,
do ngudi gidi bai hoic chua xét hét cic ciu
hinh ¢6 thé, hoic tuy xét hét nhung xét sai
mot trong céc ciu hinh dé.

2. Bii toin duéi diy 12 mot bai toin, mi
ngudi chdm bai khai thic duoc ar bai d4 ra.
Myi céc ban doc ¢6 quan tim cling xem xét.
Bai todn d& xudt. Cho dubng tron (O)
duong kinb AB. Goi C la trung diém cia
OA. M li mét diém di dong trén (O), sao cho
M khong trang vdi A, B, v& giao diém ciia
(0) vdi dutng thing vudng goc véi AB tai C.
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Dmmg thing MC ¢4 (0) tai dién thit bai
D.’ Goi E 13 diém dg; xiing vdi D qua AB.
Caf d‘u’b‘ng thing AE, BM cjr nhau tai F; cdc
d‘;f'dng thing AM, BE cit nbay tai G. Chiing
m,znb réng, duiing thing FG di qua mét diém
6 dinb. :

Ha Vi Anh

P754. (Mic B) Cho a,b,c 1a céc s8 thuyc
duong. Chitng minh ring

bte + c+a
\/a2+bc+\/a(b+c) \/b2+ca+\/b(()+a)
a+b 3

=+ >—.

V2 +ab+./cla+b) ~ V2
Loi gidi (dua theo da 56 lo: gidi Tap chi da
nhédn duwgc tir ban doc).
Ky hiéu P 1a biéu thttc & vé trdi ctia bit ding
thitc ciin chitng minh theo yéu ciu d& bai.
Theo bit déing thitc Cauchy — Schwarz, ta cé:

V@ +bc+ \/a(b+c)

</(1+1) (@ +bc+a(b+c))

=+/2(a+b)(a+c).

Bing cich hoan toin tuong tu, ta thu duge
céc bit ding thifc sau:

VB2 +ca+/b(c+a) < /2(b+c) (b+a),
/P tab+1/c(a+b) < 4/2(c+a)(c+b).

T d6, do a,b,c > 0,suy ra

P
b+c cta
> 2
= /2(a+b)(atc) 2+ (b+a)
a+b
+_—___‘-——
2(c+a)(c+b)

3 b+c
> 3 ————=
~/2 (a+b)(a+e)

a+b

c+a :
N ToroGra Jera(ctd)

Il

e

THACH THUC TOAN Hoc

Ta c6 dieu phii chiing minh theo yéu cau de
bai.

Binh lu4n vi Nhin xét

1. Tirloi giai trén, dé thdy, ddu“="¢ bdtding
thic ctia d2 bai xiy rakhi va chi khia=b=c.
2. Tt ci c4c 15i giai Tap chi dd nhin duge, tit
ban doc, déu 12 15i giai ding.

V6 Quéc B4 Cdn

P755. (Mtic B) Trong mét hinh chit nhitcé
kich thuéce 10 x 5, ldy 1351 diém d6i mée
phin biét tity y. Chitng minh ring, ton tai
mdt hinh tron bin kinh bing chia ft nhit 4
diém trong s6 cic diém di ldy.

Loi gidi (dua theo da sé'loi gidi Tap chi nbén
dwoc tic ban doc).

30 cot

15 hang

A D

GoiA, B,C,D1abdn dinh ctia hinh chi nhit
cho trong dé bai (xem Hinh va).

K¢ 14 doan thing song song, cich déu nhau,
va cling song song véi AD, BC; méi doan
thing d&u ¢6 mét dhu mut nim trén canh
AB, va dau mit con lai nim trén canh CD.
Tiép theo, k& 29 doan thing song song, cich
déunhau, vacling song song véi AB, DC; mébi
doan thing deu c6 mét dau mut nim trén
canh BC, vi du muit cn lai ndm trén canh
AD. )
Céc doan thing ké dwoc d4 bién hinh chd
nhét ABCD thanh mét bing Fe) vu(")ngl;l gcbm
15hangva 30 C(f)fl, ma m&i hang, méi cot, déu
¢6d9rongbing > (WAB =5, BC = 10 (theo

.
.
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gia thiét), va
1
5: 15=10:30=§).
Do dé, 1351 diém di ldy thudc
15-30 =450

1
hinh vudng canh 3

Theo nguyén ly Dirichlet, trong s8 cic diém
d6, ton tai it nhit

1351 ]
[m g
diém cing thuc mét hinh vuéng, goi la H,
trong s6 cic hinh vudng iy. (%)

Goi r1a bin kinh dudng tron ngoai tiép hinh
vuéng H, ta cé:

1 1\N2 /1\? V2 1
Fisigs (§)+(§) =% <7

Vi thé, hinh tr(‘)ix c6 tim 13 tim ctia H va ¢
bin kinh bing 7 sé pht kin H. Ma H chira
it nhit bén diém trong s8 cic diém di ldy
(theo ()), nén hinh trdn niy chia it nhit
bdn diém trong s8 cic diém di ldy. Ta c6 ditu
phai chitng minh theo yéu ciu dé bai.
Binh lujn va Nhin xét
i. Trong s3 tit ca 10i giai tap chi d4 nhin
dirge tit ban doc, rit tiéc, ¢6 hai 16i gidi sai, do
ngudi gii bai d4 ngd nhén ring, 6 thé phin
¢hiz hinh chi nht di cho thanh 400 hinh
vuzdngcanh ?, hoic thinh 450 hinh vuéng
2. Trong s& cic ban doc di giri 15i giai t6i Tap
chi, c6 mét vai ban sit dung thuit ngi¥ chua
ding, trong cic lip luin clia minh; ching
han, “3iém dugc phii trong hinh” (dén dat
diing phi Iz “diém dvoc phi boi hinh?), ..
Nguyén Khic Minh
P756. (Miic B) Ta goi s8 nguyén duong n 1A

“s6 dep”, néu trong 22 s6: 5,n+5,2n+5,
-+>21n+4 5, tdn tai mdt 58 c6 cling s6 dur vé6i

TAP 8 — 56 3 THANG 3/2024 g.c

THACH THUC TOAN HOC

tich it ci cic s8 d6, trong phép chia cho 23.
Hay tim tdt ci cic s3 dep.

Loi giai (dua theo y gidi ciia cic ban: D§
Viér Hoang Long, lip 114, truong THPT
chuyén Quang Trung, tinh Binh Phutc; vis D&
Duy Quang, lip 127T1, trudng THPT chuyén
Nguyén Quang Diéu, tinh Ding Thdp).
V6iméi s8 nguyén duong n, ky higu T, 13 tich
dtcicicsd5,n+5,2n+5,...,21n+5.
Khi d6, theo dé bai, n 12 58 dep, néu trong 22
s6kn+5,k=0,1,2,...,21, c6 it nhit mét
58 ¢6 cling s8 du v6i T, trong phép chia cho
23.

Xét céc trudng hop sau:
o Truing hop 1: n = 0 (mod 23).
Khi dé,

kn+5=5(mod23)Vk=0,21. (1)
Viviy, T, = 522 (mod 23) . (2)
Do 23 Ia s8 nguyén 3, va (5,23) = 1, nén

522 = 1(mod23) 3)

(theo Dinh Iy Fermat nho).

Tt (2)va(3), suyra T, = 1(mod23). (4)
ViS5 # 1, nén (1) va (4) cho thiy sé n trong
trudng hop ndy khéng I s dep. .
o Truong bgp2: 1: n % 0(mod 23).
Khi dé, do 23 11 sé nguyén t5, nén
(n,23)=1.
Viviy, véii,j € {0;1;2;...;21} vii # j,ta
c6:
in+5= jn+5(mod23)

< (i— j)n=0(mod23)

@i=j(mod23) & i=j.
Do d6, tip hop S cic sd du, nhin dugc khi
chia lin lugt 22 s8 5, n+5,2n+5, ...,
21n+5 cho 23, s& Ia tip hop gdm 22 58 wy
nhién dbi mot khic nhau, trong pham vi vir
0 dén 22. ®)
—Néun lasd sao cho 0 € S thi hién nhién n
13 58 dep, vi khi d6, T, = 0 (mod 23).
—XétnlasdsaochoO ¢ S.
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Khi d¢, th At

B y Adng dau tién. Vi thé, véi lvu y23
450 nguyén 8, theo dinh ly Wilson, ta cé:

T,,E22!E—~IE22(mod23). (6)

ViA 22 € Snén (6) cho thiy 112 mét s8 dep.

Viy, tf)m lai, tit ci c4c s dep 12 tdt ca cdc 56
nguyén dwong khéng chia hét cho 23.

Binh luin v Nhin xét

lerinh ly Wilson dugc nhic t6i trong Loi

giai trén 12 két qua sau:

Dinh ly Wilson. Néx p la s6 nguyén 16 thi
(p—1)!'=—1(modp).

2. Néu chua biét dinh ly Wilson, ban doc c6

thé chiing minh (6) bing cich tinh cu thé
221,

3. Tdt ca loi gidi Tap chi dd nhan dugc tit ban
doc deu 12 15i giai dung.
Luu Thi Thanh Ha
P757. (Mtc A) Véi méi sd nguyén duong
n, ky hiéu a, 12 nghiém thyc l6n nhit cta
phuong trinh
2023 2002 02021y 1 =0
Xéc dinh tét ci cic s6 thuc C, d&
ar+ay+---+an >C-n*

v&i moi s6 nguyén duong n.
Loi giai (dya theo Ddp dn ciia BBT Tap cbi).
Xét s nguyén duong n tiy ¥.
Vi m&i s6 nguyén duong k> 1, dit
P (x) B 2 &
Khi dé, phuong trinh d4 néu trong de bai
dugc viée thanh

Py (x) = 0. (1)
Véix>n+1,tacéd:

Py (x)
= (xm ) —ni 2 oo —mx ]

Z;J“l—mk—z—""‘”’x"_l =P—1(x),
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v&i moi s& nguyén duong k>2.

Do dé, véix > n-+ 1, tacé:
Paoas(x) = Paoaa(x) 2 Pao2i(¥) 2+ 2 Py(x)
—2—mx+1=x(x—n)+1

>x+1>0.
Lai c6:
Paz3 (n)
=n2023_nzozs_nzozz_..._,,2+1 <0,

Vi thé, phuong trinh (1) ¢6 nghiém trong
khoang (n,n+ 1) va vo nghiém trong [n+
1,40).

Do d6, vi o nghiém thuc 16n nhit cha
phuong trinh (1), nén an € (n,n+1).

Tir day, do tinh tlry ychan, tacd

ay € (n,n+1)Vn € N*. (2)
Véi mbin € N¥, dic
_aitat---tan
= — .
Theo bai ra, ta cin tim tit ci cdc s6 thuc C,
sao cho

Sn

sn>CVneN". (3)
Tir (2), suyra

1 &, 1 &
Y i<sn< =Y (i+1]) Vae N, (4)
il i=1

Ta cé:

(4)
n(n+1)
< o S
L ((n+1)(n+2 :
<ﬁ(“)2(h)—l)\7neN
Ao 1% 3 d
) 2n<sn<§+§;VneN. (5)

; 1 1
DE thiy, (—+__.) (l i) i
2 2n "21, 3 =+ n i

céc ddy hoi ty, va
. 1 1
lim (—+__>= . 1 3 1
e \2 7 2 ) =00 (345 ) =5

. -
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Vivdy, tli (5), theo dinh Iy kep, suy ra (s,,) 5.,
1a ddy hoi ty, va %

1
lim s, = 5. (6)

n—+oo
o Gid stt C 1a mét s6 thuc thoa man (3).
1
Khi dé, do (6) nén C < X
o Nguoc lai, gid sit C 1a mdt s8 thyc khéng
vugt qua E
Khi dé, theo (5), ta cé:
i RV N |
4 sI> *
s,1>2+2n>2_CVnEN .
Do d6, C Ia s6 thuc théa min (3).
o Viy, tdt ci cdc s thuc C théa min yéu ciu
dehiila:C < %
Binh luin vi Nhin xét
Cho t6i thoi diZm ban thio vio Nhi in, Tap
chi méi chi nhén dugc ding mée 1i gidi tix
ban doc. Ri tiéc, 16i giai nay la mée 1i gidi
khéng dat yéu cu, do c6 mot s6 khing dinh
mang tinh ¢t yéu dugc néu ramoét cdch cim
tinh, khong c6 bit ctt 1y gii hay chitng minh

nio.
Nguyén Khic Minh

P758. (Mtic A) Tim s8 thuc k 16n nhit, sao
a+b+c—3>k(a—b)(b—c)(c—a)
Ui 1noi s6 thuc khéng 4m a, b, ¢, théa min
ab+bc+ca=3.
LYi gidi (cda ngui chim bii).
Trong phin trinh bay duéi ddy, R ky hiéu
tp cdc s8 thyc khong 4m.
Gid stt k [ 58 thuc théa min yéu ciu dé bai;
nghia 13, véi moi a, b,c € R théa min
ab+bc+ca=3, (1)
deucs
a+b+c—3>k(a—b)(b—c)(c—a). (2)

Tt

-
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Bing kiém tra truc tidp, ta thdy, cic gid
tia=1,b=3,c =0 1a cdc s8 thuc
khéng 4m, théa min (1). Vi vdy, theo (2),
ta cé:
14340-32>k(1-3)(3-0)(0—1);

suy ra, k < % (3)

Tiép theo, ta s& chitng minh k = —1- thoéa
min yéu ciu dé bai; nghia I3, ta sé chitng
minh
a+b+c-3
>2@-hb-9-a), @

v6imoi a,b,c € R* théamin (1).

Thit viy, do a,b,c € R* théa min (1), nén
a+b+c > 0. Vithé véi luu y i (1),
ta cé:
4)
&(a+b+c)®—9
S (b—a)(b—c)(a—c)(a+b+c+3)
- 6
4:)(a—l-b—l—c)2 —3(ab+bc+ca)
>((b—a)(b—c)(a—c)
y a+b+c++/3(ab+bc+ca)
2(ab+bc+ ca)
& (b-a)+B-c)+(a—c)?
> (b—a) (b—c) (ac)
><a—i—b-{-c-i—\/ 3 (ab+bc+-ca) )
ab+bc+ca
Do tinh d6i xting vong quanh, nén khéng
mit tinh tdng qudt, gid stt ¢ = min{a, b,c}.

- Néu a > b, hoic a = ¢, thi (5) hién nhién
12 mét bt ding thitc dting.

-Xétb>a>c>0.

Ditx=b—cviy=a—ctac6x>y>0,
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vado dé
| _atbtc
ab+bc+ca
(a+b)* +ac+be
(a+b) (ab+bc+c(1)
__ @tab+? 1
(a+b)(ab+bc+ca) +a+b
a2+ab+b2 1 1 1

Sa+b)ab Tatb ath

1 1 11
< _ —
_a—C+b——-c x+ , (6)

Y
3(ab+bc+ca) 3
ab+bc+ca  \ ab+bc+ca

3 3 3
5\/55 (;‘:CW_—Cﬁ\/% (7)

Ky hiéu P, Q, twong ting, 1a biéu thic & vé&
phii va biéu thitc & vé trdi cta (5).
Do (6) va(7), véiluuyb—a=x—y, tacé:

s (L+inyE)

=Xy Y Ty Xy
= (x—y) (x+y+/30)

, . (2v®) (V3-)
e et A Ny
4y +3(x=)’

4

_2

<2-y+
_7)c2—2xy—y2
st sl 2
(x—3y)
=R+

<R +y+(E-y) =0
Bit ding thitc (5) dugc chitng minh, vi vi
thé, (4) dugc ching minh. Tit dy va (3) suy
ra, s6 thizc k16n nhdt thoa mén yéu ciu dé bai
1

lak= 3

Binh luin va Nhén xét

1. Chitng minh bit ding thiic (4) véi ring

36

heo ky hiéu & Li gidi trén) 1A moe

bude (1) (¢
ude (1) ( 6. V1 thé, bai d4 ra 1A mot bai todn

bai todn kh:
rit khé.

2. Tit ci céc 1 gidi ngudi ch4m bii dd nhin
dutoe tit Ban bién tap Tap chf déu 13 18 giii
dting; tuy nhién, phan chiing minh bt ding
thttc (4) c6 qué nhitu c4c tinh todn cdng
k&nh, véi d6 phic tap rdt cao. C6 cam gidc,
ngudi giai bai d4 phii thuc hién cdc tinh todn
dé véi sy trg gitip cia cic phin mém tinh
todn.

V6 Quéc B4 Cin

P759. (Mtic A) Cho tam gidc ABC ndi tiép
dudng tron (0), cb céc dudng cao BE, CF
che nhau tai H. Goi M, N tuong tng 1a trung
diém cta AH, EF. Goi P la diém déi xing
v6i N qua BC. Chiing minh ring

/BMP = ZNMC.
Loi gidi (cda nguoi chdm bai).
Theo phit biéu cta de bai, tahiéu E va F I
hai diém khéng triing nhau. Vi thé, ta hiéu,
tam gidc ABC cho trong de bai khdng vubng
tai A. Phin trinh bay duwéi diy 12 16i gidi cho
bai ra véi gia thiét d6.
Xét hai trudng hop sau:
® Trutng hop 1: Tam gidc ABC cdn tai A.
Trong trudng hop niy, AH 13 dudng trung
tric clia BC, va tit i céc diém M, N, P deu
thudéc AH (xem Hinh 1). Vi thé, két luin cia
bai ra hién nhién ding.

P

Hinh 1.

, -
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o Truong bop 2: Tam gidc ABC kbéng cidn tas
A
GiasttAB < AC; trudng hop AB > AC duge
xét tuong tu.

Xay ra hai trudng hgp nho sau:

O Trwong bop2.1: AH || EF.(Xem Hinh 2.)

Hinh2.
Trong trudng hgp ndy, cic diém M vaN cling
thudc BC; do d6, P = N. Vi thé
ZBMP = /ZNMC =(°

Két luin ctia de bai dugc chitng minh.
& Trutng bap 2.2: AH khong song song EF.
(Xem Hinh 3.)

Hinb 3.

Goilla trung diém ctia BC; goi S, @ lan luge
L giao diém ctia cc dudng thing BC, AH véi

TAP 8 — 56 3 THANG 3/2024 gE

dudng thing EF.

Theo tinh chdt cta v gic toin phin, ta c6
M, N,I thing hing, vA

(SQ,EF) = —1.
Tit d6, do N I trung diém ctia EF, nén
SQ-SN=3E-5SF. 1)
Tu dinh nghfa cic diém E,F suy ra, bén

diém B,C,E,F cung thudc dudng tron
dudng kinh BC. Do d6

SB-SC = SE -SF. 2
Tit (1) va (2) suy ra, bén diém B,C,N,Q
cung thudc mét dudng tron. (3)

Tir dinh nghfa diém H, ta 6 HELEA v
HF 1 FA. Do d6, bdn diém A,H ,E, F cung
thudc dudng tron tim M, dudng kinh AH.
Vi thé, theo dinh 1y Brokard, M 13 tryc tdim
tam gidc BCQ; va do d6, Q Ia truc tim tam
gidc BCM. Tir diy va (3), do tinh déi xting,
ta duoc:
(MC;MB) = (0B;0C) = (NB;NC)
= (PC;PB) (modr).

Do d6, bdn diém B,C, M, P ciing thudc médt
dudng tron. 4)
Dé thiy, ABHA ~ ABFE; mi M, N tiong
tng I3 trung diém cta HA, FE, nén
ABMA ~ ABNE. Suy ra

BN BE

M- BA ®)
Mot céch twong ty, ta cting chdng minh
duoc

CN CF

—_— = 6

CM CA ©)
Lai c6 AABE ~ AACF (dé thdy), nén

BE CF

BACA @)
Do N va P d8i xting véi nhau qua BC, nén
CP=CNviBP=BN ®)
Tit (5),(6), (7), (8), suy ra

CP BP

cM~ BM ©)
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?f (4) 2 (9) suy ra, BMCP Ia mr ui gide

ks l}oa. Mia M1I1adudng trung tuyén va MP

la dudng déi trung clia tam gisc MBC, nén
£BMP = ZIMC = /NMC.

Ta c6 digu phii chiing minh theo yéu ciu de

bai.

Binh luin va Nhin xét

1. Loi gidi trén cho thdy, gia thiét tam gidc

ABC ni ti€p dudng trdn (O) 1a mét gia thiét

khéng cin thiét.

2. Rit tiéc, tdt ci cdc ban d giri 13i gidi dén

Tap chi deéu chi gidi bai d4 ra trong trudng

hop tam gidc ABC khong cin tai A, va dong

thoi AH khong song song EF.

Ha Vii Anh

P760. (Miic A) Cho diy s6 (x,) x4c dinh boi

X1 =4vi

Xnq1 = 45x, +1/2024x% 4+ 16

v6i moi s6 nguyén duong n.
Tim tit ci cdc s6 nguyén a, sao cho
a* (_X_Zn_ + 2) 13 s6 chinh phuong, v6i moi
Xn
s6 nguyén duong n.
Loi giai (dwa theo Ddp dn ciia BBT Tap chi).
Tit hé thitc xdc dinh day (x,) suy ra ddy déla
ddy ting thuc sy, X2 = 360 va
22— 0%, 41 + X1 — 16 =0, (1)

véimoin > 1.
Trong (1), thay n bain+ 1, ta dugc:

2y — 90X 1 Xn42 +22,,-16=0, (2)
véimoin > 1.
Vi (x,) 1a ddy ting thyc sy (chiing minh
trén), nén X, # ¥n42, v6imoin 2 1. Do d,
gir (1) va (2) suy ra, véimoin 2 1, X, VAXnio
12 hai nghiém cha phutong trinh (4n x) sau:

XZ = 90x,,+1x+xﬁ+1 —16=0.
Vi thé, theo dinh ly Vi-et, ta cé:
Xps2 = 90Xn41 — Xn, 3)
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véimoin > L.

Titx; = 4, %2 = 360 vi (3), theo cdng thic

x4c dinh s6 hang t5ng quit chia ddy s8 duge

cho bi hé thtic truy hdi tuyén tinh cip 2, ¢

dugc:

(45+2v/306)" — (45— 2V'506)’

AN A/ S SR
/306 :

Xn =

véimoin > 1.

Suy ra, x, > 0va

2 _ (45 +2v/506)" + (45 —2v/506)",
Xn

véimoin > 1.

Nhin thiy

23" (’—‘2— +2)
Xn

—((23+/506)" + (23~ V/506)")’,
véimoin > 1.
Véimbin € N* dit
yn = (23+/506)" + (23 - V/506)".
Dé thiy, ta c6 y; = 46, y, = 2070, va
Yni2 =46yn11 —23y, Vn > L.
Suy ra, yp € Z v6i moi n > 1. Do d6,
23" ();i: + 2) 12 mét 6 chinh phwong, véi
moin > 1. @
Vi th, véi a1 s8 nguyén tly ¥ thoa man yéu
cau dé bai, do véi moin > 1,
noa (xﬁ + 2)
a n X

23" (@ +2)

Xn

(Wix, >0Vn>1)

an

oEG 23" 12 binh phuong cfia mét s8 hitu 137
véimoin > 1,

a
ek 23 1a binh phuong ciia mét s hitt
- Do d6,a € N va ton tai g, p € N,p #0
va (q,p) = 1, sa0 cho

a 2

& - 9q
23 = 1?, hay ap2 = 2342_ ®)

/TE TAP 8 _ 56 3 THANG 3/20%*
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Suy ra, a = 0, hojc a la s6 nguyén duong 16n
hon 1, ma s m ctia s6 nguyén t8 23 trong
phén tich chudn ctia a 12 mée 58 1. Do d6,
a = 0, hoic a 1a mét s6 nguyén duong chia
hét cho 23. Vi vdy, a 14 58 tu nhién c6 dang
a = 23m,véim1as6 ty nhién. T dy va (5),
suy ra
mp? = g*.

Tit d6, do (q,p) = 1,dé dangsuyra p = 1,
vavithé m = ¢2.
Nhu viy, néu s6 nguyén a théa mian yéu ciu
de bai thi @ c6 danga = 23¢%,9 € N.
Nguoc lai, véia = 23¢%,q € N, ta cé:

a (ﬁ +2> =23" (x2n +2> .qZ,

Xn Xn

THACH THUC TOAN HOC

véimoin > 1.
M2 g2 1a 58 chinh phuong vy 23" (ﬁ + 2)
X,

1 8 chinh phuong véi moin > 1 (ti;leo 4)),

nén a" (xﬂ + 2) 14 58 chinh phuong véi
o phuong

moin > 1.

Viy, tdt ci céc s8 tr nhién c6 dang 2342,

g €N, la it ci cdc 56 a théa man yéu ciu d2

bai.

Binh luin v Nhin xét

Rit tiéc, dén thdi diém ban thao vio Nhiin,

Tap chi vin chua nhin duogc 15 gidi ndo tir

ban doc.

Lvu Thi Thanh Ha

DANH SACH HQC SINH CO LOI GIAI DUNG

Trong cdc ngodc don ¢ phéin dudi ddy, sau tén
1dp L md bigun ciia cdc bai todn mé boc sink cé
Uit gidi diing.

KHOI THCS

e Truong THCS Nguyén Théi Binh, Tp.
Ca Mau, tinh Ca Mau: Lé Nguyén Hodng
Nbdt Dinb (16p 9C; P751, P754, P755).

o Trudng TH&THCS Archimedes Péng
Anh, Tp. Ha No¢i: Ngé Mink Chin (16p
9A3; P754, P755).

o Truong THCS Lé Quy Pén, Quin 3, Tp.
Hb Chi Minh: Nguyén Chinb Thitn (16p
9/12; P751, P752, P754).

¢ Truding THCS My Hung, Tp. Nam Dinh,
tinh 19am Dinh: T3in Tvén Diing (16p 9A1;
P754),

¢ Trudng THCS H6 Xuin Huong, huyén
Quynh Luu, tinh Nghé An: Pham Quang
Thing (16p 7C; P754, P755).

¢ Trudng THCS Ly Ty Trong, Tp. Tam K3,
tinh Quing Nam: Phan Minh Huy (16p9/3;
P752, P754).

T A
TAP 8 - 56 3 THANG 3/2024

70

KHOI THPT

e Trudng THPT chuyén Quang Trung,
tinh Binh Phuéc: D6 Viét Hoang Long (16p
11A; P756).

¢ Trudng THPT chuyén Nguyén Quang
Diéu, tinh Dong Thép: Pham Tién Dat (16p
10T1; P754, P755), Lién Vi Hio (16p 10TT1;
P751,P754), Huynh Phiic Vinh Nguyén (16p
10T1; P754), B5 Duy Quang (16p 12T1;
P751, P752, P754, P755, P756), Trin Thi
Phiong Thio (16p 10T1; P751, P755), Vs
Hii Yén (16p 11H; P751, P754).

e Trudng THPT chuyén Luwong Vin
Chdnh, tinh Ph Yen: Nguyén Tién Nguyén
Chuong (16p 11 Todn 1; P754), Huynh Trin
Gia Huy (16p 10 Todn 1; P758), Ding Ky
Nam (16p 10 Toén 1; P751, P754).

o Truong THPT chuyén Lé Thinh Tong,
tinh Quang Nam: Nguyén Hitn Hoang Nbit
(16p 11/1; P754).

o Trudng THPT chuyén Tién Giang, tinh
Tien Giang: Nguyén Nbit Minh (16p 10
Todn 1; P751).
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VE KY THI HOC SINH GIOI QUOC GIA

MON TOAN NAM HOQC 2023-2024

TRAN NAM DUNG'

Ky thi chon hoc sinh gidi qudc gia nim
hoc 2023 — 2024 d4 dién ra trong hai ngiy
5,6/1/2024. Bai viét gi6i thiéu d& thi moén
Todn ciia ky thi nim nay cing mét s8 binh
luin vi nhin dinh cha tic gia bai viét v& dé
thi nay.
D& thi nim nay ¢6 vu diém la dit cdc vin de
tht vi, khéng theo 16i mon, dicbiétlakhong
di theo mét mé—tip cit sudt hon mudi nim
nay la dé thi lac ndo ctng c6 hai bai hinh.
Ditu niy sé gitp cho viéc dayvihoc déuhon,
huéng dén co ban hon, trinh bit ti. Tuy
vdy, dé thi cing c6 nhiing nhugc diém ve ciu
triic, dién dat va sip xép lam gidm di ding
ké nhing diém tich cyc. Trudc khi di dén
nhiing d4nh gid chung, chiing ta di chi tié
vio tirng bai todn thi.
Bai 1: V&i méi s6 thuc x, ta goi |x] 1a s8
nguyén 16n nhét khéng vugt qud x.
¢ dinh bai:
Df,it 1),, =

ChO diy 56 {all};e::l x4
> 1L

= ——yVn =
ay 4[~10g4nJ ,V

| (¢ alli . >1
n2 kglak_‘”m Mt

) Tim mot da thic P(x) vé6i hé s8 thuc sao
ay vn > 1

chob, =P =l n>1.

V Jyuimg Phe thong Nang kbién, PHQG TpHCM.
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b) Chting minh ring tdn tai mét diy s8
nguyén duong {n;}7_, ving thuc sy sao cho
2024
2025

Bai todn ndy ¢6 dinh dang khé la so vi cic bai
to4n ddy s6 trong cdc ky thi nim truéc, mét
day s6 duéi dang téng doi hoi phin xtr Iy dai
s6 trude. Mic dit d4 ¢ huéng din trude dé
di dén cong thitc miu chat

1 rap\2 a
s s (..ﬂ’.) n
n 5\ + n
r}xhu‘ng déy vin 12 mét y khong he hién nhién.
Y thit hai thi khéng khé d6i v6i mot hoc sinh
(ho{c sinh vién) dugc hoc bai ban vé gidi han
vave tip s8 thyc, nhung véi cic em hoc sinh
chi vira lam quen véi gii tich thi qui la qué
tim. ;
Bai 2: Tim tdt ci cdc da thie P(x), Q(x) vdi
l}@ s6 thuc sao cho v6i méi s8 thuc a thi P (a)
l:{)nghi(?,;(r)l7 clia phu’dn% trinh: x20% + Q(a)-
x? +(a** 4 a)x + a® 420250 = 0.
Diy 1a mét bai phuong trinh him da thic

nhe nhang, chit yéu dia va - hée db
du da thite. yéu dya vao sy chia hét, dong

lim by, =
k—oo

gﬁ; 3: C%xo ABC 13 tam gidc nhon véi tim
uong tron ngoai ti€p O. Goi A’ |a tAm cl2

7[ ~fé@fé:éé}}hxﬁ5‘5/20/24




duong trondiquaCva tiép xtic AB tai A, goi
B'1a tim ctia dudng trdn di qua A va tiép xiic
BC tai B, goi C' 1a tim dudng tron di qua B
va tié'p xicCA tai C.

a) Ching minh ring dién tich tam gidc
A'B'C’ 16n hon hoic bling dién tich tam gidc
ABC.

b) Goi X,Y,Z lin lugt 13 hinh chi¢u
yuéng goc cua O lén cic dudng thing
A'B',B'C',C'A’. Biét ring dudng tron ngoai
tiép tam gide XYZ Bin lugt cit lai céc
dudng thing A'B',B'C',C'A’ tai céc diém
XY Z/(X'#X,Y' #Y,Z' #+ Z). Chting
minh ring cic dudng thing AX',BY',CZ'
ddng quy.

Bii todn hinh hoc nay khai thdc mét cdu hinh
khd th vi, 10i gidi ch yéu sit dung phép bién
déi géc, tam gidc dong dang. Bai niy c6 hai y
khd d6c l4p nhung deu c6 thé sit dung chung
phép ddng dang (vi tw quay) bién ABC thanh
A’B'C'. Piy 1a nim tht hai xudt hién bét
ding thic hinh hoc va néi dung niy vin tiép
tuc giy khé khin cho cdc thi sinh.

Bai 4: Ngudi ta x€p k vién bi vio cic 6 clia
mdt bing 2024 x 2024 6 vudng sao cho hai
ditu kién sau dugc thda man: mbi 6 khongcé
qué mot vién bi vi khéng ¢ hai vién bi ndo
dugc xép & hai 6 k& nhau (hai 6 dugc goi 1
k& nhau néu ching c6 chung mét canh).

a) Cho k = 2024. Hay chi ra mot cich xép
n ¢4 hai digu kién trén ma khi chuyén
¢n bi d4 dugc x€p ndo sang mot 6 tity
1:6 thi céch xép méi khéng con thoa
mE:: +5 hai didu kién néu trén.

bg Tirn gid tri k 16n nh4t sao cho véi moi cich
XEp k vién bi thda man hai digu kién trén ta c6
‘}:é chuyén mot trong s cdc vién bi d1 dugc
Xpsang mée 6 ke véi né mi cich xép méi vin
I;hhéng <6 hai vién bi nao dugc xép & hai 6 ke

au,

BAi 4 1y moe bai cuc tri t8 hgp c6 ciu a khd
nh? nhing, nhung ciu b 1a mot § khé, du
Ong st dung kién thitc gl cao siéu nhung

AP 8~ 56 3 THANG 32024 (’,' l
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tim dugc k da khé, chiting minh lai cang khé
hon (mét céch tigp cin tw nhién cho céc bii
todn kiéu the ndy 1a thay 2024 bing mét s8
nho hon dé khio s4t).

Bai 5: V&i méi da thitc P(x), ta dic

Pi(x) = P(x),Vx e R;
Py(x) =P(Pi(x)),Vx € R;

Pya(x) = P(Pao23(x)),Vx € R.

Choalasd thyclén hon 2. Ton tai hay khéng
mét da thitc P(x) véi hé s8 thuc thoa min
ditu kién: v6iméit € (—a;a), phuong trinh
Pyoa(x) =t c6 dung 22024 nghiém thyc
phin biét?

Bai todn ndy khai thic mot cha dé truyén
thdng ve nghiém cta da thitc. Bai niy [3 bai
nhe nhang nhét cia ngdy 2, chi cin binh tinh
mdt chit sé thiy sé 2024 khéng c6 ¥ nghia
gl & day, c6 thé thay bing n vi tir d6 thi sé
nght dén quy nap. V6i n = 1, mét cich tr
nhién s& din dén da thic cé dz_mgx2 — ¢, véi
c Ia hing s6 duong. Bai ndy khai thic mét y
khéng méi, nhung phit hop d€ dit & vi tri
Bai 5.

Bai 6: V6i mbi s8 nguyén duong n, goi (1)
14 58 cdc uwdc nguyén duong ctia n.

a) Giai phuong trinh nghiém nguyén duong
7(n)+2023 =nvéinladnso.

b) Chitng minh ring ton tai v6 56 s6 nguyén
duong k sao cho c6 dang hai s6 nguyén
duong n théa min phuong trinh T(kn) +
2023 =n.

Bai s6 hoc niy khai thic mot s6 tinh chdt
o ban ctia him (1) — s6 cdc ude s6 ctia 8
nguyén duong n. Bai ndy vé ¥ tudng thi nhe
nhang, phithgp véimét bai todn thi olympic,
nhung tinh todn va xét trudng hop hoi phirc
tap, nhdt 12 trong béi canh thi sinh khong
dugc sit dung mdy tinh cim tay.

Bai 7: Trong khéng gian, cho da dién 181 D

sao cho tai mi dinh ctia D c6 ding mot s8
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::;n l;:accﬁzargl z?i?'a fiinh (?6. Chon a mot
D e Sé . a 511’ ta gin cho méi cg-r:h
kién sau ciu'dc thg'uyen' dlrd,r.lg °20 cho ditu
¢ L oo thoa man: v6i méi mit (khéc
mit F 2 cua D, téng céc 5§ dugc gin véi cic
c:_tnh cuamitdSlamoess nguyén duong chia
hét cho 2024, Chiing minh riing téng cic 58
al’ch g4n véi cdc canh clia mit F cingla mot
0 nguyén duong chia hét cho 2024.
Diyla bai t6 hop c6 mé hinh Iy thuyét db thi.
Véi cdc thi sinh duge hoc bai ban v ly thuyét
dd thi (d€n muc c6 thé chuyén bai todn d& bai
v& bai todn dd thi phing) thi Bai 7 ndy con
nhe nhang hon Bai 4. Nhung ngudgc lai, néu
khong dugc trang bj tdt thi chic i cin bat,
nhét 12 trong 4p luc cta phong thi.
Dé ban doc cim nhin dugc r6 hon ve d2 thi
cling huéng gidi, chiing tdi sé di chi tiét hon
vao cdc budc gidi cho cdc bii todn thi.
O bai 1, sau mét liac &€ dinh thin ta sé thiy
ddy a,, s& bit diu bai 1 s8 1, rdi 3 s8 4, rdi
1258 16 ... do ay = zrmmagzy nén mo cdch g
nhién, ta chon s sao cho 45 < n < 457! thi
a, = 4511, Tl d6 sé tinh dugc téng

n

Y ai

= s+1
—1+(4—1)4+(16—4)47+...+(n—4")4
=1+12_(40+42+’”+42S—2)+(n_45)45+1

25 _ ;
=14 M +(n ._45)45"‘1,
5
R - VIRRAL Lo i b
Thay 4° bdi 4 vaovachiy la ?—az =g tasé
bién déive dugc b, = — é— (%‘) +.‘—,'§L. Oyb),
tachi can goi o 1a nghiém duong ctia phuong
2 024 3~ . N .
tiinh —% +x = 5035 v cznrng m'u}h ton tai
ddy con ctia diy 4 dan ve o. V6 y $au; c}};
can diing tinh chit co ban sau day ve xdp xi:
lim %ﬂ =q.

& bai 2, tir dieu kién dé bai ta suy ra,

() (P(x)222 + Qx)P(x) 32 +) =
—x(x* +2025).
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Tit day P(x) 12 uéc cha xgxz + 2(?25); Néu
P(x) chia hét cho x thi vé traAu chia hét cho
x2, con vé phai thi khong, mau thuin. Néu
P(x) = k(x? 2025 ) thi thay ‘zzio, ta suy ra
k( 2024 4 x) + x chia hét chloo,lv2 +2025. ZSu'
dung su kién K20 = 202? ( mo‘f * +
2025) ta s suy ra ngay mau th.uir}. ng chi
con lai truding hop P(x) = k V&,k 12 hing 54,
thay vao tinh duge Q(x) tuong dng.

O bai 3, & cau @) ta c6 thé ching minh
ACA'O ~ ACAB, suy ra St = (£5)" =
%;’ ar d6 Scion = Scow = %+ Sanc.
Cung cic hé thic tuong ty, suy ra
Sarpict = Scron! 'Jf'SA’OB/ + SBIO? = DABC*
R2 (5‘7 +5+ ;lz) Cudi cungz, st cll.mg bi;
ding thitc quen thudc @ +b* +c* <OR
12 hoan tit chitng minh. O cdu b), ta ching
minh hai tam gidcABC vaX 'Y'Z' cé cdccanh
twong ¢ng song song bing cich ching han
ABviX'Y' cing vudng géc véi OB'.Xhi d6
AX',BY',CZ' ddng quy tai tAim vi ty.

V6i bai 4, ta goi mot cach x€p k vién bi la
t6¢ néu né thda min hai digu kién dé bai va
moét cich xép 12 c##ng néu néd tdt nhung néu
di chuyén b4t ky mot vién bi nio sang 6 ke
v6i né thi cich xép khong con tét. Y a) h
qud don gidn vi vi du v& dudng chéo 1A rit
hién nhién. O ¥ b) diém khé cha bai todn
nim & chd néu cé cich xép citng véi k vién bi
thi chua chic d4 ¢6 cich xép cting v6i k + |
vién bi. Ta ¢in tim ky nhéd nhit sao cho tif
ko tr& di ton tai cdch xép citng. Dugc ggi
béi § twdng dudng chéo, ta dua ra thujt todn
xdy dung céch xép citng cho moi k > 4046
nhu sau. Dénh s8 cic dudng chéo song song
véi dudng chéo chinh 1a D, yDay .oy Daosar-
Dau tién ta dit diy bi vio hai dudng chéo
D2022 vd Dy, cting véi hai vién bi & diu clia
duding chéo Day. Diy 12 mét cich xép cling
véi k = 4046. Sau d6 ta s& diing cdc 6 trén
dudng chéo chinh Dygy dé ting s6 bi din
d?.n (l}ﬁnh lang tao bai D2022 va Drgag s€ dam
bio tinh cling cla cich x€p), khi day D224

/19 TAP 8 = 56 3 THANG 3/2024
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i th lai 1dy bét di vi thay bing nguyén
mét dudng chéo bén dudi (hay trén, cich 1)
deUng chéo c6 bi. Nhu thé ta sé xiy dung
dudc cdc cdch xép cling cho moi k tir 4046
cho dén 20242/2. Vi k > 20242 /2 thi d&
dang chiing minh s& phai ¢6 2 6 ké nhau,
wic 11 khéng ¢6 céch xép tét. Dé chitng minh
& = 4045 1a gid tri lén nhdt ciin tim goi c4c ta
6 miu céc 6 ciia hinh vuéng bing hai miu
den tring xen k& nhau. Ta lin lugt ching
minh céc sy kién sau 7) mét céch xép cting
s& chi ¢6 cdc vién bi trén cdc 6 cing mdt miu
ii) Néu mét cich xép ciing c6 it nhit 4045
vién bi thi né ¢6 {t nhat 4046 vién bi. Oy i) ta
dung phin chitrng va nguyén Iy cuc han (xét
hai dudng chéo den, tring chita bi gin nhau
nhit), khi dé bi ditng diu hing ctia dudng
chéo ngin hon sé di chuyén duge. Oy if),
ta cling st dung nguyén ly cyc han, chon ra
duding chéo 6 chi sd nhd nhit va 16n nhit cé
bi rbi chitng minh ring toin bd cic 6 ctia 2
duding chéo niy deu c6 bi. Tiép theo, ta phai
c6 ging xtt Iy k§ thuit, “trdnh” trudng hop
toan bd dudng chéo déu c6 bi & cau a). Cau
a) 1a mot goi y quan trong cho viéc “trdnh”
ndy.

O bai 5, mét cich wy nhién ta nghi dén quy
nap. Diém méu chét & day la ta phii lam
manh ménh d& lén thanh B, (x) ¢6 2" nghiém
phanbits thude (—a, a) (ldc 46 méi st dung
gid thi%t guy nap dugc). Véin = 1, do tinh
d8i x775 ta s& chon P(x) = Py (x) = x% —
¢ DE shong trinh Pj(x) = ¢ c6 dtng 2
n§hié?-'z thute véi moi s6 thuc 1 € (—a,4a) ta
SEcan ¢6 ¢ > g v d& hai nghiém ndy thudc
~4.a)tacincd ¢ < a® —a. Via > 2 nén
C}‘“?n dugc ¢ nhuvay. Dén ddy thi moi viéc dé
ding 1di: Py (x) = 0 & A(P(x)) = 0. W2
Phu’dng trinh P (x) = 0 ¢4 2¢ nghiém phin
i€t thudc (—a,a) va trng véi méi nghiém x;
Y Phlfdng trinh P(x) = x; lai ¢ 2 nghiém
Prnbiét dang +./x; ¢ nén dé dangsuyra
ggl:dng trinh P 1 (x) c6 2¥*! nghiém phan

=
TAp

e
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O a6,y tudng diu tién 1 sit dung ddnh
gid T(n) < 24/n dé chin n. Bit déing thidc
nay c6 thé chitng minh d& dang dya vio nhin
xét sd ding: cdc ubc s6 clia n chia thanh cdc
nhém (a,b) véiab = n. Tir 46 4p dung vio
bai todn, ta suy ra dugc dédnh gidn < 2115.
T ddy suy ra2025 < n < 2115 vinhu viyn
khéng chinh phuong, suy ra 7(1) chn, suy
ra n 1&. Diing c6ng thic tinh t(n) = (o +
1)...(0p +1) véin = p{"...p% ta chiing
minh dugc néun 1€ va2025 < n < 2115 thi
(n) < 18 (chtiydo3-5-7-11-13 > 2115
nén r < 4). Tt ddy tiép tuc chin dugc n chie
hon, thir cic trudng hop ta di dén két lusn
khoéng tdn tai 1 sao cho 7(n) + 2023 = n.
V6iy b), y tudng co ban 1 chon k nguyén t3
dulén, khi dé thi t(kn) < t(k)7(n) <44/n
tlr d6 cing chin dugc n < 2211. Tuong oy
nhu & trén, ta ciing ddnh gid dugc 7(n) <
18. Lic niy do chon k nguyén t3 16n nén
(k,n) = 1vat(kn) = t(k)t(n) = 27(n). i
nkhéng chinh phuong, T(n) chinnénn=3
(mod 4), tir d6 thir titng trudng hgp n i
2027 dén 2059 (cich 4) ta tim dugc dting 2
nghiém 122027 v42031.

Obii 7, dhu tién ta chuyén mé hinh da dién
thinh m6 hinh d6 thi phing. Ditu niy cé thé
thuc hién bing cdch chiéu cic dinh ctia db thi
1én mét mit chu ndm trong da dién rdi dung
phép nghich ddo c6 tim P (khong triing cic
dinh) nim trén mit ciu bién mit ciu thanh
mit phing. Sau d6 ta xét db thi d8i ngiu ctia
dd thi phing, c6 dinh 13 cic mién va hai mién
6 canh chung dugc sé duge ndi véinhau béi
mot canh, T didu kién de bai suy ra 4o thi
d8i nglu ciing 14 40 thi phing c6 cic mien 12
c4c chu trinh chin, tir d6 chiing minh dugc
moi chu trinh cia né deu chin, suy ra né
luGng phan, nhu vy c6 thé t6 mau cic dinh
bing hai miu xanh, dd sao cho hai dinh k&
nhau khéng cling mau. Ngugc trd lai véi bai
todn ban diu, ta c6 thé t& miu cdc mit cla
da dién sao cho cdc mit ke nhau khéng cling
miu. Dén ddy thl moi viéc don gian. Gia sit
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\Iri éfl:’r(;;::(;:i: }):?ll(l:h. ).(ét-S 1 12 t8ng cdc s8
S5 1 thng ok ;” ..,e Vé:l mit xanh khéc F va
d:') - m%) N 0 VICE trén ::éc f::;mh ke v6i mit
. anh khong k& véi F sé xudt hién
trong cd hai tdng S vi S, ding 1 [in cdn mbi
canh k& F xuit hién trong S» mét lan nhung
kl}éng xuft hién trong F. Tir d6 t6ng cic
s0 vié_t trén cdc canh ke v6i F bing S> — Si.
Vi méi canh chi k& véi ding mét mit xanh
v:T} moét mit dd nén S ching qua la tdng cic
8 trén cdc mit dd va Sy 1a téng céc s8 trén
cdc mit xanh khéc F. Tt ddy suy ra ditu cin
chitng minh.
D& thi nim nay dugc dinh gid 1a khé, c6
nhitu bit ngd giy ... séc. O ngay thit nhdt,
v6i bon bai todn va biy ¥ cin c6 su sip xép va
chon lya phit hgp hon. Bi s6 1 nén 12 mét
bai nhe nhing, chin phuong thay vi nhing
théch thttc. Bai 1 luén 12 bai tao tim ly tot
(hay xdu) cho hoc sinh trong ci cudc thi.
Trudc diy c6 mét s8 nim cling c6 Bai 1 “sdt
th” (nhu céc nim 1997, 201 0)vakétquila
nim d6 hoc sinh lam bai kém hon thudng le,
du t8ng thé dé khong khé hon. Vi ngly tht
nhit cé dén bdn bii nén cing nén cainnhicve
d6 khé ctia cdc bai ton. So sénh gitta 5 diém
ciia Bai 4 v6i 6 diém cia Bai 5 thi thiy 6 sy
khic biéc.
Ngoai vin de ve
c6 mbt s6 diém ¢

d6 khé, de thi nim nay con
hiéu hop ly. Tht nhit, d6
13 chon cht d&, hai bai toan dai s clia de
chi deu thuéc cha dé da thic (d6 1 chura ké
Bai la ciing st dung ¢l da thirc). Dai s6 2
phan mon cé céc chia dé da dang nhdt (da
thttc, phuong trinh ham, phuong trinh—hé
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4t ding thic, téng vatich..)
cdc thisinh §méi phincing
» thi khong nén chon triing
lip. Thi hai, trong Je thi nim nay, cha dé t3
hop xudt hién trong hai bai. Digu ndy 12 6t
theo ¥ nghfa s€ khuyén khich hoc t8 hap thay
vi lau nay luyén hinh hoc hdi siu. Nhung vi
hai bai nay deu dit &vi trf cubi cling cia m&i
ngdy nén chiclaséritithoc sinh dung téi (v
vé mit tim Iy, gap t8 hgp hoc sinh d4 ngai, lai
13 bai cudi nén bo luén). Ping ra, nén chon
mét bai d& hon (hoic 14y Bai 7 nhung phit
biéu chin phuong hon) dé gt 1én vi trf dau
(Bai 1 hoic Bai 5). Nhu nim 2012 c6 hai bai
t8 hop thi Bai 5 nhe nhang va chdn phuong,
mang tinh khuyén khich rit cao.

phuong trinh, b
visd trudng ciia
khéc nhau nén d

) | [0l B AR

Em Ta Diic Anb, boc sinb ldp 12 truong THPT
chuyén Bai boc S pham Hi Ngi, La thii kboa cla
k¥ thi.

TU e o= 55 g v
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Trong phan diu chuyén muc, chiing ti s
wrinh by véi céc ban 16i gidi cdc bii toin
trong ky thi Olympic todn viing Trung My
vi Caribé nim 2023 ding trong s8 bio
11/2023.

0C55. Tim tit ca cdc cich t6 mau cic s8
nguyén duong sao cho ditu kién sau thoa
min:

o Mbi s6 ¢c6 mau xanh hoic do;

o Téng cia hai s8 (khéng nhét thiét phan
biét) cling mau bat ky c¢6 miu xanh.

Lo gidi. T dieu kién bai todn ta suy ra tdt
cd céc s6 chin cé miu xanh. Hon nita néu
2k+1 1356 1é d4u tién c6 miu xanh thi it
cd cdc 56 1€ tiép theo d2u c6 miu xanh do 12
tong clia 2 56 miu xanh:

2%k+3 = (2k+1)+2,2k+5
== (2k+1)+4,"'

7 “ich 6 mau théa min dau bai ¢6
#iai dang nhu sau:

14teacics6 chin t6 miu xanh, tdt ci cdc s6
1€ 66 miu do,

Oy O
tf:a?sole 1,3,---,2k—1(k > 1) t6 mau dé,
4t ca cdc 6 con lai t6 mau xanh.

Cé tha 4z . . 4 A na

t 8 thé d& dang kiém tra c4c céch t6 nay déu

02 man digu kién diu bai,

0 o6 b
4 C56. Octavio viee moét s8 nguyén duong

;n bing va sau d6 anh bit diu mot qué trinh
ong 46, & méi buéc, anh x6a s6 nguyén k

_
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CAC KY TH| TOAN

dugc viée trén ban

va th: 5
trong cic s sau: Vi it nd bing mot
3k—1, 2%, K
2’

véi ditu kién s6 méi vide 1y s8 nguyén
Chitng rtxinh ring v6i moi 58 nguyén dvon,
1, Octavio cé thé viée lan bang 58 32023 o, \
httu han buée.

Lo gidi. Ta sé ching minh bin

u;
theo 1. Ta ¢ cdc nhin xét sau: R
Nhiénxét 1: Néuk 18, tirk tacé thé nhin dugc
3k. Thit viy :
k—3k—1— —3"2_1 —>2——3k2"1 +1=3k
Nhin xét 2: Tit s8 k ta c6 thé nhan duoc
3k+1. That viy

k—2k+1—32k+1)—1=6k+2
SBF2 i,
2
Theo Nhin xét 1, xudt phét tis6 1 tasé nhin
dugc 58 3%, vic 12 khing dinh diing véi
n = 1. Gia sit khing dinh diing véi moi s8
k < n, ta chitng minh né cing dting véin.
Néu n chin, ta viét dugc § va dp dung gid
thiét quy nap, ta c6 ditu cin chitng minh. V6i
nlg, taviét duge 3n— 1 va3n+1 (theo Nhin
%6t 2). Chd ¥ riing trong hai s6 chin lién tiép
3n—1va3n+ 1 phii c6 ft nhét mot s6 chia
hét cho4, nhu viy ta s& vi€t dugc mdt s6nho
honn 1235 ! hogc 2L, Tirdé dp dung quy
nap ta cé dieu phai ching minh. '
0C57. Trong mdt cdiao b n(n> 3’) hon iia
x€p thanh vong tron. Mot cong fhua mudn
d4nh s6 nhitng hon dé véi céc s6 1,2, I n
theo thtt ty ndo d6 rbi dit mtf?t s6 con céelén
nhttng hon d. Sau khi dit tﬁf ¢ cdc con C(;C
vo vi trf, ching bit dau nhiy t’he? q}l}'ht e
sau: k'hi mot con ce dén hon dé cé d;u: Is{g
k, n6 doi k phtit rdi nhdy sang hon dé lién
theo chitu kim dong ho.
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I’f‘)l $6 lugng céc nhidy nhit [3 bao nhiéu dé
cc’mg chiia cé thé danh 58 cdc hon d4 va dic
cdc con cde sao cho khéong bao gid ¢6 hai con
cfSc 0 trén cling mét hon d4 trong thdi gian
tr mot phat trg lén?

L&'i gidi. Ta néi hai con céc gip nhau
néu chiing & trén cling mét hon d4 trong
thai gian tr mét phat s lén. Ky hiéu
a1,a,...,a, la s8 clia cic hon d4 Bin lugt
theo chitu kim ddng hb. Ching ta coi cdc chi
s6 modulo 1, téc i a,1; = a;.

Trudce tién ta chiing minh nhan xét sau: Gia
stt ¢6 céc con cée trén hon d4 58 a; vi ay, khi
d6 chiing s& khéng bao gid gip nhau néu vi
chin€ua;+ap 1+ +ar_1 > ay, véimoi
1<m<n.

Chiatng minb: Gia stt hai con céc khong bao
giG gip nhau. Néu ton tai m dé a; + a;41 +
coFag_1 < ayth

ajt+apy+. . A a Fapt g +- - A ap-g
<ap+agp+...+apm-1+am.

Nhu vy hai con céc s€ gip nhau tai hon d4
am sau a; +aje1 + -+ + ap—1 phit va din
dén mau thuin.

Chitu nguogc lai gid st aj +ap41 + -+ +
g1 > am véimoi 1 < m < n. Néu hai
con céc gip nhau tai hon d4 a,, thi ta ¢6
aj+ ... a1+ attamr <agtoot
Am—1~+ am va ditu nay din dén miu thuin.
Ta sé chiing minh s6 lugng céc nhitu nhit
6 théla [4]. Thac véy,-né'u cong Shﬁa dit
l'%] +1 con céc. V&i méi con cée & hon d4
a; taxéchon ddaji1. Phaicé it nhidt2gidtrii
i hon d4 aj4 ciing ¢6 céc vinéu trdi lai thi
c6 ft nhit [4] hon d4 tréng va dieu ndy miu
thuin vi din dén s8 c6c bé hon [{I +1.Ta
suy ra phii cé s6 a; < n ma trén ci hai hon
d4 a; v aj41 déu cb cbe. Nhu viy, theo nhin
xét trén thi hai con céc trén d6 sé gip nhau
tai hon d4 c6 s6 n, digu niy méu thuln véi
gid thiét.

Biy gio gid st 6 ]- 121] con cbc. Cong ch.ﬁa
d4nh s6 cdc hon d4 lan lugt theo chiéu kim
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ddng hd nhu sau:

,1,1,,,_1,2,;1—2,...k,n—k,....

Néu coéng chtia dit céc con cde vao hon d4
s& 11 va cac hon s8 k < 5 thi di?iu kién trong
nhin xét thoa man va cdc con coe khéng bao
g gip nhau. Nhu viy s8 lugng céc nhity
nhit c6 thé xép [a [%] a

Trong phin cudi cia chuyén muc ky niy,
chiing toi s€ gidi thiéu véi ban doc céc bij
todn chon loc trong ky thi Olympic todn hoc
tré cia Han Qudc nim 2023. Cic bai toén
nay phithgp véi trinh d6 hocsinh16p 8 — 10,
OC64. Tim tit ci cic cip s6 nguyén (x,y)
thoa min

V2 =x0 4202+ 2x+ 1.

duong. Cé n vién d4 tring va n vién di den
(t8ng cong 2n vién) xép thanh mét hang
trong d6 n vién du tién cé mau tring vi n
vién tiép theo ¢6 mau den.

0C65. Cho n(n > 5) la mét s8 nguyén

\OO...Q\......J
n n

Ta c6 thé thyc hién thao téc sau: chon métsé
nguyén duong bit ky k(k < 2n — 5) va déi
chd vién d4 & vi tri thit k véi vien d4 & vi ui
thit (k+5).

Tim tit ci cic s6 nguyén duong n sao cho
ching ta c6 thé lam cho n vién d4 diu tién ¢
mau den va n vién d4 tiép theo c6 miu tring
sau mot s8 hitu han lin thao téc.

OC66. C6 2023 tay vgt tham gia mét gidi
d4u quin vgt theo thé thec vong tron, hai tay
vor bit ky ddu v6i nhau diing mét trin. Biét
ring kl}éng €6 trin hoa vi khéng ¢ tay vot
no thing tit ci c4c tay vgt khic. Ta goi tay
vot A 12 “c6 kg ning” néu véi méi tay vot B
thé,ng A, c6 mét tay vgr C thing B vi thua A.
Bfét f’ﬁng ¢6 ding N(N > 0) tay vot “cé kf
ndng”. Tim gid tri nhé nhit ciia N,

3~ 56 3 THANG 3/20%




TINH SO PI: XUA VA NAY
Phan II: Tinh s6 Pi - ¢l thé ky XVII dén nay

TA DUY PHUQNG?, NGUYEN HOANG V(2

Loi din
S 7 chic chin 1a hing s8 ndi ti€ng vi hip
din nhit trong Todn hoc.

Cii tén “Pi Day-Ngay 7” lin diu tién dugc
de nghi bsi nha Vit ly Larry Shaw, vio
ngly 14 thing Ba nim 1988 & Bio ting
Exploratorium, trung tim San Francisco, vi
3,14 1 gid tri gin ding cla s8 7, né ciing
triing v8i ngly sinh ctia Albert Einstein (14 —
3—1879). Kétir d6, rit nhitu ngudi yéu todn
trén thé gidi ctr dén 14 thdng 3 lai tip trung
ky niém hing s6 niy vi qua d6 thé hién tinh
yéu véi todn hoc.

Phin 1 (Tap chi Pi, tip 7, thing 3 —2023)
di gidi thiéu Lich s& tinh s Pi cho téi thé
ky XV1I véi phuong phép tinh cht yéu nhs
thujt toZe: nhn déi 3 canh ciia da gidc déu
n0i ngozi tiép hinh tron ciia Archimedes.
Phaf} 2tiép tuc gidi thiéu cach tinh gin ding
;i:l HEG"C?:C cdng thitc khai trién s8 7 dudi

18 chuoi va trén mdy tinh, chi yéu tir thé
Ky XV1I cho s nay. ’ ¢

Tinh gin dting s6 Pi dwéi dang chubi

M;ditava (1340 — 1425), nha ton hoc An
> 4 hgudi dau tién sit dung cong thic

1
2. Todn ho,

Ha N,

LT Yy S
~8=56 3 THANG 3/2004 ! J l

‘chuéi v han duéi diy dé tinh s6 7:

n:\/ﬁi_i—l)i (a
Ek—nr O

Cong thitc (1) cing dugc Leibniz, nhi toin
hoc Pic tim ra vio nim 1676. Cong thic
(1) sau nay dugc goi la chudi Madhbava -
Leibniz.

N
>

@&y
SR
SBABNY
AN AR S 4P i

Tt Yol 8
SR ot )
At W oy | 4

land
7>,
P

Hinh 1: Kazayuki.

Trong hai cudn sich ciia ba nha toin hoc
Nhit Bin, Sawaguchi Kazayuki (1670, Hin}’x
1), Machinag va Ohashi (1687, Hinh 2) da
dura ra cong thiic (2) tinh s6 7

7 = lim 'iz ﬁ: \/’—1_2—_? @

noe N i)
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Hinb 2: Machinag va Obashi (1687).

Gidi thich céng thize (2): Chia § hinh tron bin
kinh OA = OB = 1 thanh n dai rong bing
nhau. Vi (Hinh 3) méi dii chit nhit c6 chitu
rong bing % va chitu dii bing (theo Dinh
Iy Pythagoras) {/ 1 — (,1_1)2 nén dién tich cta
dai ch@@ nhit thit j bing

1 iV _ 1 :
si=1-(2) = v

n

B rr
0123 A
Hink 3.
Téng dién tich cdc hinh ch@ nhét bing
n n )
Sa=3. 5= n2— j2.
i=1 j=1
Khin — oo thiSs tién t6i dién tich (= Z)cha
1 hinh tron ban kinh 1. Suy racong thitc (2).
48

V& mit Iy thuyét, theo codng thic (2), ngusi
Nhit c6 thé tinh gin dtng s8 m véi do
chfr;h x4c bit ky khi chon s8 n du 16n. Tuy
nhién, chudi nay hoi tu rit chim vi phii
khai cin, giéng nhu trong phuong phép ciia
Archimedes hoic cong thic ctia Frangois
Vidte (xem [1])-

Chua c6 co s& dé khing dinh ngudi Nhat di
thuc su sit dung céng thitc (2) dé tinh gin
dting 8 7. Tuy nhién, John Wallis d tiép
cin tuong tu: Vi § dudng tron tim O bén
kinh bing 1 trong g6c phin t thit nhit
phuong tinh y = V 1 —x2 vi c6 dién tich
bing Z nén theo ngbn ngt tich phan hién
dai:

1

Z_—_‘/ l—xzdx.
4
0

John Wallis trong cudn Arithmetica
infinitorum (1655) di rdt vit vd dé dm ra
céng thitc ma bay gis dugc goi 13 tich Wallis
hay #ich vé han:

7 22446688 il

2 13355
Ngiy nay, nhd k thujt tinh tich phin tiing
phin, hoc sinh 16p 12 ciing c6 thé chiing
minh dugc

%
/Sinzmxdx: 1.3.5-...-2m-1)7
A 2.4-6-..2m 2

va

2m+1 2:4.6-...-2m
1-3.5-...2m+1)

sin xdx =

o\ma

Liy gi6i han hai vé& khi m — oo, v vi giéi han
ctia vé trdi clia chiing biing nhau, nén gi6i han
ctia vé€ phii bing nhau v ta suy ra cng thi¢
Wallis (3).

Céng thirc Wallis 1 mét cot méc quan trong
trong lich sit tinh s3 7: Wallis la ngudi dav
tién trong lich sit tim ra chu&i vé han chigdm

JU 7ap5-s6 s T 3/

’



giy khé khin khi tinh todn bing sé nhu trong
cdc cong thic cia Archimedes hojc Vitte.

Isaac Newton va nhi todn hoc ngudi
c Gottfried Wilhelm Leibniz d4 xiy dung

fames Gregory vio nim 1672 va Leibniz vio
nam 1674, doc lip nhau, ddduara cong thitc
ngay nay dugc goi la cdng thitc Gregory ~
Leibnitz) tinh arctan ca 1,0 <t < 1:

1 A S U
arctan? = ¢ 3 + 5 7+§—... (4)

. thich: Ta cb

1
1
arctant = dx.
0/ 1422 J\

=1—u+u?—i?+.. nén

t
dx=/(1—x‘2+x4—x6+ )dx
0
N
=ft—— 4 ———=
3+5 7+

1 1 1 1
arctanl =1— =+ 4=

3ts 7te ™

gt
ny nhién, chudi niy héi tu rit chim, thidy,
 phii tinh hon 300 s6 hang dé nhin dugc
% chinh x4c dén hai chi s6 thip phin, vasd
n diing niy khong chinh xic bing 31, gid
m3 Archimedes d3 nhin dugc hon 2000
r’f trudc.
viy, cin xem xét cong thiic (4) ti mi hon.

Sy

LICH S TOANIHOEC

Leibnitz (4) v6i t = 75 dé tinh s8 7 chinh
z . 3
xdc dén 71 chix s8:

T 1
— =arctan —

6 3
tha phepabatis 17 4o
‘ﬁ(‘ Tﬁs?f"') )

Ky luc nay phé v& ky luc tinh gin ding sé 7
dén 39 chir s8 dugc thiét 13p nhe thuit toin
Archimedes vi cho thdy sttc manh ctia Giai
tich.

Nim 1719, nhi toin hoc ngudi Phip de
Lagny di tinh gin ding s8 7 dén 127 chi
56 thip phan (c6 100 chi 8 chinh x4c) nhy
chudi Sharp (5).

Nim 1706, John Machin (1680 — 1752) sir
dung meo sau diy d€ ting tdc d6 héi tu ctia
chubi Gregory — Leibnitz (4): Véi tan f = %
tacéd

2tanf 5
tan2f = ———— = —
2P =T T 12
va
2tan2f 120
t 4 = — =
andp = T ap = 119
Suyra
tandf —tanZ 120 _
tan(4ﬁ—£): iy an4n = 119 12;
4 I+tan4ftang 1+ 12
1
239
Viy
1 T 1 n
— =4 —— = ———
arctan 239 B 2 4 arctan 3

Ap dung cong thic (4) ta dugc

71:__4 ctn1 rtn-i—
% edlly = diingg

Y (e iy
T\5 3.5% 5.5 7

1 1 1
_('23_9_3-2393+5~2395—"“>‘ )
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0)¢;

Vi23 } &

g 92 dalén, nén arctan 535 1458 dti nho.
donn a,‘do céc 8 hang lién tiép trong phin

tich chu‘61 arctan { chi chénh nhau mét dai

h{c.mg 52 = 0,04 nén c6 thé d& dang tinh

bing tay arctan % T nhin xét ndy, John

Machin d4 tinh bing tay xdp xi s3 7 dén 100

ch@ sé.

Duéi day 1a mot s8 cong thic duge Euler

(1707 — 1783) phét hi¢n v trinh biy

trong cudn sich Introductio in Analysin

infinitorum (1748).

Tu cong thic d3 duge Newton chiing minh

s i

smx=x—§+§—ﬁ+...,

Euler dit x? = y vi xét phuong trinh
sinx=0 (7

nhu phuong trinh bic v6 han, ta ¢6 (v6iy #
0):
2 .3
y |y B _

1= Z+5 - +=0 @
Nghi¢ém cda phuong tinh  (7) Ia
0,+m,+27,... Do d6 nghiém cha (8) Ia
v Ml S
Theo tinh chdt clia phuong trinh bic v6
han, téng nghich ddo cia céc nghiém ctia (8)
ngugc diu hé s6 ctia y, ticla

AL NN IERRND.
@t ey Y
hay
2
1 1 _r
Luu ¥ ring Jacques Bernoulli (v2 ci Leibniz)

tuy ching minh dugcsyhditucia chubi(9),
nhung di khéng tinh dugc téng ndy.
Euler tinh dugc

Tuong ty cho cosx,
" .
i3 1 1 1
B R e . 10
S +tats + (10)
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Nhin (10) v6i 2 va trir cho (9), ta duoc

2] 1+1 _I_+]
-]———:—]—5—52‘ 32 42 52 +

€21 3-15-172-1"
dé tinh logarithm ctia 7.
Euler ciing dd ching minh cong thic

1 1 q
arctan— = arctan —— —+arctan ————,
p p+a PHpg+1

Cho p = g =1rtadugc
z tan 1 t 1 + arctan
— =arctan1 = arctan > =
4 2 3
Tinh arctan % vi arctan % trong cong thitc

1 3
= 20arctan = + 8 arctan —
T arc an7 -+ 8arctan 79

theo cong thic hdi tu nhanh

y( 2 24, 246, )
arctanx== | 14+-y+— J——
. Iyttt

véiy = %5, Euler d4 tinh gin dting 8 7w dén
20 chit 56 trong vong 1 gio.

Trén day chi la mét s§ trong rit nhiéu cong
thic ctia Euler tinh gin ding s6 m theo
chudi.

Tai liéu tham khao

[1] Ta Duy Phuong, Doan Thi Lé, Cung Thi
Kim Thanh, Mai Vin Thu, Nguyén Hoing
VFL Tinh 8 Pi: Xua v Nay, Phin 1: Tinh s6
Pi: Xua, Tap chi Pi, Tip 7, s6 3, 2023.

[2] Pfatr Beckmann, 4 History of @ (Pi), St-
11\/;:172111’5 Press, New York, in lin thd ba

[3] Lennart Berggren, Jonathan Borweins
Pet.e'r Borwein, Pi: 4 Source Book (Second
Edition), Springer, 2000.

[4] M6t s6 tu ligu trén Internet.
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LADYZHENSKAYA

M. L VISHIK!
(Ngudi dich: Pham Tridu Duong)

Lin diu tén t6i gip Olga Alexandrovna

- Ladyzhenskaya vao nim 1945, va cht’mg t6i
nhanh chéng trd nén ban be than thiét. Lac
d6 c6 dy 1a sinh vién nim thit ba tai Trudng
Dai hoc Téng hop Qudc gia Matxcova.
Chiing t6i thudng gip nhau tai cic budi
seminar, va ching t6i di thio luin cic vin da
todn hoc khi di bs doc theo nhing hanh lang
rong ctia Khoa Todn - Co trong trudng Téng
hop.

Ngudi huéng din khoa hoc cfa c6 tai
Trudng Dai hoc Téng hgp Quéc gia Moscow
Ia Ivan Georgievich Petrovsky. Nim 1946,
Israel Moiseevich Gelfand di t8 chic mot

budi seminar cho ba nhi toin hoc tré:
O. A. Ladyzhenskaya, O. A. Oleinik va toi.
Két qui 13 m&i ngui tham gia bui seminar
dd nhén dugec mét bii toin thy vidélam viéc
mot cich nghiém tic. O. A. Ladyzhenskaya
nhin dugc bii toin mé ti mitn xic dinh
cia todn tif elliptic cdp hai véi céc ditu kién
bién Dirichlet vi vé6i v& phii thudc L)(Q).
Cé di chitng minh duogc ring néu bai todn
gid tri bién niy c6 nghiém duy nhit thi todn
tif elliptic 1a mét ding ciu gitta khong gian
Sobolev H2(Q) NH{J (Q) va L, (Q). Cé cting
d4 tim thdy mét ddnh gid cho chuin cfia todn
tit nghich ddo twong ting.

Vao cudinhitng nim 1940, Olga chuyén dén
Leningrad, va bit diu lam nghién ctru sinh
dudi sy hwéng din ctia Vladimir Ivanovich
Smirnov, ngudi rit ngudng mé tii ning clia
¢. Olga luén tham gia mét cich tich cuc cic
budi seminar ctia thiy gido huéng din. V&
sau Olga tr& thinh ngudi din dit cic budi
seminar nay. Thinh thoing Olga ciing d4 t8
chiic cic hdi nghi v& cic phuong trinh vi
phin v tng dung cta ching. Nhitng hsi
nghi nhu viy titng rit phé bién vio thai dé.
Nhitu nha toin hoc ti¥ cic trudng dai hoc
khéc 5Lién X6 cting thudng tham gia nhiing
héi nghi ndy.

(e Leningrad, Olga két hén véi Andrey
Alekseevich Kiselev, mot ngudi trong rdt
gidng Pierre Bezukhov, nhin vit trong tiéu
thuyét Chién tranh va hoa binh cta Leo
Tolstoy. Vg chong t6i thudng dén thim ho
khi ching t6i & Leningrad. Ching t6i da

1Baida ding tai Notices of AMS, 2004: Olga Alexandrovna Ladyzhenskaya (1922 —2004), Volume 51, Number

11 (ams.org).

TAP 8- 56 3 THANG 320 [ [
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c{u’l’{lg kién Andreyluén thé hién su diu dang
v ytu thuong déi véi ngudi v;;; yé.u ddu cta
m:?h. Cothycswcoy nghia nhu ci thé gisi
do} v6i anh dy. Tuy nhién, say nay ho di ly
thin. Andrey muén c6 con, nhung Olga thi
khéng. Cé ly giii cho quyét dinh ctia minh
bing mong muén c6ng hién cudc doi minh
chi cho todn hoc, vi do d6 con cdi c6 thé tr&
thinh tr& ngai d6i véi nitm say mé nay. Vi
viy, Olga d4 s6ng ddc than trong sudt quang
ddi con lai chia minh.

Trong nhi¢u nim bit diu tir cudi nhitng nim
1940, Olga d4 nhieu Iin dén thim gia dinh
ching t6i, va dbi khi thim chi con & lai véi
chiing t5i. C6 4y thudng quan tim téi nhiing
y twéng toin hoc méi ma t6i di thuc hién
trong sudt mua he, vi cb 4y, dén lugt minh,
k& vdi téi vé nhitng thinh tyu méi cia riéng
minh. Chiing t6i cting thudng thio lujn véi
¢6 v& nhitng vin d& ton hoc hip din va thai
su; nhiing sy két ndi gitra giai tich him vi
ly thuyét phuong trinh vi phin, va v& nhidu

dizu khic nifa. Ladyzhenskaya va t6i dd cong
bé mot bai viér vé nhiing vin d& niy tén
Uspekhi Matematicheskih Nauk.

Nam 1953, tai Dai hoc Téng hop Qudc gia
Moscow, Olga di bio vé thanh céng luin dn
Tién sy khoa hoc cta minh danh cho vin d3
v& tinh chinh quy cBa cic nghiém cia mée
bai todn bién hdn hgp doi véi mée phuong
trinh hyperbolic tdng quit cip 2.Coditm
thdy dieu kién kh4 t3i wu dam bio cho cic
nghiém clia cdc phuong trinh nay 12 nghiém
theo nghia c6 dién. Olga di Iy gidi duge
phuoang phdp Fourier trong viéc gii bai todn
bién dang hyperbolic. Hon nifa, cd danghién
cttu ca viée ttng dung phuang phdp bién déi
Laplace d3i nhiing phuong trinh nay.

Vao nhitng nim nim muoi vi siu muo,
Olga thudng bio cio tai cdc seminar cia
Ivan Georgievich Petrovsky tai Trudng Dai
hoc Téng hop Quéc gia Matxcova. Toi con
nhé lai rét nhidu ngudi nghe d4 ¢6 4n tugng
manh mé nhu thé nio béi phép chitng minh
dinh Iy duy nhdt d&i vi nghiém ctia bai todn
gid tri bién ban diu cho hé phuong tinh
Navier—Stokes hai chigu. Do dinh ly tdn tai
déi véi nhitng phuong trinh nay di dugc
chitng minh truéc d6, tinh dit ding ciia bai
todn bién chinh d&i v6i hé Navier—Stokes hai
chitu di dugc thiét lap nhd két qui ding
cht y ctia Olga. Dinh Iy duy nhit déi véi
hé Navier-Stokes ba chitu cho dén nay vin
chua dugc chiing minh, Olga di danh cuén
sich ca minh* v& dong luc hoc chdt 1ong
cho ba ngudi m ¢6 kinh trong nhi, cha ¢,
Vladimir 'Ivanovich Smirnov, va Jean Leray.
’I;‘:'O"g cudn sich ndy ¢4 d nghién ciu rit chi
ti€tnhitu vin d2 lign quan dén cic hé Navier-
Stokes ditng vi khéng diing.

Céng Eeic. Y‘"i Nina Nikolaevna Uraltseva,
Olga di vi€t mét cudn sdch? vé cic phuang

20, A, Ladyzhenskaya,
English transl., Gordon an

30, A, Ladyzhenskaya,
(2nd. ed.), 1973; Englisht
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trinh elliptic tuyén tinh vA tya tuyén tinh.
Nhitu két qui co bin di nhan dugc trong
uén sich ndy, mot cong trinh cho dén

dch* v& phuong trinh parabolic tuyén tinh
a twa tuyén tinh. Olga Alexandrovna cting
tdc gid clia cudn sich’ v& tip hat cha

day & cic trudng dai hoc khic nhau tai Y,
dugc biét véi tén goi Lezioni Lincei. Olga
Alexandrovna 12 mét ngudi rit ¢ hoc thic
ya nguoi c6 vin héa cao. N# thi s§ Nga néi
tiéng, Anna Akhmatova, ngudi biét rdt r6

Zga Ladyzhenskaya vdi ngui chong ciia ba,
. Andrey Kisclev.

HISW TOANHOC

Olga tirng I3 uy vién ctia Hoi ddng Nhin din
thanh phd. C6 di gitip d rdt nhiu cdc nha
todn hoc & Leningrad dé nhin dugce cin hd
riéng (mién phi) cho gia dinh cia ho. Khi
con & Vién Todn hoc Steklov & Leningrad,
ldc cdi 40 khodc ngoai tai phong dé mi 4o,
t6i c6 néi da véi ngudi phuc vy phong dé
mf 4o riing t8i s& chu4n bi dua lusn Olga vé
hin Matxcova véi 61, vi t6i di nhan duge
mot ciu trd 101 nghiém trang: “Ching t6i s
khong bao gid tir bd Olga Alexandrovna ciia
ching t6i!”

Olga la mot phu nit ¢6 niem tin tdn gido rit
sdu sic. Ba dd cOng hién ci cudc doi minh
cho todn hoc, hy sinh cd hanh phic ctia chinh
minh. Va biy gio, ching ta ¢6 thé néi mér
cdch chic chin ring Ladyzhenskaya di tr&
thanh mét “hinh twong c8 dién” ctia khoa
hoc Todn hoc.

Providence, RI, 1968.

Press,, Cambridge, 1991
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CONG THUC LEAVITT VA PHEP DO

KHOANG CACH TOI NHUNG VI SAO

NGUYEN HOANG VU

Hinb 1. Ngay cé mgt diém ntong dwong vdi mét
chim nhé trén bl troi trong mdt thuong kbi

bing cdc kinb thién vin bign dai ciing cho
ién ha va ngdi sao. Cdc vit

chup
thiy rit nhitu cdc th 0.
thé nay cd vi trl thé nao trong bin do cia vii tru
1 1 mot bi todn quan trong ciia nganh

véin lu
 thién vdn boc.

M&i khi nhin én bau trdi v6i vO s6 cic vi
sao, ban c6 tung dit ra ciu hoi nhitng ngbi
sao ndy cich chung ta bao xa? Pi tir lau,
cling véi viéc quan sit nhiing \:i sao tx:én biu
trdi, ngudi ta cling tim nhiéu caclu kha? nha}u
dé do khoang céch tlf chiing dén "Ijrai D\it,
Trong bai viét ndy, ching ta hiy cing dm

hiéu vé phuong phép do khoing cich duge
nha thién vin hoc Henrietta Leavitt tim ra
vio dau thé ky 20 sit dung biéu db log, cling
nhing inh hudng siu sic clia cong thitc niy
dén sut phit trién ca thién vin hoc hién dai.
1. Leavitt va méi quan hé chu ky — d6
sing

Henrietta Swan Leavitt sinh nim 1868 trong
métgia dinh trung luu & bang Massachusett,
Mg. Ba dugc gia dinh cho theo hoc dai hoc
cho dén khi t8t nghiép nim 24 tudi. Sau dé,
Leavitt lam viéc tinh nguyén & dai thién vin
Havard d€ cé co hoi hoc 1én cao hon.

Gidm déc dai thién vin Havard lic d6 12
Edward Pickering, ngudi di digu hanh dai
thién vin t nim 1876 khi méi 30 tudi.
Nhitng nhan vién duéi quyén Pickering
thudng 1a cic phu ni dim nhiém cdc cobng
viéc lip di lip lai nhu xir Iy det liéu wf cée
kinh thién vin ciing nhu tién hianh tinh todn.
Nhiing ngudi phu nt lam loai céng viéc niy
ltic d6 dwgc goi la cdc “computer” (trude khi
tlf ndy dugc dung dé chi mdy tinh dién oit)-
Tién lwong ctia ho ciing chi ngang véi luong
cd ban: 25 xu/gi&. Do luong thdp cung su
doi héi tinh nhin nai va & mi trong lao 4608
nam gi6i thudng khéng lam cic cong Vi€
nay. Tit nhién 13 Pickering cling khoéng he

! Ha N¢i.
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de gi khi nhin thém mét “computer”
 phi nhu Leavitt.

nh 2. Nhiing “computer” ¢ Harvard duwdi thyi
Pickering. Leavitt ngbi ¢ vi tri thit 3 tir bén trds.

Dusi sy phin cong ctia Pickering, Leavitt
ti€n hanh xir Iy nhitng tim phim ghi hinh
cdc ngdi sao duge chup qua kinh vién vong.
_“rong cung mét thoi gian phoi séng, nhing
ngoi sao sing hon sé dé lai cic d8m to hon
" trén mot tim phim, tic 13 1im cho nhidu hat
~ trén phim b t6i di hon. Théng qua métkinh
- Iip, Leavitt so sinh m&i ngdi sao quan sit
dugc v6i do sing clia cdc ngdi sao di biét va
- ghilai cdc két qui vio mot cudn s8.

Mot cong viéc Leavitt thudng xuyén phdilam
I3 tim kiém c4c ng6i sao bién quang, ching
- c6 do sing Ién xudng theo chu ky, c6 thé kéo
'dai vai ngly, vii nim hodc thim chi vi thing.
‘DE x4c dinh cdc ngdi sao niy, ngudi ta cin

ai nhitng ngdi sao ma d6 sdng & hai thoi diém
13 khic nhau. Sau khi cc ngdi sao niy dugc
4t hién, nhigu tim phim hon chup cting vi
biu trdi & céc thoi diém khéc s& dugc ldy

_eavitt cin min thyc hién cong viéc véi cic

520 bién quang cho dén nim 1896. Sau khi
i sang chiu Au hai nim, b trd lai Boston,
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va mang theo bin thio nghién cttu ctia minh
v& Beloit, bang Wisconsin. Trong khi cha clia
Leavitt lam muc su & d4y thi ba trd thanh
trg giang nghé thuit tai Beloit College. Nim
1902, Leavitt lién lac lai véi Pickering v
mudn tiép tuc cdng viéc lien quan dén thién
vin hoc.

Hinb 3. Cdc ddm mdy Magellan quan st tir
Trdi Dat. Ngiry nay ngudi ta da biét ching la bai
thién ba vé tinb cia dai Ngdn bé cita chiing ta.

Vio mua xuin nim 1904, Leavitt bit dau
phdt hién cdc ngéi sao bién quang nim trong
ddm may Magellan nho. Tiép theo d6, nhitu
ngdi sao bién quang khéc ciing dugc ba phit
hién. Dén nim 1908, riéng mét minh Leavite
d4 phét hién duoc tdng cong 1777 sao bién
quang & hai ddm miy Magellan. Khéng chi
c6 the, ba con dwa ra mot nhan dinh rit quan
trong tif di¥ liéu ctia 16 ngdi sao trong s8 dé:
cdc ngdi sao sing hon s& ¢ chu ky dai hon.

Henrietta Swan Leavitt (1868 —1921).
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Khoéng phéi ngdi s

Dé:im 1a quy luit chi tiét hon, ¢ miu 16
n§01 sao la khong da nhung céng viéc lai bi
gidn doan do Leavitt gip nhitu vin de vé stic
khoe cling nhu viéc cha ciia ba qua doi nim
1910. Mii moét thai gian sau, Leavitt méi c¢6
thé tp trung trg lai cho viéc phan tich s lidu
V& cdc sao bién quang.

Nim 1912, céc két qui ctia Leavite dugc
cong b3 kém trong bai bio ciia Pickering.
Biéu do di liéu ctia 25 ngéi sao cho thiy do
sing trung binh quan sit dugc clia ching
ty 1€ thuin véi log clia chu ky. Céc ngdi sao
cang sing s& c6 chu ky cang dai. Dong thai,
cdc ngbi sao nay & cuing trong mét ddm miy
Magellan nén khoing cich tif ching dén Tréi
Dit sé xdp xi nhu nhau. Ditu d6 még ra kha
ning ta c6 thé xdc dinh dugc do sing thuc
cia mét ngdi sao chi véi chu ky caa né roi
so sinh v6i d6 sing quan sit dugc tai Trdi
Pit dé uéc lugng khoing cich (46 sing quan
sit dugc ctia mot ngdi sao tai cdc diém khdc
nhau trong vii tru s€ ty 1¢ nghich véi binh

phuong khoing cich).
oouzmosoawlzuwwznu'
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Hinb 4. Biéu db ciia Leavitt cho thiy d¢ sang
quan sdt duge cria cdc sao bién quang trong dﬂ;:n
mdy Magellan (truc thing diing) ty I vdi log ciia

chu ky clia ching.
20 nio cling c6 do sing

thay déi theo chu kj. Nhitng ngdi sa0 tuin
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Leavitt néu ra con dugc
heid. Chung dugc phit
hién lin diu nim 1784 trong chom sao
. &i nha thién vin hoc nghiép du
John Goodricke. Vin d& con lai dé cong thic

theo quy ludt md
goi la cdc sao Cep!

Cepheus b

ciia Leavitt c6 thé sit dung dugc chinh la vige
tinh cic hé s6 ctia né tir cdc ngdisao mitach
thé x4c dinh dugc khoing cich theo nim énh
sing.

Trong hinh hoc, khi biét d6 16n ctiamét canh
trong tam gidc va d6 16n ctia hai géc ke canh
niy, ta c6 thé tinh dugc d6 dai ctia hai canh
con lai. Pay chinh 1a co s& cia phuong phép
thi sai trong thién vin hoc. Theo d6, ngudita
quan sitcling mot vit thé trén bau trdi tai hai
dia diém khic nhau vio cling mot thoi diém
va do géc quan sdt so vé6i mit dit tai hai dia
diém niy. Néu biét khoing céch gitta hai dia
diém, ta 6 thé tinh duoc khodng cich tif méi
diém dén vit thé.

Vao thé ky thi hai truéc Cong nguyén, nha
toin hoc Hipparchus di diing phuong phdp
thi sai dé tinh khoing cich gitta Trdi Dit
vd Mic Tring. Vio cting mét thoi diém,
nhit thuc toan phin xdy ra & thinh phé
Hellespont, trong khi & Alexandria, Mit
Tring chi che di 4/5 dudng kinh Mit Troi.
Tt vi d6 ctia hai thanh phé, Hipparchus tinh
ra ring khodng cich tir Trdi Dit dén Mit
Tring gdp khoiang 30 lin dudng kinh Trdi
Di, rit gin v6i két qui do dugce bing tin hidu
radar ngay nay. Vao thé kj 18, ngusi ta ciing
do khoang cdch dén sao Kim mét cch tuong
w khiné di ngang qua trueée Mt Troi.

At the tIme of the total eclipso of the S
un an obsorver in Alexandria sa¥
1/5 of the Sun (8 = /8 = 0.1°), For mnh ; °-xn 0‘; ; : le?/Du

Hinb 5 Pb;f(mg Phap thi sai ma Hipparchus 44
ditng dé do khodng cdch t6; Mgt Trin g

V. W
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| Véi nhiing vat thé & khoang cich xa hon,
phuong phdp thi sai dang nhu trén khong
kha thi do bi giéi han bai d chinh x4c ctia
phép do géc. Dé giai quyét viéc nay, ngudi ta
n hanh do géc tif cling mét vi trf trén Tri
4t t6i cling mot vt thé trén biu trdi & hai
thoi diém cich nhau 6 thing, khi ma Tri D4t
o cic diém diu bén truc I6n ctia quy dao
ellipse quay quanh Mit Trdi. Khoing céch
nay d 16n dé d6 chénh léch géce gitta hai vi
tri c6 thé do duge. Dén théky 19, ngudi ta di
do dugc khoing cich tir Trdi Dit dén nhitu
ngoi sao khdc nhau bing céch nay.

Hinh 6. Phuong phdip thi sai sit dung bai diém
trén quj dao cia Trii Dit quanh Mat Troi lam
diém quan sdt.
uy nhién, phin 16n cic ngdi sao trén biu
0i & qué xa dé c6 thé do khoang cich bing
‘phuong phdp trén, bao gbm cic sao Cepheid
m3 ching ta di n6i. Phii dén nim 1913,
3 thién vin hoc Ejnar Hertzsprung méi
do dugc khoing cich dén mot sd ngoi sao
Cepheid trong dai Ngin Hi ca ching ta.
Ong sit dung mét hién twong di duge nha
ién vin hoc William Herschel phit hién tir
€ky 18: Mit Trdi ciing chuyén déng trong
vii tru. Herschel nhén thiy dieu ndy nhg
quan sit hai chom sao Hercules va Columba.
Khi quan sit it Tréi Dit, cdc ngdi sao cla
Hercules c6 xu huéng tin ra theo thdi gian
con cic ngdi sao ctia Columa lai cum din
Tai. Van t6c chuyén dong ctia Mit Trai duge
wéc tinh vao khoing 20 km/s. Khi tién hanh

v
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phuong phdp do thi sai & hai thoi diém cich
nhau nhigu nim, hé¢ Mic Trai di di chuyén
dt nhitu dé ta c6 thé xéc dinh métsd khoing
cdch dén céc vae thé va tru xa hon. C4c tinh
todn clia Hertzsprung da cung cip cic hé s§
cho quan hé ma Leavitt d5 chi ra va dén .lx’lc
ndy, ngudi ta dd cé mét cdng thic dé tinh
khoing cich dén cic ngsi sao Cepheid chi
dua vio chu ky ctia chiing,

2. Harlow Shapley vi kich thuéc ciia dai
Ngin ha

Vao théky 18, trong nganh thién vin hoc xay
ra cudc tranh cii vé& ban chit ca cic tinh vin
(nebula trong thuit ngt nganh thién vin).
Nha thién vin hoc William Herschel vi nha
triét hoc Immanuel Kant cho ring cic tinh
van mi ta quan sit dugc thuc chdtli cic thién
ha & xa vi gom nhigu hé Mit Trdi, tuong
tu nhu dii Ngin ha cta ching ta. Diy con
dugc goi la thuyét “cdc vii tru dang hon dio”.
Trong khi d6, nha todn hoc Laplace lai cho
ring cdc tinh van thyc chit 3 cic dim may
kh{ cé dang xo%n &c xung quanh mét ngéi
sao nim trong dai Ngin h3, ch¢ khong phii
hé cic ngbi sao. Cudc tranh cii vin con tiép
dién dén dau thé ky 20.

Véi céc do dac dya trén hiéu ung Doppler,
nim 1914, ngusi ta da phit hién dugc ring
céc tinh vin chuyén déng véi vin tdc rit
nhanh (c6 thé lén dén 1000 km/s). Cuing véi
mot s8 6 liéu khdc v& céc nova (vu né tin
tinh) quan sit dugc, nhitu ngudi da cho ring
cc tinh vén 12 c4c thién ha riéng biér. Trong
s8 d6, mét nha thién vin hoc tré 1a Harlow
Shapley bit dau cha y dén phit hién méi
ctia Leavitt v& quy lujt ciia cdc sao Cepheid.
Shapley bt diu niy ra y twdng ding phuong
phdp tinh khodng cich sit dung cic Cepheid
dé xic dinh kich thudc va hinh dang ca dai
Ngin ha ma h¢ Mit Trdi clia ching ta dang
ton tai trong dé.

Nim 1914, Shapley bit diu tién hanh nghién
cttu cdc cum sao hinh ciu (globular cluster)
nim rai ric trong ddi Ngn ha ciing cc ngoi
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520 bj&n quang trong chiing. Két qua Shapley
thu dugc cho kich thuge gitta hai diu dai
ng::i\l\l hi 12300000 nim 4nh séng, 16n hon rdt
nhitu so véi con s8 25000 dugc chdp nhan
ltic dé (con s6 hi¢n nay A 100000 nim 4nh
sdng v6i cdc m& hinh va s8 liéu chinh xdc hon
nhiéu thdi cta Shapley). Dbng thdi, Shapley
cting phdt hién Mit Trdi khong nim & trung
tim cta dii Ngin hi nhu moi ngudi lac d6
vin tudng tuong.

Harlow Shapley (1885 —1972).
Gi st ring ban than di Ngin ha dalén nhu
viy thi néu nhu céc tinh van la nhiing thién
ha & bén ngoai thi khodng cach it chiing dén
ta con vi dai hon nhiéu, dén hang triéu nim
4nh sing hojic hon nffa. V6i nhttng hiéu bié
vé v(i try ltc d6, nhitng khoing céch 16n nhu
viy c6 vé |2 khéng chdp nh4n dugc, ngay ci
v6i Shapley. Dong thdi, Shapley cting dya
trén nhén xét tif quan sit ctia nha thién vin
hoc van Maanen riing cdc tinh vin cé chuyén
déng quay quan st duoc. Cicly do trén lam
cho Shapley chuyén sang nght réing cdc tinh
vin chi 3 c4c dém mdy khi nhu Laplace da
néi chit khéng phi 12 cdc thién ha riéng biét.
Nim 1920, Shapley tham gia cudc tranh
luin trutéc cong ching véi Herber Curtis,
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mot nha thién vin hoc néi tiéng duang thyi,
Curtis dai dién cho cdc quan diém truyen
théng lac d6. Diy con dudge goi la “cude
tranh lugn vi dai” (the Great Debate) diu tién
ctia nganh thién vin hoc. Ci hai ngudi tham
gia deu nght réing minh di chién thing sau
khi cudc tranh ludn két thic. Thuc t€ th
i hai déu chi c6 mot phin sy thit. Shapley
da ding khi n6i ring ring kich thuéc dii
Ngan ha 16n hon nhitu so véi con s6 25000
nim 4nh sing, cting nhut viéc hé Mit Troi
khong phii la trung tdm ctia va tru. Curtis
tuy khéng chip nhin phuaong phip do sit
dung Cepheid nhung ciing dua ra mét s§
nhin dinh dang bao gdm: phd bic xa cla
céc tinh vin tuong tu nhu nhting cum sao
trong dai Ngin hi nén cdc tinh vin ndy la cic
thién ha riéng biét; v s0 liéu vé chuyén dong
quay ciia céc tinh vin m van Maanen quan
st dutgc c6 thé khong déng tin cy (vd thuc
stz I3 nhu vdy, téc d6 quay rdt chim clia cic
tinh vin khong phii A mot dai lugng mét
con ngudi cé thé tién hanh quan sdt trong
vong ddi cia minh). Dong thdi, trong khi
Shapley lap luin ring d6 sing ctia cdc nova
quan sét dugc tit cdc tinh vin 12 qud cao so
v6i gid thuyét ring chting 12 cdc thién ha & rit
xa thi Curtis d3 dting khi néi ring c6 thé c6
hai mttc d6 sing cia cdc nova chi khéng phai
mot. Phii dén vai nim sau cudc tranh luin
ctia Shapley vi Curtis thi nhitng bing chting
quyée dinh méi dugc hé 16 bdi mot nha thién
vin hoc khéc: Edwin Hubble,

3. Hubble va sy din né ctia vii try

Hl.lbble 1a con trai cfia mét lujt su tai bang
Missouri, Hoa Ky. Ong theo hoc lujt & Dai
hg.c Chicago va sau d6 13 dai hoc Oxford. Sau
kl'n di day trung hoc mét thi .gian, 6ng quay
lax'Chi?ago va hoc tiép thanh tién sy nganh
d;:;n vin hoc. Trong chién tranh thé gidi thd
:ha :,Eul;(b}l{e lé’sy quan trong quin doi My &
i uW itrove, cj)ng lam viéc tai dai thién
Ui Wilson, dusi quyzn cira Shapley.
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Edwin Hubble (1889 — 1953).

Nim 1921, Shapley tr& thinh gidm déc ctia
dai thién vin Havard, thay cho Pickering
di qua ddi mét nim trude. Shapley mudn
Leavitt tién hanh siu hon cic phin tich v&
cdc sao bién quang, cdng viéc ma Leavitt d4
khéng c6 thdi gian theo dudi do phii thuc
hién mét s6 dy 4n khdc ma Pickering cho
1a quan trong hon. Tuy nhién, moi viéc di
khong dién ra nhu mong doi. Leavitt bi mic
bénh ung thu va qua ddi vio thing 11 nim
1921.

Hink 7. Dai thién vin trén nii Wilson vdi kinh
vién vong 100 inch ma Hubble da sit dyng.

Trong khi Shapley vin tiép tuc cudc tranh
cii hoc thujt vé cdc két qui ciia minh thi

- ,
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Hubble lai cin min huéng kinh vién vong
lén bau trdi & dinh ndi Wilson dé am di
liéu méi cé thé mang dén dét phé. Thing
10 nim 1923, khi quan sit cdc nova trong
tinh vin Andromeda, Hubble d1 phit hién
ra mot ngbi sao Cepheid. Tit chu ky ctia
ngdi sao nly, theo cong thic ctia Leavitt da
dugc Shapley b8 sung cic hé s6, ong tinh ra
dugc khoang céch tif tinh van Andromeda
dén Trdi DAt 12 1 triéu nim 4nh sing (con
s6 hién nay 12 hon 2 triéu nim 4nh sing do
viéc dnh sing bi hdp thu trén dudng truyen
dd khong dugc Hubble xét dén)! Tiép tuc vai
thédng sau, 6ng lai tim ra mét Cepheid nita
cung nhiéu nova khic.

V6inhitng s8 liéu chic chdn, Hubble giti birc
thu kém theo cdc biéu db cho Shapley dé
thong béo két qua. Sukién nay dénh ddu thai
diém mé hinh v tru ctia Shapley di sup dé.
Trong khoing thdi gian ti€p theo, Hubble
con tim thdy theo nhiéu Cepheid trong tinh
vin Andromeda cting nhu mét thién ha khéc
céch Trdi D4t 700000 nim 4nh sing. Hubble
béo cdo két qua ctia minh trude cdc nha khoa
hoc khic vio nim 1925 va cong bé bai bdo
khoa hoc vio nim 1929. Dén diy thi hiu
nhu tit ca moi ngudi deu di hiéu, dii Ngin
ha ctia chiing ta chi 2 mot thién ha trong rét
nhiéu thién ha khdc ctia v tru nay.

Hinh 8. Ank chup ciia tinh vin Andromeda cho
thdly nd la thién ba vdi nhiéu bé Mgt Troi.

Khéng ditng lai & diy, Hubble bit diu

nghién cttu méi lién hé gitta khoing cich
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o ’cic thién h’:\ dén Tr4i Dit vi vin t6c clia
Chung'- Vin t8c di chuyén ctia mbi thién ha
¢ thé dugc x4c dinh nhd quang phé ma
ta quan sit dugc tlr thién ha dé. Do hiéu
ng Doppler, cic vit thé chuyén dong huéng
vé Trdi Pat (nhu tinh vin Andromeda) cé
quang phé léch vé& phfa buéc séng xanh
(blueshift) trong khi cic thién ha khdc rdi
ra xa Trdi D4t s& c6 quang phé léch vé phia
budc séng do (redshift). Vin tdc di chuyén
cang lén s& cho d léch cang 16n. Vi nhiing
thién ha ¢6 cic ngdi sao Cepheid quan sit
dugc, Hubble thiy quan hé tuyén tinh gitta
vin t8c do bing quang phd vi khoing cich
t6i Trdi Pit xdc dinh theo chu ky ctia cdc
sao Cepheid. Hing s3 ty 1¢ gifta vin téc va
khoing cich niy hién nay dugc goi la hing
s6 Hubble. S dung m3i quan hé tuyén tinh
vita méi tim ra, Hubble ding cic d6 léch
sang buéc séng d6 d€ tim ci khoing cdch
lin vin téc cla cic thién h & qud xama ta
khong thé quan sét dugc cécsao Cepheid ctia
chting. Hubble cho ra hinh anh cta mét vii
tru m&i, khéng chi rét rong 16n md con dang
chuyén dong. Nhing thién hi & cang xa thi
cing chuyén dong ra xa ta véi vin téc 16n
hon. Phit hién ciia Hubble cting giup Albert
Einstein hoan thién thuyét tuong d6i. Trude
d6, cic phuong trinh cia 6ng cho thdy va
tru c6 kich thuéc khong gian thay déi. Tin
tuéng ring khong gian 1 ¢8 dinh, Einstein
d4 thém vio mot “hing sd vl tru” déloai trit
3nh hudng clia trong luc nhim dén dén mot
vii tru tinh. Sau khi biét két qua cia Hubble,
Finstein di goi hiing 56 v try nay I sai lim
khoa hoc 1én nhit cia minh va stta lai cdc
cong thidc cta thuyét tuong dai.

Mot vin dé dugc dit ra khi biét vii tru vin
dang ddn nd 14 néu di ngugc thoi gian, vii
tru sé nhd dan lai. Viy ¢6 phii & mot thdi

diém nio d6, vii try ndy chila mot diém? Day
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cting 12 co's& clia thuyét “vund16n” vesyra
ddi ctia va tru. Cho dén ngay nay, sy thue va
ngudn géc va qué trinh hinh thanh cava try
vAn con 1a mot cau hdi 16n clia khoa hoc véi
nhizu vin d& con bd ngd.

4. Loi két

Anh hudng ctia Leavitt dén sy phiét trién
ctia thién vin hoc c6 thé néi 1d rit to 1én.
Nim 1924, nhi todn hoc Thuy Dién Gustaf
Mittag—LefHer ds ctr ba cho gidi Nobel ma
khong biét ring Leavitt d4 mit tf vai nim
trudc d6. Nhitng déng g6p cta Leavitt cing
cdc “computer” khdc tai dai thién vin Havard

hiu nhu chi xudt hién & cdc chd thich trong
gido trinh thién vin. Sy céng hién ctia ho cho
khoa hoc thatsu xting déng dugc congchiing
biét dén nhiéu hon nita.

Leavitt kbi lam vige tai dii thién vin Havard

Tai liéu tham khio
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PIEN TEN CHO U

YOANA BYANNOVA!

*Theo https://www.idm314.0rg/2023-comic-challen g¢
! Pavlikeni (Veliko Tarnovo), Bulgaria
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KHI CO BAN KE BEN'

CHIARA RADICE!

$& Khéng bé nho, khong dém duge chit nio
Nim tay s6 Mot d€ hai ban cling cao
Khong s¢ nhitng s8 16n hon, s6 Mét bit dau thyc thi nhiém vu
Dé quan tam t6i s6 Khong, gitt vi trf cda minh
Nha ky hiéu, néu Mot va Khong ditng cting nhau
Ho c6 thé trd nén lén hon Chin, Tim, Biy xép sau

* Theo hetps://wwi. idm314.0rg/202 3-comic-challenge

1 Aonza, Italy.
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PHEP TOAN CUA CUOC DO

LEDA SILOV!

Lheo https://www.idm314.0rg/2023-comic-challen 1g¢
Zagreb, Croatia.
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NGON NGU PHO DUNG’

SOFIA SARACCO!

KRIRSVZ AUTC 5
LUMTCH! 20z ATUMV.

sV ) s}
A= 0,494 Tf)sz

/"'\ 2 2 )
et b Gl y

4 o 1

/%\Qn (M

1Q

Toén hoc nhu mét ngdn ngi phd dung. Sofia thi néi chuyén véi ngudi Ai-cap ¢6 dai, nhung
khong dat dugc tién bd. Sau dé, 6 bé hoc Todn. Véi Toin hoc, c6 bé xoay s& giao ti€p dugc

véi ci ngudi ngoai hanh tinh.

* Theo htqo;://www.th’m314.org/zaz;—mmz’r—rhallmge
| Darma (PR), Italy.
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CHOOL OF MATH

|/ :
NGl UGI A
TOAN HOC TRE

lrong boi canh cdch mang céng nghé
im trién nhu va bao, thi trudng lao

6ng thé gidi ngay cang thém “khat”
1an su gidi Toan va tiéng'/Anh.

ruong Toan Minh Viét - Minh Viét School
of Math (MVSM) da két hop véi The Arts
of Problem Solving|(AoPS) - Chuong trinh
gido duc Toan hocindng caois64 tai'Hoa

Ky va hang dau thé gigildémdiramélhinh 5“;1‘ i
hoc tap Toan uuiviét nhat. ot e

ONG TRINH DAO TAO \

Nghé thu: t
giai quyat
céc vin dé

DGi tugng: Hoc sinh tiéu hoc tir 16p 1t4i16p 5
Gido trinhhoc: Beast Academy ctia AoPS
Phuang;thtre: Hoc sinh hoc Online cting gido
vién Mg

Thdi gianthoc:

-Lop Toan 1budi/ tuan, chivai 5 trieu dong/ném
-Lop i T‘eng Anh b8 trg: 4 budi/tuan, 6 triéu ddng/nam.

Nhings hoc sinh xu&t séc clia MVSM s& dugc ting hoc
béng m{)t phén hodc toan phén va dugc gidi thiéu hoc
Cau tacba Toan Ky Lan vdinhifing Gido su Todn hoc hang

dau Vit Nam. 7

RCADEMY

By Ait'of Problem Solving

M8 dang kg: 1/4/2024
- Khai giadng: 24/6/2024

Phu huynh c6 thé déng kg cho
con chi hgc Toén, chi hoc Tiéng
Anh hoé&c hoc cd Toan va Tleng
Anh.

DPOC THEM




pO VUI

Tran Nguyén Phuong (st)

Trong mét qudc gia no, cac ddng tién xu c6 cac loai ménh
gia sau day: 1 xu, 2 xu, 5 xu, 1 hao, 2 hao, 5 hao va 1
déng, trong do 1 déng bang 10 hao va 1 hao bang 10 xu.

Biét rang co thé tré a xu bang b déng tién xu (v&i a, b la.cac
6 nguyén duong). Hay chi ra rang ciing c6 thé tra b déng
& bing a déng tién xu.

N MINH VIET B H
| \LACADEMY - iy A
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